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Djairo dec Figucircdo



Dedication

This volume is dedicated to Djairo G. de Figueiredo on the occasion
of his 70th birthday.

In January 2003 David Costa, Orlando Lopes and Carlos Tomei, colleagues and
friends of Djairo, invited us to join the organizing committee for a Workshop on
Nonlinear Differential Equations, sending us the following message:

Djairo’s career is a remarkable example for the Brazilian community. We are proud
of his mathematical achievements and his ability to develop so many successors,
through systematic dedication to research, advising activities and academic orches-
tration. Djairo is always organizing seminars and conferences and is constantly
willing to help individuals and the community. It is about time that he should
enjoy a meeting without having to work for it.

How true! Of course we all accepted with great enthusiasm. The workshop took
place in Campinas, June 7-11, 2004. It was a wonderful conference, with the
participation of over 100 mathematicians from all over the world.

The wide range of research interests of Djairo is reflected by the articles in this
volume. Through their contributions, the authors express their appreciation, grat-
itude and friendship to Djairo.

We are happy that another eminent Brazilian mathematician, Jacob Palis from
IMPA, has accepted our invitation to give an appreciation of Djairo’s warm per-
sonality and his excelling work.

The editors:

Thierry Cazenave
David Costa
Raul Manasevich
Orlando Lopes
Paul Rabinowitz
Bernhard Ruf
Carlos Tomei



On Djairo de Figueiredo. A Mathematician

J. Palis

Djairo is one of the most prominent Brazilian mathematicians.

From the beginning he was a very bright student at the engineering school
of the University of Brazil, later renamed Federal University of Rio de Janeiro. He
turned out to be a natural choice to be awarded one of the not so many fellowships,
then offered by our National Research Council - CNPq, for Brazilians to obtain a
doctoral degree abroad. While advancing in his university courses, he participated
at this very engineering school in a parallel mathematical seminar, conducted by
Mauricio Peixoto. Mauricio, who was the catedratico of Rational Mechanics and
about to become a world figure, suggested to Djairo to get a PhD in probability
and statistics.

Actually, Elon Lima, also one of our world figures, tells me that he had
the occasion to detect Djairo’s talent some years before at a boarding house in
Fortaleza, where they met by pure chance. Djairo was 15 years old and Elon,
then a high school teacher and an university freshman, just a few years older.
Full of enthusiasm for mathematics, one day Elon initiated a private course to
explain the construction of the real numbers to the young fellow and one of his
colleagues. That Djairo was able to fully understand such subtle abstract piece of
mathematics, tells us of both his talent as well as that of Elon for learning and
teaching. They both went to Rio, one to initiate and the other to complete their
university degrees. Amazingly, for a while again they lived under the same roof,
in Casa do Estudante do Brasil (curiously, two of my brothers were also staying
there at the time), and continued to talk about mathematics. First, Elon departed
to the University of Chicago and Djairo, a couple of years later, to the Courant
Institute at the University of New York, where they obtained their PhDs.

At Courant, it happened that Djairo did not get a degree neither in prob-
ability nor in statistics, as it’s so common among us not to strictly follow a well
meant advice, in this case by Peixoto to him. Djairo was instead enchanted by
the charm of partial differential equations, under the guidance of Louis Nirenberg.
Louis and him became friends forever. He was to become an authority on elliptic
partial differential equations, linear and nonlinear, individual ones or systems of
them. His thesis appeared in Communications on Pure and Applied Mathematics,
a very distinguished journal.



xii J. Palis

He then returned briefly to Rio de Janeiro staying at the Instituto de Matemé-
tica Pura e Aplicada — IMPA. Soon, he went to Braslia to start a “dream” Uni-
versity, together with his colleague Geraldo Avila, as advised by Elon Lima to
the founder of it, Darcy Ribeiro. In 1965 he returned to the United States. This
time, he went to the University of Wisconsin and right after to the University
of Tlinois for perhaps a longer stay than he might have thought at first: unfor-
tunately, undue external and undemocratic pressure led to a serious crisis at his
home institution. In this period he developed collaborations with Felix Browder
on the theory of monotone operators and with L.A. Karlovitz on the geometry of
Banach spaces and applications, a bit different from his main topic of research as
mentioned above.

After spending another year at IMPA, Djairo went back to the University of
Braslia in the early 70’s, having as a main goal to rebuilt as possible the initial ex-
ceptionally good scientific atmosphere. He did so together with Geraldo Avila and,
subsequently, other capable colleagues. Their efforts bore good fruits. He retired
from Brasilia in the late 80’s and faced a new challenge: to upgrade mathematics
in the University of Campinas by his constant and stimulating activity, high sci-
entific competence and dedicated work. He has been, again from the beginning, a
major figure at this new environment. And he continues to be so today, when we
are celebrating his 70’s Anniversary.

To commemorate this especial occasion for Brazilian mathematics, a high
level Conference was programmed. More than one hundred of his friend mathe-
maticians took part on it, including forty-three foreigners from thirteen countries.
Also, a number of his former PhD students and several grand-students.

In his career, Djairo produced about eighty research articles published in
very good journals. His range of co-authors is rather broad, among them Gossez,
Gupta, Pierre-Louis Lions, Nussbaum, Mitidieri, Ruf, Jianfu, Costa, Felmer, Miya-
gaki, and, as mentioned above, Felix Browder. He is a wonderful, very inspiring
lecturer at all levels, from introductory to frontier mathematics. Such a remark-
able feature spreads over the several books he has written. Among them are to
be mentioned Anélise de Fourier e EDP — Projeto Euclides, much appreciated by
a wide range of students, including engineering ones, and Teoria do Potencial —
Notas de Matematica, both from IMPA.

On the way to all such achievements, he was elected Member of the Brazilian
Academy of Sciences and The Academy of Sciences for the Developing World -
TWAS. He is a Doctor Honoris Causa of the Federal University of Paraiba and
Professor Emeritus of the University of Campinas. He has also been distinguished
with the Brazilian Government Commend of Scientific Merit — Grand Croix.

Above all, Djairo is a sweet and very gregarious person. We tend to remember
him always smiling

Rio de Janeiro, 3 de Agosto de 2005.
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Remarks on a Class of Neumann Problems
Involving Critical Exponents

Emerson A. M. Abreu!, Paulo Cesar Carriao? and Olimpio Hiroshi
Miyagaki?

Dedicated to Professor D.G.Figueiredo on the occasion of his 70" birthday

Abstract. This paper deals with a class of elliptic problems with double crit-
ical exponents involving convex and concave-convex nonlinearities. Existence
results are obtained by exploring some properties of the best Sobolev trace
constant together with an approach developed by Brezis and Nirenberg.

Mathematics Subject Classification (2000). 35J20, 35J25, 35J33, 35J38.

Keywords. Sobolev trace exponents, elliptic equations, critical exponents and
boundary value problems.

1. Introduction

This paper deals with a class of elliptic problems with double critical exponents
involving convex and concave-convex nonlinearities of the type

~Au=u>""4 f(z,u) in Q, (1)

gz =u*" 1+ g(z,u) on 090, (2)

u>0 in €, (3)

where Q ¢ RY, (N > 3), is a bounded smooth domain, g:j is the outer unit
normal derivative, f and g have subcritical growth at infinity, 2* = ]\2,117 5 and 2, =
28{,\7:21) are the limiting Sobolev exponents for the embedding H{(Q) ¢ L?" (Q) and

H'(RY) «— L*(9RY), respectively, where RY = {(z,t) :z € RY™", t>0}.

I Supported in part by CNPg-Brazil and FUNDEP /Brazil
2 Supported in part by CNPg-Brazil
3 Supported in part by CNPqg-Brazil and AGIMB-Millennium Institute-MCT/Brazil
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In a famous paper [6], Brezis and Nirenberg proved some existence results
for (1) and (3) with Dirichlet boundary condition and f satisfying the following

conditions: ;
. s
f(x, 0) =0 and Sll)inoo 8(2*_1)

there exists some function h(s) such that (f1)
f(z,s) > h(s) >0, forae. ze€w Vs>0,

where w is some nonempty open set in Q and the primitive H(s) = [; h(t)dt

satisfies
e ! —1

lim EH[(LC )

N-1,. _
—0 /o 1+ 52) s7ds = oo, (/2)

f:Qx]0,00) — IR is measurable in € £, continuous in

s € [0,00),and sup  |f(z,s)| < oo, forall M >0, (f3)
z€Q, s€[0,M]
fz,s) =a(z)s + fi(z,s) with a € L>(Q),
4
liH(l) fl(?s) =0 and lim f;éxif) =0, uniformly in z. (F4)

Actually, in spite of the embedding HE () € L?" () not being compact any longer,
they were able to get some compactness condition, proving that the critical level of
the Euler-Lagrange functional associated to (1) with Dirichlet boundary condition
lies below the critical number y, S™V/2, where

S:inf{/ |Vu|*dx /\u|2*dx:1, 0#u€ HY ()}
Q Q

Still in the Dirichlet condition case, in [2] Ambrosetti, Brezis and Cerami
treated a situation involving concave and convex nonlinearities. Recently, Garcia-
Azorero, Peral and Rossi in [12] studied a concave-convex problem involving sub-
critical nonlinearities on the boundary.

The problem (1)—(3) with f = g = 0 was first studied in [11, Theorem
3.3], which was generalized in [8] (see also [9] ). In [18] symmetric properties of
solutions were obtained, but, basically in these papers it was proved that every
positive solution w, of the partial differential equation with nonlinear boundary
condition

_ — _ a . N
{ Au 85\/'(N ﬂQ)u in JR+1\; (E)
o = Cu on ORY,
with « = 2* — 1 and § = 2, — 1, verifies
w(w,t) = ( ‘

e 4 (. t) — (w0, to)2)

for some € > 0 where (N — 2)tge~! = c. Equivalently the minimizing problem

So = inf{\Vu\;]Rf : ‘uE]Rf + |u zﬂ%f =1}
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is attained by the above function we(z,t), where |u|, o denotes the usual L*(Q)-
norm.

We would like to mention the papers [4, 7, 14, 19] for more information
about the Sobolev trace inequality, as well as related results involving the Yamabe
problem. Still in IRY, in [9] a nonexistence result for (E) was proved for the case
that one of the inequalities o < 2* — 1, 8 <2, — 1, is strict (see also [13]).

When the domain 2 is unbounded, by applying the concentration compact-
ness principle, Lions in [15] studied some minimization problems related to (1)—(3)
with linear perturbations. Recently in [5], (see also [10]) a quasilinear problem was
studied involving a subcritical nonlinearity in 2 and a perturbation of a critical
situation on 92, while in [16], the critical case is treated and some existence results
for (1)—(3) with f =0, g(s) =0ds, 6 >0 and N > 4 were proved ( see also in [17]
when (2 is a ball).

On the other hand, making f(x,s) = As, g(z,s) = us, with A\, p € IR, in (1)-
(3), and arguing as in the proof of Pohozaev’s identity, more exactly, multiplying
the first equation (1) by z.Vu, we obtain

2 A 1 o
0 = div(Vu(z.Vu) —z |V;| + x(2u2 + o u?))
N -2 A 1
+ 5 |Vu|? —N(2u2+ 2*u2 ).
Integrating this equality over {2, we have
|Vu|? A

2, L o
0 = /aQ(<a:.u>( +(Lut 4 u®))

2 2%
N -2
+ (/ ,uu2—|—u2*)—)\/u2.
2 Joa Q

From this identity we can conclude that, for instance, if € is star-shaped with
respect to the origin in R™, A = 0 and g > 0, then any solution of (1)-(3)
vanishes identically.

We would like to point out that hereafter [, f and [, g mean [, f(z)dz and
S0 9(y)do, respectively.

Motivated by the above papers and remarks, in order to state our first result,
we make some assumptions on f and g, namely,

9(y,5) =b(y)s + g1(y,8), y€IQ, s€ R and be L=(0Q)

g(y,s) >0, Vy € 0w OQ # 0, (1)
lim 915:8) _ 0 and lim glz(yif) _ 0, uniformly in y. 2)
§— S S—00 84

0< 0, < inf{ljul® - 2/ b2 |[u]] = 1} for some ©, € R, (g3)
o0
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there exists o> 1 with a+ o> 0 on a subset of
of positive Lebesgue measure in IRY such that (f5)
0 < O < inf{|[ul]* =2 [,(0+ a)u? : ||u|| = 1}, for some O, € IR,

where ||u|[* = [Vul3 o, + [u[3 o denotes the usual norm in H'(9).

Our first result is the following.

Theorem 1.1 (Convex case). Assume that (g1)—(gs) and (fo)—(f5) hold. Then prob-
lem (1)—(3) possesses at least one positive solution.

Remark 1.1. The above result still holds when f = 0 and g verify the condition

there exists some function p(s) such that
9(y,s) > p(s) >0, forae yeaQuaw Vs >0,
and the pr1m1t1v0 P(s fo t)dt satisfies

71

lim._o fo eP[(H_SZ) 2 ] N=2ds = co.

Because, since (N — 2)t, = ce, we have
1 / Ae
P[( )N
N2 Bt )nft=0} €+ [T —xo2 [t — 1|2

1 / Ae N-2/2
- P[( ) /
N2 JBp(woto)n{t=0} ez + |z — 2,/ }

R/de Ae~1
= eB/ Pl )TN,
0 r

where d = (¢/(N —2))2+1and A, B > 0.

Remark 1.2. In [16, 17] it was proved that the functional levels ¢ = ¢(d) where the
Palais-Smale sequence can converge are close to the critical number ¢(0) = ]i, SN/2,
when § goes to +oo. In our work, we are going to use the number Sy, which verifies
the inequality Sy < S. So, for § large enough, we obtain
- 1 1 2 1
(5= ) ymax{SZ 72, 2*—2} <¢(d) < NSN/2.

Assuming some condition on F' and G, as in [6, page 462], the functional level of
our solution u [see Remark 3.1 below] is less than the number S.

Since with the techniques used here the case f = 0, g(s) = s can be treated,
combining this fact with our result we have a multiplicity result, when N > 4.

Finally, we would like to point out that the hypothesis (¢3) and the structure
of the problem studied in this paper includes the main hypothesis in [16, 17], so
we also obtain at least one solution if N = 3.

Next, we treat the concave-convex case. For this we define

f(z,8) = a(x)s + Mi(z,s), g9(y,s) =b(y)s + pgi(y,s), A, pu>0,
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with @ € L>®(Q), b € L>*°(99), and we will assume that
m fl(ﬂi,S) fl(ﬂi,S)

shﬂo se 0 and sll>r20 §2° -1 0, uniformly in z, (76)
lin% 91(y; s) =0 and lim 912(y, f) = 0, uniformly in y, (94)
s ST §—00  §4xT

where 1 < ¢, 7 < 2.
We state our result in this case:

Theorem 1.2 (Concave-convex case). Assume that (g1), (g3), (94), (fo), (f1), (f2),
(f3), (f5) and (fs) hold. Then problem (1)—(3) has at least one positive solution
with A, u > 0, sufficiently small.

Remark 1.3. In our forthcoming paper [1] we obtained some multiplicity results
in the concave-convex case.

The paper is divided up as follows. In Section 2 some preliminary results will
be stated. In Section 3 we shall deal with the convex case, and the concave-convex
case will be treated in the last section.

2. Preliminary results

In this section, we are going to state some preliminary remarks. Since we are
concerned with the existence of a positive solution, we can assume

filz,8) =0, 2€Q, s<0 and ¢1(y,s) =0, y€ 9N, s<0.
Define the Euler—Lagrange functional ® : H!(Q) — IR, associated to problem
(P),
|u|2* 2.

2*

|u
2

b(u) = ;/Q|Vu|2—/ﬂ(;au2+F1(x,u)+ )—/BQ(;bug—&—Gl(ym)—&— )

where Fi(z,u) = [ fi(z,t)dt and Gi(z,u) = [, g1(z,t)dt. It is standard to see
that ® € C! and

O (u)y = /VuVU—/(auU+f1(x,u)v+|u|2*_2uv)
Q Q
= [ s galywo+ PP, wo e HY@).
o0

The proofs of our results are made by employing the variational techniques,
and the best constant Sy introduced by Escobar will play an important role in our
arguments.
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3. Convex case

In this section, we shall adapt some arguments made in the proof of Theorem 2.1
in [6]. From (f4) we can fix p > 1 large enough so that
—f(z,u) < ou—+u® ! ae zeQYu>0.
Define the functional on H*(f2) by
1 1 1 1 o«
o) = [(QIVuP+ jou® — joud — ) u ~ Fauy)
Q 2 2 2 2%

1
—/aQ(G(y,qu)—F 9 ui), uy = max{u,0}.

It is standard to prove that ® € C*.
Now @ verifies the mountain pass geometry, namely
Lemma 3.1. ® wverifies

i) There exist positive constants p and 3 such that
O(u) > B, [full = p.

ii) There exist a positive constant R > p, and ug € H' () such that
D(ug) <0, HUOH > R.

Proof. From (f4), for any e > 0, there exists a constant C. > 0 such that

1 C. o« 1
F(z,u) < 2au2—|— 2*u2 + 26u2 for a.e. x € Q,Vu > 0.

Similarly from (g1) and (¢2), there exists some constant D, > 0, such that

1 D, 1
G(y,u) < 2bu2 + w4+ 2EU2 for a.e. y € 0Q,Vu > 0.

2,
Therefore

Looe 1o 1 s 1 oy Oy 1,
B) =l + P+ [ (=l an® - g = G = haid)

1. 5 1 5 De o 1 4
+/89(—2bu+—2 Uy U —2eu+).

*

From (g3) and (f5) follows that

1 1 Oz, 119
lalP = [ (e @y =
4 2 Jo 4

1 1 (S
lalP = [ v =l
4 2 oo 4

®(u) > Chfull* - Cofu|
This proves (i).

and

Thus

2 —C'3||u| 2*, Cl, CQ, 03 > 0.
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The proof of (ii) follows observing that for fixed 0 # u € H' (),
D(tu) — —oco as t — oo.
This proves Lemma 3.1. U

From Lemma 3.1, applying the mountain pass theorem due to Ambrosetti
and Rabinowitz [3], there is a (PS). sequence {u,} C H() such that

®(uy) — ¢, ®(u,) — 0, in H Q) as n — oo,

where

c=inf sup ®(h(t)) > 0,
waf swp (h(t))

with
I'={hecC([0,1],H () : h(0) =0 and h(1) = ug}.
The following estimate is the crucial step of our proof.

Lemma 3.2.

1 1 2 2+ _
c<(2 Yy Jmax{S; *,8;*} =8S.

First we are going to complete the proof of Theorem 1.1, postponing the
proof of this result.

Proof of Theorem 1.1. First of all we shall prove that there exists a positive con-
stant C' > 0 such that
[lun]| < C, Vn € IN.
Indeed, since
D(u,) =c+o(1), (4)
' (un)un = (€n, up) with & — 0 in H1(Q). (5)
Taking (4)— 3 (5) we infer that

oy ) + 2(N1_1) Joa(unt)® < [o(=F(z,ups) + 3 f (@, Uny ) uns)
+ Joa(=G (s unt) + 59y, tn i )tiny)

(6)
From (f4) and (¢2), for all € > 0, there exist A¢, B > 0 such that
1 -
2f(a:,un+)un+ — F(z,upg) < Ceui + Au?, Yz e Q,
1
29(y7un+)un+ - G(yvun+) < CE’U,%: + Beu27 Vy € 0N
For e sufficiently small, from (6) we obtain
[ + [ ) e+ Cillull e, a0 (@)
Q a9

Combining (7) with (4) we reach that ||u,|| is bounded.
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Now, passing to the subsequence if necessary, we can assume u, — u weakly
in H'(Q).
Passing to the limit in ®'(u,)v = o(1), v € H'(2), as n — oo, we have

@' (u)v = 0.

By the maximum principle it follows that u > 0 on 2 and u is a positive solution,
provided that

Claim u # 0.
Suppose that © = 0. Then since €2 is bounded,

/ f(z, upy)tny — 0 and / 9(Y, Unt)Uups — 0, as n — oo. (8)
Q 19)
Combining (8) with (5), we obtain

/ |Vun|2 [ - /a (g = of0),

and we can assume

/ |V, |? — 1, /(un+)2* — 13 and / (tny)? — ly,as n — 00,
Q Q 19)

with [ =11 + ls.
Again, since 2 is bounded, we have

/ F(z,upy) — 0, G(y, unt) — 0,a8 n — o0,
Q a0
and thus from (4), we infer that
Il
9 T gr g = C (9)

So, we can assume that [ > 0 (if not the proof is completed).
By definition of Sy, we obtain

2 2
1> So(lF +157).
Since [ = l1 + I3, we have

lhy2 1 lo,2 1
bz Sl()F s + 0% )

o

. 1 1 I, 2 I, 2
> mln{ZQ*:27l2>§—2}SO((l)2*)+(l)2*)
1 1 l lo. 2
> mln{ 2* 29 2,-2 }SO( 1—;— 2)2*
[ 2
1
>

. 1
min{ ,. ., . _, }So.
2 ]

2

From this inequality, we reach

2% —2  24-2
max{l 2= ,1 2= } > Sp.
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That is,
2% 24
[ > max{S; ?,S5 "} (10)
From (9), we obtain
1 1 -
>(.—_J)N>8S
cz(y =y )=
which is a contradiction. This proves that u # 0. O
Remark 3.1. The solution u of the problem (1)—(3) obtained above satisfies either
d(u) =c, (11)
or
P(u) <c—S. (12)

Indeed, we use the same technique as in [6]. Therefore, take a sequence u,, as in
the proof above such that u, — u weakly in H'(Q) and u,, — u a.e. in Q. So,
defining v, = u, — u, it is not difficult to see that

w)+ [ (HIVonl =y 0 ) = [ ) e =ero 03

Then, by passing to a subsequence if necessary we obtain

@ Q o)

Hence I =11 + I5.
From (10) and (13) we conclude (11) or (12).

and

Now, we will prove Lemma 3.2.

Proof of Lemma 3.2. Tt is sufficient to prove that there exists vo € H(Q), vo >

0 on €, vg#0 on €, such that
sup ®(tvg) < S.
>0
First of all we will state some estimates. Consider the cut-off function ¢ €
C>(Q) such that 0 < ¢ < 1, (2,t) € @ ¢ RY"" x R and ¢(z,t) = 1 on a
neighborhood U of (x¢,to) such that U C w C 2.

Define
Ue(ﬂf, t) - we(xa t)(p(a:, t)
and (z.1)
Ue(x, T
'Ue(xvt) = 2 2 1.
(Jtelz« o + |uel3, pa)?

The following estimates are proved by combining [16, Lemma 5.2] with the
argument used in the proof of [6, Lemma 1.1]:

IVoel3.0 = S0+ O(eN7?), (14)
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2* 2* N
elox 0 = + O(e), 15
|uel3 Q |U1|2*,Bf (e7) (15)
‘Ue@:,ag = |U1|§: BN+ + O(€N_1)7 (16)
2 J ole) for N>4
[vel2.0 = { O(e) for N =3. (17)

As we mentioned before, it is sufficient to show that

sup ®(sv,) < S,
s>0

where Uc(z,t) = ave(z,t) with a > 0 to be chosen later on.
Notice that
|VUNE|§,Q = az‘vve‘%,ﬁ = Xe2> (18)
2 a=AY, (19)

‘@@I,ag =a* ‘Uegi,ag = BZ". (20)

|Ve %Z,Q =a* Ve

Thus substituting these equalities in to the expression of ®(sv,) we have

2 2

24
O(sv) = X2 A -7 B> —/F(x,t,sv;) — | Gyt s0).
27 2 2. o o0

Since ®(sv,) — —o0 as s — 00, there exists s. > 0 such that

ig}g@(sv}) = O (s.0) (21)

(If s = 0 the proof is finished.). From (21) we obtain

5 X262 71AY _g2mipE = / fla,t, 8.0, ) 0, +/ g(y,t,80)0.  (22)
Q oQ
By using the hypotheses on f and g it follows that
X2 > 527247 4 2 2B2,
So, from (18)—(20) we have

min{s? % s>7?} < Xe
e - AZ 4 B
o a2|Vve\§,Q
a® |uef3: o +a? Ue|gi,an
a? ‘V’UG‘%,Q
Y 0 ) (23)
min{a2", a2} " |y, ot |ve 5 00

Therefore from (14)—(16) and (23) we have
X2 1 So

im . . .
=0 AZ' + B T min{a® =%, 0% 72 a2y o Jun
Dakes

2. )-
2, RV !
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Now choosing « > 0 such that
1 1

min{a?"~2, a?- _2}(\1“\2 R + \ul\z RY- 1) =1
from (23) results
min{s? 72,5372} < S,
that is
s < max{S(2 - 5(2*72 }. (24)
Also
X2 < Sy +0(N72). (25)

Since the critical level ¢ > 0, we can assume that s. > c¢g > 0, Ve > 0.
From (22), we obtain

st AT + 52 B 2 s2X2+ 0(e), (26)
where in the above inequality we used the following facts
t € ~€ NE 7t7 € NE NE
/ Fl@,t, seve)o — 0 and / 9(@,t, 55)0 — 0, as n — oo.
a0 Se
Now inserting (26) into the expression of @(56176), from (17) we infer that

1}2x2

2
D(s0:.) < S X2 - mln{ >

/F x,t, 8eVe) — G(y,t,seﬁe) + O(e)
)siXZ - / F(x,t,s.9) + O(e)

Q

1
= (. — )82X2 + h(z,t,5.9.) + O(e),

2 2,

where h(z,t,sc0) = — [ F(x,t, s¢0) and N > 3.
Arguing as in [6] together with (f2) we can assume

h(zx,t, see)

N_5 T —00, as € — oo. (27)

€
But from (24)

52 < max{52(2 -2 52(2*72 1
and since (25) holds, we have
$2X2 <max{SZ ® Y g2 DT L O(N2), for N >3, (28)
Therefore, from (27) and (28) we conclude that
d(s.0.) < S.
This proves Lemma 3.2. O
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4. Concave-convex case

First of all, notice that by using the embeddings H'(Q) — L!(Q) with ¢t = ¢, 2%,
and HY(Q) — L"(99Q) with r = 7, 2,, we have

1 2 CL’LL2 1 u2_ u2
b) > (P =2 [ e+ ad) + (il =2 [ w)

)\ 1 * /J T 1
—/( jult + *W)—/( "+ L )
Q 4q 2 oo T 24

> Chllul]* = ACa[ul? — puCsl|ul|” — Cyl|ul* — Cs|lu

o*

b

for some positive constants C; (i=1, 2, ..., 5).
Define

h(t) = hau(t) = C1t? — ACat? — pCst™ — Cyt® — Cst?.
Thus
®(u) > h(|ful]).

Take the cut-off function £ : IRy — [0, 1] nonincreasing, smooth, such that
(1 ift<R
5“)—{ 0 if t> R,
where 0 < Ry = Ro(A, i) and 0 < Ry = Ry(A, p) are chosen such that h(s) <

0 for s € [0,Ro] and s € [Ry,00]; and h(s) > 0 for s € [Ro, R1].

Now, setting o(u) = £(||ul]), u € HY(), define the truncated functional
1 9 u?
Q
Then @, € C(B(0, Ro), IR) (B(0, Ro) C H(Q)) and

D () > hagp (),

o) = [ (@l sty + "y el

*

where
P (t) = Cit? — ACot? — uCst™ — Oyt®*£(t) — Ost* £(t)
and
Pap(t) = haue(t) if t < Ry.
Notice that if ®,(u) <0, then |Ju|| < Ry for some Ry > 0, thus & = &,,.

The next Lemma gives us the compactness conditions for our proof.

Lemma 4.1. For A, 11 > 0 sufficiently small, ®,, satisfies condition (PS)., namely,
every sequence (uy) C H'(Q) satisfying ®,(ux) — ¢ and ®/,(ur) — 0 in H()
is relatively compact, provided

c€(=S5,0) A\ u>0 small enough.
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Proof. According to the remarks above, we are going to prove the lemma for

A, it > 0 small enough such that
Dy (u) = P ([[ull) = —S.
Let (ux) C HY(Q) such that
O, (ur) = ®(ur) — ¢, as k — oo,
@, (ug) = ®'(ug) — 0 in H(Q), as k — oo,

with [lug|| < Ro. Then, we can assume that

up — u, (weakly)in L% (Q)and L2 (99),

ug — u, (strongly)in LI(Q) and L7(99),

uy, — u, (a.e.)in Q.

Thus
1 2 2 a 2 1 2% 2
(IVur|® + olurl®) — [ (lul® + Fi(z,ue) + ), |ukl® ) — | oujy
2 Jq Q 2 2% Q

b
_/ (. lukl® + Gi(y,ur) + >) =c+o(l),
90 2
and
{ —Auy + oup — (aug + f1(z,up) + lug|> ~2up) — oupr = M,
auk - (buk + gl(y7uk) 2*_2Uk) = Vg,

where ny, v, — 0, in H~'(Q). That is, ®/,(u)u = 0.
Letting vy = ux — u, by the Brezis and Lieb lemma, we have

W+ [ Vo = .l
P

Making (30) —,. (31) and ( ) (31) we reach

2*, - ‘Uk|2 aQ—C+0()

and

2.
2*’ — |’Uk|2*,8ﬂ - 0(1)

N / Viul? = (5, =yl ga+ e of1) = L (w)

_1 /\Vvk\z - )‘vk

2o+ eto(l) - I(u).

(29)

(32)

(33)

From (32) and (33), we can assume (passmg if necessary to a subsequence) that

/\Vvk|2—>l20, as k — oo,
Q

|vg %*’Q — 1y >0, ‘”kg:,ag — 13 >0, as k — oo.

Moreover, from (31) we have [ =11 + 5.
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From (30) and (10) we have

A SR 1 -

= — — < — .

O (u)=c 2—i—2*—|—2*<c 2—1—2*170 S
On the other hand combining with (29), we conclude that ¢ > 0, which is a
contradiction. This completes the proof of Lemma 4.1. (]

Proof of Theorem 1.2. For A\, i > 0 sufficiently small, by applying the Ekeland
variational principle for the functional ®,, we will find a global minimum u €
H'(Q) for ®,, that is,

Py (u) = Hl%) Dy, = Py(ful).

So, we can assume u > 0 in ). O
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Existence of Solutions for a Class of Problems
in IRV Involving the p(z)-Laplacian

Claudianor O. Alves and Marco A.S. Souto!

Abstract. In this work, we study the existence of solutions for a class
of problems involving p(x)-Laplacian operator in IRY. Using variational
techniques we show some results of existence for a class of problems involving
critical and subcritical growth.

Keywords. Variational methods, Sobolev embedding, quasilinear operator.

1. Introduction

In this paper, we consider the existence of solutions for the following class of
quasilinear problems:
—Apyu+ uP®) =1 = \ya®) in RN, ()
u>0,u#0and u € WHp@ (RN),
where p, ¢ : RN — IR are measurable functions satisfying some growth conditions,
A is a positive parameter and A,y is the p(z)-Laplacian operator given by

Ayt = div(|Vu(z) [P 2 Vu(z)).

Motivated by the papers of Fan at al. [4, 5, 6, 7] and references therein, we
consider this class of operators due to the following facts:

o This operator appears in some physical problems, for example, in the theory
of elasticity in mechanics.

o This operator has interesting properties, such as, it is not homogeneous if the
function p is not constant. This fact implies some difficulties, as for example,
we can not use the Lagrange Multiplier Theorem in a lot of problems involving
this operator.

Research Supported by IM-AGIMB-Brazil and CNPq/PADCT 620017,/2004-0.
1 Partially supported by CNPq
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In this work, our main objective is to study the behavior of the functions
q(z) and p(z) at infinity to get positive solutions for the problem (Py) in RY. We
would like to mention that the results contained in this work are preliminary and
other situations have been considered by the authors.

This paper is organized in the following way: In Section 1, we recall some
results involving the space WP (IRN) which can be found in [4, 5, 6, 7]. In
Section 2, we study problem (Py) considering a p(x)-subcritical case. In that
section we get existence of solutions for two different behaviors of g(z) at infinity.
In Section 3, we work with the p(x)-critical growth case. Depending of the behavior
of the function ¢(z) at infinity in relation to the number 2*, we show the existence
of a solution for the problem

{ —Ap@)u = u‘I(m) in BN,

u>0,u#0and u € DVP@)(RV). (P.)

2. A Short Review on the Spaces W+ (@) (RN)

In this section, we remember the definitions and some results involving the spaces
Wkop(x) (IRN), which can be found in the papers [4, 5, 6, 7]. Moreover, in the end
of this section we write the relations between the functions p(z) and ¢(z) explored
in all this work.

2.1. Definitions and technical results

Throughout this section, € is assumed to be an open domain in IR", which may be
unbounded, with cone property and p : {2 — IR a measurable function satisfying
. N
L <p_:=essinf, op(x) < py = esssup,op(x) < i
where k is a given positive integer verifying kp < N.
Set

LP@(Q) = {u tu: Q) — IR is measurable functiom/

u|P@dz < oo}.
Q

We can introduce the norm on LP(*)(Q) by

()
|| p () ::inf{/\>0:/g‘ip dacgl},

and LP(*) becomes a Banach space.Moreover, it is easy to prove the following
result.

Lemma 2.1 Let {u,} be a sequence in LP®)(Q). Then,

[Un, — Ul p(zy — 0 & / lun — u|P@dz — 0 as n — .
Q



Existence of Solutions for Problems Involving the p(z)-Laplacian 19
For any positive integer k, set
WhH@(Q) = {u e O (Q) s D € LPD(Q), o] < k}.
We can define the norm on W*?()(Q) by

||U|| = |u‘p(a:) + Z |Dau‘p(a:)
la|<k

and W¥?(#)(Q) also becomes a Banach space.

Hereafter, let us denote by D'P(*)(IRN) the closure of C§°(IRY) in relation
to the norm

[ulle = [Vulp(a)-

In what follows, we state some results involving these spaces.

Theorem A. The spaces LP®)(Q) , W5P®)(Q) and D P (IRN) are both separable
and reflexive.

Theorem B. Ifp: Q) — IR is a Lipschitz continuous function and q: 2 — IR is a
measurable function satisfying

p(z) <q(x) <p*(z) = Np(z) a.e x €,

- N —kp(x)’
then there is a continuous embedding W) (Q) — L&) (Q).

Hereafter, let us denote by L3°(€2) the set
LT (Q) = {p:p € L>(Q), 1r€1£f)p(x) > 1},

and if f,g € LY(Q), let us denote by f(x) << g(x) the property

inf (9(z) - f(=)) > 0.

Theorem C. Let 2 be bounded, p : Q2 — IR be a continuous functions, and q any
measurable function defined in 0 satisfying

p(z) < q(x), a.ex e

and
q(z) << p*(x).
Then, there is a compact embedding WHP(#)(Q) «— La(=)(Q).
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2.2. Hypotheses involving the functions p(z) and ¢(z)

In this paper, we will assume that p and ¢ are continuous functions satisfying

p~ <p(z) <p* =|pll ae. in RY, (H1)
¢~ <q(z) <q" = |lgl| ae. in RY, (Hz)
with p=,¢” > 1, pt <q¢~ +1 and
p(x) =1 <<q(r) <<p*(z) - 1. (Hs)
and
p(z) > m ae. in RY, p(z)=m for all |z| > R, (Hy)

Observe that m = p~. The behavior of the function p(z) at infinity implies the
following results:

Lemma 2.2 Condition (H4) implies that there ewists a continuous embedding
between WP (RN and W™ (IRN).
Proof. In fact, for each u € WP (IRN), we have

V™ (2) < (14 [Vul)xp,(2) + [V ™ (1 = x5,)(@)
and

[ul ™ (@) < (1+ [ul")xpa (@) + [ul™ (1 = X5a) (2)

for all x € RN, where B = Br(0) = {x € R" : |z| < R}, and xp, is the
characteristic function of Br. The above inequalities together with Lebesgue’s

theorem imply that the identity application between WP(#)(IRN) and W™ (IRN)
is continuous. (]

3. The Mountain Pass Geometry

Since W) (IRN) has different properties than those explored for the case when
p(z) is a constant function, a careful analysis is necessary in the mountain pass
geometry, and in particular, for the Palais—Smale condition.

The functional of Euler—Lagrange related to problem (Py) is given by

(z)+1
|Vo|P() Up(r)} / v
I = dr — A\ dx.
() /R[ p@) T op@) [T gy 1™

Hereafter, let us denote by I, the Euler-Lagrange functional related to the
problem
—Apu+u™ =X in RY,
{ u>0,u#0and u € WHT(IRN), (Poo)
which is given by

m m s+1
Ioo(v):/ ['W Y }dx—x/ e
RN m m RN S+1

Nm

where N <m, s € (m—1,m* —1) and m* = '™
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Lemma 3.1 Iy satisfies the Mountain Pass Geometry.

Proof. Using the definition of the Wl’p(m)(Q)—norm, we have the following
inequalities for ||v|| = r and r > 0 sufficiently small:

‘VU|p(£) ‘U‘p(m) .
> p .
/n[ p@) T p) } ['V ‘P(m)+|v|p(z} > Cll (3.1)
and
|U|q(z)+1 1 _— )
= < @t 2
/q<x>+1d@"—q*+1'“'q<w 11 < Clol (3.2)

Since ¢~ + 1 > p*, from (3.1)—(3.2), there exists p > 0 such that
I(v) > p for ||v]| =r. (3.3)

On the other hand, fixing a nonnegative function ¢ € C2°(£2), we have for ¢t > 0
sufficiently large

VEgP) [t 1ol
< CtP p A4
L+ 1< " (Ivei, + o) < crt sl
and
a(z)+1 _ a(z
i dx > 7 1 ] dx (3.5)
q(z) +1 o q(x)+1
From (3.4)—(3.5) it follows
I\(tp) — —c0 as t — +o0. (3.6)
From (3.3) and (3.6) it follows the Mountain Pass Geometry. O

From the last lemma, there is a Palais-Smale sequence {u, } in W1HP®) (IRN)
satisfying
I\(un) — ¢y and I3 (u,) — 0
where

= inf INGTC:
A ;relrorgtag}% A((®),

and
P ={7:[0,1] > W (RY) 1 9(0) = 0 and Ly ((1)) < 0.

Lemma 3.2 Let {u,} be a (PS)q sequence of In. Then, {u,} has a subsequence,
still denoted by {un}, such that:

o {u,} is a bounded sequence with weak limit denoted by u

o un = win Wl (RY), Wl (IRY)

o u,(r) — u(x) a.e. in RN

o u, —uin L (RY), LyPYRY), LX) (RN) and LI (RY).

loc loc loc
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Proof. Let Ry > 0 and ¢ € C°(IRN) such that ¢ = 0 if |z| > 2Ry, ¢ = 1 if
|z] < Ry and 0 < ¢ < 1. Since

C|Vu, — VulP® < (|Vu, [P 2Vu, — |[VulP P2V, Vu, — Vu), (3.7)
for some constant C' > 0, integrating (3.7) in Bpg,, we have:
C |Vt —VulP®) da §/ (V1 |P® =2V, — | VuP @ =2V u, Vu, —Vu)da

|z|<Ry |z| <Ry
Denoting
P, (z) = (|[Vu, [P ~2Vu, — |VulP D 2Vu, Vu, — Vu),

we have

/ Podr < I (un)(pun) — IA(un (¢u) — [~ Vo |P@ =20, Vu, Ve
|7 <R + [ [V [P 2uVu, Ve — [ N¢|un\f’<f> + [ Blu 1T
+f1RN ¢|un|p(£ UnpU — fRN ¢‘un‘q @~ unu
hence
lim Pndx =0

n—oo | pN
which implies that w,, converges to u in W5P(#)(|z| < R;). Since this convergence
holds for all Ry > 0, we can conclude that u,, converges to w in W,oP™ (IRN). The
other limits follow from the convergence in W,.” @) (RN). O

4. Existence of Solutions

In this section, we will show the existence of a positive solution for (Py). We divide
this section in subsections considering different situations involving the geometry
of the function ¢(z) at infinity.

4.1. First Case: Equality at Infinity

In this subsection, we show our first result considering the case where the function
q is equal to a constant at infinity.

The next proposition establishes an important inequality involving the
minimax level ¢y of .

Proposition 4.1 Let {u,} be a (PS)q sequence for Iy converging weakly to 0 in
WLr@) (RN, Assume that the function q satisfies

q(z) < s a.e in RN and q(z) = s, for all |z| > R. (@1)
Then, d > cxo.
Proof. In fact, first we will show that I (u,) — d and I’ (uy,).un — 0.
+ Jipar<ny lunl” il_ \un\m]( d)in )
+A f{\w\SR} [Jun|**t = |un |1 TY] da.
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From Lemma 3.2, each term in the right-hand side of (4.1) is 0,,(1), and it follows
I (up).un — 0. In the same way

YVn p(x) Y, |™
In(un) = Iso(un) = [qa1<my [l iy = ]dm
Un p(x) U |™
+ Jijzi<r) [l p(|z> = el de (4.2)
|un|5+1 [t |® z)+1)
+)‘f{|m|§R}[ s+l glz)+1 }dx,

and I (u,) — d.
Now, let ¢, be such that I (t,uy,) = maxiso I (tuy,). It is easy to check that
t, — 1. Using the definition of ¢, we get

< dto,(1) + " [pn [[Vu|™ + |un|™) da (4.3)
TG [on Jun| ™ da
m+1 RN %1 '
Taking the limit in (4.3) the proof of this proposition is done. |

Lemma 4.1 If (Q1) holds, we have ¢y < Coo.-

Proof. Fix a positive radially symmetric ground state solution w for the limit
problem

—Apw+wm =M in RY, (Po)

w e WHP(RN). o
Let z, = (0,0,...,n), w, = w(x — x,) and ¢, such that

Iy (thwn) = r?ggcb\(twn).
‘We have
I)\(tnwn) = Ioo(tnwn) + I)\(tnwn) - Ioo(tnwn)
[tn Vwn [P |, Ve, |™

oo+ fpmicry | = [Tl d

p(z)
dzx

C\

VANVAN

(4.4)

|tnwnlp(x) _ ‘tnwnlm

+f{\w\s3}[ o T om0
|tn“’n|S |tn“’n|q v
+Af{|x|§R}[ T s }d@"'

Fix an index n large enough such that |Vt,w,| < 1 and |t,w,| < 1 in Bg(0). Since
the function f(s) = s~!a® is decreasing in (0, +00), if 0 < a < 1, for that n, the
terms

[t Vwn [P |t, Vw,|™ tnwn|P®) tpwn|™
_ dx’ — dx
{|z|<R} p(z) m {|z|<R} p(z) m

and . ()41
s q(x
)\/ [|tnwn _ ‘tnwn| ]dm
{|z|<R} s+1 q(x)—|—1

are negative, and then (4.4) implies ¢) < Coo- O

Theorem 4.1 Assume that (H1)—(Hy) and (Q1) hold. Then, problem (Py) has a
ground state solution for all A > 0.
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Proof. For each ¢ € C°(IRY), the (PS)., sequence {u,} satisfies
/ [\Vun|p(””)*2Vun.V¢> + \un\p(I)*zundﬁ dox = )\/ |t |9 M pda + 0, (1).
RN RN
From Lemma 3.2, taking the limit above we have
/ [\Vu\p(I%QVu.VqS + \u|p(w)*2u¢] dx = )\/ u| 1@~ Lypda.
RN RN

Thus u is a solution and, combining Lemma 4.1 and Proposition 4.1, the function
u can not be zero. ]

4.2. Second Case: Asymptotically Constant at Infinity (Part I)

Lemma 4.2 Let {u,} be a (PS). sequence for I converging weakly to 0 in
WLrE) (IRN). Assume the limit

lim q(z) = s. (Q2)

|z|— o0

Then ¢ > coo, where con denotes the minimazx level of the Fuler—Lagrange
functional I .

Proof. In fact, first we will show that I, (u,) — ¢ and I (uy,).u, — 0.

I ()t — Lo (n)ttn = [ypu<py [VtnlP® — [V, ] da
+ Ja1<my unlP® = lug|™] da (4.5)
A [ [Jun |+ = fun|10TD] da.

As in the Proposition 4.1, the first two terms in the right side of the equality (4.5)
are o, (1). For the third term, we write

/ [0l — a7 e = 0,(1) + / [l — fua 2 ] da (4.6)
RN |z|>R

where
On(l) = / [|Un|s+1 N |un|q(w)+1] der.
|z|<R
Observe that
[ il = ] ar < 0
|z|>R

and, by using condition (Q2),

/ [‘un‘s+1 . \un|Q(w)+1} de < oR(l)/ [‘un‘p(x) + |un‘p*(w)} dx. (4.7)
[z|>R |z|>R

o [P e o) — sl

For each £ > 0, choose R > 0 such that

oR(1)/ (a7 "] e < 2.
|z|>R
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Thus, by (4.5), (4.6) and (4.7) we have

1
|15 () un, — I (un) un| < 0n,(1) + o
and hence I._(up).un, — 0. In the same way, we can show that I (u,) — c.
Now, let ¢,, be such that I (t,uy,) = maxysq I (tuy,). As in Proposition 4.1
we have that t, — 1. Finally

< cton(1)+ 7 [ [Vun|™ + un|™] da
s+1
+)\(1;i"1 ) S Jun]¥ T da.
By taking the limit above the proof of this lemma is done. |

Lemma 4.3 Assume that (Q2) holds and q(x) < s a.e in RN . Then, there is a
Ao > 0 such that cy < cxo, for A > X,.

Proof. In this case, we can take a A, > 0 large enough such that the solution w
of the problem (Ps) satisfies |w|oo, |Vw|eo < 1. Moreover, let us fix ¢, such that
I (tpwy) = maxyso Iy (twy,). By a direct calculation, we have ¢,, — 1 as n — +o0,
therefore

In(thwn) = Loo(tnwn) + Ii(thwn) — Ioo (tnwy)
|tn Ve, |P®) [tn Vewn|™
Coo + J{jz1<R) [ @ T } dz (s
w7 [t |™ .
+ i<y [ B

[tnwn|* T B [tnwn 2@+
+>\ fBN [ s+1 q(z)+1 dx.

C\

INIA

Fix an index n large enough such that |Vi,w,| < 1 and |t,w,| < 1, in Bgr(0).
Since the function f(s) = s~!a® is decreasing in (0, +00), if 0 < a < 1, the terms

|thwn\p(”) |t Vw, |™ \tnwn\p(m) [tnwn|™
— dx, — dx,
(ai<ry L P(2) m {zl<ry L P(2) m

and

|tnwn‘s+1 ‘tnwn|q(z)+1
A — x
Ry | s+1 q(z) +1
are negative, and then by (4.8), we have that ¢\ < ¢oo- |

Theorem 4.2 Assume that (Q2) holds and q(z) < s a.e in RN . Then, for X > A,
problem (Py) has a ground state solution.

Proof. The proof follows from similar arguments to the ones explored in the proof
of Theorem 4.1. |
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4.3. Third Case: Asymptotically Constant at Infinity (Part IT)

In this subsection, we consider the situation where the function ¢(z) goes to s with
an exponential behavior at infinity.

Lemma 4.4. Assume that the function q verifies the conditions

lq(z) — s| < Ce =l for all x € RN (@Q3)

and
q(z) < s Vo € Bg(0). (Qu)
Then, there exists v* > 0 such that cx < coo, for all v > ~*.

Proof. As in the Lemmas 4.2 and 4.3, let us fix ¢, € IR verifying I (t,w,) =
max;sq Iy (twy,). By a direct calculation, t,, — 1 as n — 400, we have

ey < I)\(tnwn) = Ioo(tnwn) + I)\(tnwn) - Ioo(tnwn)a

thus,
[tn Vwn, |P(®) [tn Ve |™
o = C°°+f{|m|§R}[ o) T om |9

tnn p(x) tnwn m

p(z) m

‘tnwvz‘s+1 _ ‘tnwn‘q(x)*—l
+A fRN [ s+1 q(z)+1 dx.

Fix an index n large enough such that |Vt,w,| < 1 and |[¢t,w,| < 1, in Br(0). Since
the function f(s) = s~'a® is decreasing in (0, +oc0), if 0 < a < 1, the integrals

[tn Vwn [P [ty Vw,|™
Jwi<my [ ) m | 4,
f ‘tnwnlp(ax) _ ‘tnwn‘nl d
{lzI<R} | p(x) m ok
f ‘tnwn‘5+l B \tnwn\q(le de
{lz|<R} s+1 q(z)+1

are negative. Observe that from (4.9)

- {lel>ry L s+1 q(x) +1 '
where
= ltn Ve |7 [tn Vo |™ ltnwnlP@  [tpwn|™
A, = f{lmléR} [ p(z) o m dx + f{|m|§R} [ p(z) - m ] dx
[trnwn|*T! [ty |1 H1
+A f{|$|SR} [ s+1 T q(x)+1 ] dx < 0.

At this moment it is important to observe that A,, = A, (w, R, n,p(z), m). For the
remaining term in (4.10), using similar arguments as in the proof of the Lemma
4.2, we have

|tnwn|8+1 |tnwn|q(w)+1 d
f{|a:|2R} s+l g(z)+1 x

< Of{|a;|2R} [|tnwn‘m + [tnwn p*(m)] lq(z) — s|dz,
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and condition (Q3) implies that

s+l q(z)+1 .
/ |:tnw’n| B [trwn ] dz < Ce_'y/ [\tnwn|m+\tnwn\P (x)] dzx.
fei>ry L 5 +1 q(a) +1 {lel=r3

(4.11)
Combining the inequalities (4.10) and (4.11) we have
ey < Coo — Ap +Ce™ .
Choosing ~ large enough, we see that ¢y < ¢oo. ]

Theorem 4.3 Assume that (Q3) holds. Then, there is a v* > 0 such that problem
(Py\) has a ground state solution for all v > ~v*.

Proof. The proof follows with arguments similar to the ones explored in the above
sections. ]

4.4. Fourth Case: Asymptotical to the Critical Exponent 2* at Infinity
In this subsection, let us consider the problem

{ —Apyu = wd® in RN,

u>0,u#0 and u € DVPE(RVN), (P.)

where the functions ¢ = ¢(r) and p = p(r), r = |z|, are assumed to be radially
symmetric.

We start our study by considering first that the functions satisfy (Hy) for
m =2 and ¢(z) < 2* —1 a.e in IRYN. Moreover, we will assume also the conditions

q(x) =2 —1for |z| <dor|z| > R,6 <R, (@s5)
and
p(x) =2 for |[z| <dor |z| > R,§ < R. (Hs)

Considering the Euler-Lagrange functionals

p(x) q(z)+1
J() = / Vel dz —/ Ur dz, v e DY@ (RN)
ry  P(@) ry q(z) +1

and
2 2*
Joo(v) = / Vel dx —/ UE dx, ve DY (RYN)
RN 2 RN 2*

as in the previous cases, J and J, satisfy the Mountain Pass Geometry, and then
there is a Palais-Smale sequence {u,} in Diﬁl(m)(lRN ) such that .J(u,) converges
to ¢, minimax level of functional J and such that J'(u,) — 0.

Lemma 4.5 The (PS). sequence {u,} is bounded and there exists a subsequence
still denotet by {u,} such that

o u, —u in D)2 (IRN) and DL2(IRN)

o Vu,(z) — Vu(z) a.e in RN
o u,(x) — u(x) a.e in RN,
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Proof. Let ¢ € C3%.,4(IRY) be such that ¢ = 0 if |z| < Ry, ¢ = 1if 2Ry < |z| <
2Ry, 9 = 0if |z| > 3Rz and 0 < ¢ < 1. Since

C|Vuy, — Vu|P® < (|Vu, PP 2V, — |VulP®~2Vu, Vu,, — Vu), (4.12)
for some constant C' > 0, integrating (4.12) in the set

AR, R, = {x € RY;2R; <|z| < 2R2}

results in
C |V, — Vu[P@ dz S/ (|Vtun [P@ 2T u,, — | VuP®~2Vu, Vu, — Vu)dz.
AR, Ry ARy ,Ry
Denoting
P, (z) = (|Vun [P 2 Vu, — |VulP~2Vu, Vi, — Vu)
we have

Podx < I (up)(pun) — I§ (un)(du) — [n |V, P(®)~2y, T, Vb
ARy, Ry A by R
| e (V0P 200,76 = o ) + e G141
+f1RN ¢|Un‘p(m) 2u u—f N¢‘un|4(f U .

Hence by Strauss’s Lemma

lim P,dx =0
n—oo A
R1,R2

which implies that u, converges to u in WP(®)(Ag, p,) for all Ry, Ry > 0, and
thus Vu, (z) — Vu(z) and u,(z) — u(z) a.e in RY. O

Lemma 4.6 Let {u,} be a (PS). sequence for J converging weakly to 0 in
DVP@) (RN, Aassume that (Hs) and (Qs) hold. Then

1 .~
>
c> NS 2,
where S is the best constant in the Sobolev immersion DV2(IRN) «— L* (RN).

Proof. We proceed as in Proposition 4.1 and Lemma 4.2, using Lemma 4.5. Let
Apg,s be the annulus ¢ < || < R. Then we have

I (un) ty — Jo(un)un = fAR . [|Vun\1’($) _ IVun\Q] de
+ [a,, lunl® = Jun| 2 4] da,
and then
| () b, — T () un| < fAR,(S IVun\P(j)dx + fAR,s |Vt |[2da
+ fAR s ‘U"P + fAR s ‘un|Q(m)+1d1’-

Using the Strauss immersion: D2 (IRY) — Li(AR,), for all ¢ > 1, hence u, — 0

in L?" (AR s) and then

rad

J () uy — Jo () un = 0p(1).
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In the same way we have J(up) — Joo (Un) = 0,(1). As in Lemma 4.2, these facts
imply that

1 .~
> . O
c> NS 2
Lemma 4.7 If (Hs) and (Qs) hold, we have
1 .~
Sz,
< N e
Proof. For each € > 0, consider the function
N-—2
N(N —2)¢] ¢
ety = TN =D 5

(e +1a?) *

We recall that a 1-parameter family {w,}.>0 satisfies the problem

—Au=u*"', RN

u(z) >0, [~ Vul? do < oo
and

/ |Vw,| dz? :/ w? dx = Sz ( see Talenti [8] ).
RN RN
For each € > 0, let us denote by t. the real number such that
J(tewe) = max J(twe).

Using the fact that p(x) > 2 and g¢(z) < 2* — 1 in RN, we have that t. is
bounded as ¢ — oo. In what follows, we fix € > 0 sufficiently large such that

[tewe|, [V (tewe)| < 1.
From the definition of ¢, we have

¢ < J(tewe) = Joo(tews) + J(tewe) — Joo (tewe)

1 gV [te Ve [P |t. v%\
< NS A Juci<ry | b dx (4.13)
[tewe|? [tewe |91
+ Jio<iei<ny [ 2 T g1 |
Since the function f(s) = s~'a® is decreasing in s > 0, when 0 < a < 1, the terms
f [teVwe [P [t Vw,|? d
{o<lz|<R} | () P i
[tewe L Jewe |7
Josmery |~ Valon | dE
are negative, and from (4.13), we have that ¢ < Ing. O

Theorem 4.4 If (Hs) and (Q5) hold, problem (Py) has a solution.

Proof. For each ¢ € (IR™N), the (PS). sequence {u,} satisfies

o, rad

/ \Vun|p(£)_2Vun.V¢dx=/ 1|7, pda + 0, (1). (4.14)
RN RN
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From Lemma 4.1, by taking the limit in (4.14) we have
/ |Vul[P@ =2V Vodr = / Ju| 1@~y pdz,
RN RN

thus u is a nontrivial critical point of I in Diﬁm)(ﬂ%N ). Using a principle of
symmetric criticality for Banach spaces due de Morais Filho, do O and Souto [3],
we have that u is a nontrivial critical point of J in D*?(®) (IRY), consequently u
is a solution for (P;). O

Asymptotical Critical Case

In what follows, let us consider the problem (P,) assuming again that ¢ and
p are radially symmetric functions, (Hz) holds, and we assume that ¢ satisfies also

the hypothesis
q(z) = 2* — 1 a.e in Bs(0), for some § > 0 (Qs)

and

lg(x) — 2% + 1] < Ce ?1*l va ¢ RN, (Q7)
Repeating the same arguments of the last subsection, the functionals J and
Joo satisfy the Mountain Pass Geometry, hence there is a Palais-Smale sequence

{un} in DPP (RN such that
J(up) — ¢ and J'(up) — 0

where ¢ is the minimax level of the functional J.
It is easy to check that Lemma 4.7 and its proof also can be applied in this
case

Lemma 4.8 Let {u,} be a (PS). sequence for J converging weakly to 0 in
Dhr@) (IRN) and assume that (Hs), (Q¢) and (Q7) hold. Then,

rad
1 .~
c> NS 2,
Proof. We proceed as in Lemmas 4.2, 4.4, and 4.7. Let Ars be the annulus
0 < |z| < R. Then we have
I (un)in = Jog(up)un = [, [V, [P@) — |Vu,|?] dz
T T = g 1941] i,
and from (Q7) we have
| T (), — Jo () oun| < fAR,é |V, |P@ da + fAR,(S |V, |>ds
+ Jan, lun[?" + Jans |, |2+ d: (4.15)
+C’e_9Rf|m|ZR [unl?> + |un|?] da.

Using again the immersion: D2 (IRN) < L(Ag ), for all ¢ > 1, it follows that

rad

u, — 0in L? (Ags), and from (4.15),
I (up) gy — Jo (Un)un = 0n(1).
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In the same way, we have J(u,) — Joo(un) = 0,(1). As in the Lemma 4.7, these
facts imply that

1 ~
> O
c> NS 2
Lemma 4.9 If (H5), (Q5) and (Qg) hold, there exists 6* > 0 such that
1 ~
c< NS 2.
for all 6 > 0*.
Proof. Let we be defined in the Lemma 4.7. As in that lemma, t. is such that
J(tewe) = max J(twe).
We have
c < J(tewe) = Joo(tewe) + J(tsw(sg — Joo(tewe)
N [te Vwe P17 [te Ve |?
< XY A fscarem | e (w16)
‘tsws‘2* |tsw5‘q(w)+1 .
o L A K
< LSY A+ [\tewewz* _ |t5we\““”)+l] da
- N < {l=|=6} 2= q(z)+1 ’
where

N e
° J<iel<ry p(x) 2

Fix an e large enough such that |V (t.we)| < 1 and |tew:| < 1. Since the function
f(s) = s71a® is decreasing in s > 0, if 0 < a < 1, the terms

f ‘tsvws‘p(z) _ ‘tsvws‘2 d

{(s<lal<R} | p(@) 2 “

f |t5w5‘2 _ ‘t~€"~)5|q<m)+1 dx
{0<|z|<R} 2+ q(z)+1

are negative, and then, A. > 0. Observe that

2* q(z)+1 .
/ [tswi _ [tewe] ] dr < Ce_‘gR/ [\wE\Q + |we|* | da.
(ai>ry L 2 q(x) +1 {|21>R}

We have
1w
c< NS? —A. 4 Ce 1
where C is independent of €. Thus, we conclude that ¢ < 1{/ S5 ,forsome 6 > 0. O

Theorem 4.5 Assume that (Hs), (Q5) and (Qg) hold. Then, there is a 6* > 0 such
that Problem (P.) has a solution for all 0 > 6*.

Proof. The proof follows from the last lemmas and of similar arguments explored
in the above sections. ]
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Final commentaries. Using the techniques explored in this paper, it is possible to
prove similar results for a large class of nonlinearities. Moreover, if the functions
p(z) and ¢(z) are Z-periodic, that is,

p(z +vy) =p(z) and ¢z +y) = q(z) Vx € RY and y € zN

adapting arguments explored in [2], it is possible to prove also the existence of
solution to (P) for the subcritical case.
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A Unitarian Approach to Classical
Electrodynamics:
The Semilinear Maxwell Equations

Vieri Benci and Donato Fortunato

Dedicated to our friend Djairo

1. Introduction

The study of the relation of matter and the electromagnetic field is a classical,
intriguing problem both from physical and mathematical point of view. In the
framework of a classical relativistic theory particles must be considered pointwise.
However charged pointwise particles have infinite energy and therefore infinite
inertial mass. This fact gives rise to well known difficulties (see for example [10],
[11], [12]). The use of nonlinear equations in classical electrodynamics permits in
some situations to avoid these difficulties. In section 2 we shall briefly review some
basic facts on Maxwell equations and on the nonlinear Born-Infeld theory (see [8],
(7], [6]).

In section 3 we consider a semilinear perturbation of Maxwell equations
(SME) introduced in [1]. This model deals with classical electrodynamics with-
out touching any question related to quantum theory.

The main peculiarities of this theory are the following ones:

e [t interprets the relation between matter and electromagnetic fields from a
unitarian standpoint according to the meaning given in [8]: only one physical
entity is assumed, the electromagnetic field. Matter particles are solitary
waves of SME due to the presence of the nonlinearity.

e The equations are variational and invariant for the Poincaré group. Then the
energy and the momentum are constants of the motion (see subsection 3.1 )
and the basic principles of special relativity hold; in particular inertial mass
equals energy (see subsection 3.3).

e By the presence of the nonlinear term the equations of this theory are not
gauge invariant. We point out that the gauge invariance is destroyed only in
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the region (see (38)) where the solitary wave is ”concentrated” (the matter)

and it is preserved outside the matter, i.e. in the region where the nonlinear

term is negligible so that we have essentially the Maxwell equations in the
empty space.
e Although the equations are not gauge invariant, the total charge is a constant

of the motion (see subsection 3.1).

e Any matter particle (charged or not) carries an intrinsic magnetic moment;
this is a kind of classical analogue of the spin (see proposition 3 and remark

4).

The main attention is devoted to static solutions of (SME). We cannot exhibit
explicit static solutions and their existence is proved by using a suitable variational
approach. In particular we study the magnetostatic case (i.e. the case in which the
electric field E = 0 and the magnetic field H does not depend on time). In this
case SME are reduced to the nonlinear, elliptic, degenerate equation

VxVxA=/f(A) (1)

where Vx denotes the curl operator, f’ is the gradient of a strictly convex smooth
function f: R®> — R and A :R® — R3 is the gauge potential related to the
magnetic field H (H=V x A).

The main difficulty in dealing with the above equation relies in the fact that
the energy related to it,

e = [ (§17 Al ra) 2)

does not yield an a-priori bound on ||[VA[,.. In particular the functional (2) is
strongly indefinite in the sense that it is not bounded from above or from below
and any possible critical point A has infinite Morse index; namely, the second
variation of (2),

& (&) el = [ (9% 0 = 17 (A) o]
is negative definite on the infinite dimensional subspace
{v =Vyp:peCy (RS,R)}.

On the other hand, the nonlinearity f’(A) destroys the gauge invariance of (1).
So it is not possible to choose the Coulomb gauge (where V - A = 0) to avoid this
indefiniteness.

To overcome the above difficulties we will use a new functional framework
related to the Hodge splitting of the vector field A.

Another difficulty arises from the growth conditions of the nonlinearity f/(A).
In fact, physical considerations impose f’(A) to be negligible when | A | is small,
and large when | A |> 1 (see the remarks on assumption W1 in section 3). So it
is assumed (see (57)—(60)) that

F(A) = A7 (¢ > 6) for | A< 1
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and
FAA)=| AP (2<p<6)for| A|>1.
This fact leads to study the problem in the function space

D= {u € L°: /|Vu|2dx < —l—oo}

and in the Orlicz space LP + L? in which D is continuously embedded. The sketch
of the proof of the existence theorem is contained in the last section.

2. Basic facts

2.1. The Maxwell equations

First we recall some basic facts on Maxwell equations. The Maxwell equations for
an electromagnetic field E = E(t,z), H= H(t,z) (t € R, € R? are the time
and space variables respectively) are

JE

VxH-" =] (3)
V-E=p (4)

OH

ot +VxE=0 (5)
V-H=0. (6)

p = p(t,z) and J = J(¢,x) are respectively a scalar and a vector valued function
which represent the charge and the current density of an external source. Here and
in the following we assume c (light velocity) = 1.

In the empty space

p=0,J=0.

The first three equations (3), (4) and (5) are respectively the Ampere, Gauss
and Faraday laws.

Observe that from (3) we get

oV -E
-J =0.
o HVI=0

Then, using (4), we get that p and J are related by the continuity equation
dp
V-J=0.
ot *

Now introduce the gauge potentials A, ¢ which permit to write (3), (4) as second
order equations and to satisfy identically (5) and (6). A, ¢ are related to E and
H by
H=VxA (7)
0A

E=— — Vo
ot ¥
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Then the first two Maxwell equations (3) and (4) can be written as

;(%?-I-ch)—l—VX(VXA):J 8)
v (aa? +w> = . 9)

And the other two equations (5) and (6) are obviously satisfied.

Let x = x(t,z) be a scalar function, then it is easily verified that the elec-
tromagnetic field E, H and equations (8), (9) do not change under the gauge
transformation
ox
ot
The equations (8), (9) have a variational structure, namely they are the Euler
equations of the functional

A—-A+Vyx, p—p—

S (0, A) = / Lodadt (10)
where L,, is the Lagrangian
1(|0A ?
Lm:2<\8t+w —VXA2>+<JA>—p-«> (1)
1
=, (BF = 1H) + @A) —p-e. (12)
The energy of the electromagnetic field is given by (see e.g. [9] sec. 38)
OL,, OA
&= : — L, |d 13
/ (a(%ﬁ) ot ) v (13)
A OA\ 1|0A 2 )
= - A
/((at+Vg0| (%) 2‘815 + Vo +2|V>< \ )dx
+ / (= (T |A)+ py) dz. (14)
Now consider the electrostatic case, i.e., assume A = 0, J = 0, ¢ = p(x).
Then
1
E= / (—2 V| +pg0) dx. (15)

We can give a simpler expression for £ exploiting the fact that ¢ solves the
equation (see (9))

—Ayp = p.
In fact, multiplying both sides of the above equation by ¢ and integrating, we have

/\wﬁdx: /ptpdx. (16)
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Inserting (16) in (15) we get

1 2, 1 2
5—2/|V<,0| dx—2/|E| dx

which is the usual expression for the electrostatic energy.

Now suppose that we want to model matter particles as dimensionless points.
In this model, the density p of a particle located at 0 is the Dirac measure. Then
p = |alc‘ and the energy &£ diverges. As a consequence, the inertial mass of the
particle diverges.

The difficulties presented by this problem touch one of the most fun-
damental aspects of physics, the nature of an elementary particle. Al-
though partial solutions, workable within limited areas can be given, the
basic problems remain unsolved ([10], section 17.1 pag. 579). See also
[11], [12].

The divergence of the energy could be avoided if particles are supposed to
have a space extension, namely, if matter is modelled as a field. Particles are
usually stable; then they need to be described by solutions of a field equations
whose energy travels as a localized packet and which preserve this localization
property under perturbations. These kind of solutions are usually called solitary
waves (or solitons).

In order to build a field equation which presents the existence of solitary
waves, there are two possible choices: the dualistic standpoint and the unitarian
standpoint. In the dualistic standpoint the matter is described as a field ¢ which is
the source of the electromagnetic field (E, H) and it is itself influenced by (E, H).
However it is not part of the electromagnetic field. In [2] the case in which v is a
complex field related to the nonlinear Klein-Gordon equation is studied.

In this paper we are interested to discuss the unitarian standpoint which
assumes only one physical entity, the electromagnetic field. The matter and the
electromagnetic field have the same nature and the particles are solitary waves of
the field. In the next section we shall briefly review some ideas contained in the
celebrated papers by Born and Infeld ([8], [7]). We refer to [13] and [14] for an
extensive treatment of this subject.

2.2. The Born-Infeld model

Born and Infeld introduce in ([8], [7]) (see also [6]) a new formulation of the
Maxwell equations. They argue as follows: “A satisfactory theory should avoid let-
ting physical quantities become infinite. Applying this principle to the velocity one
is led to the assumption of an upper limit of velocity ¢ and to replace the Newtonian

2 c?

action muv? of a free particle by the relativity expression mc? (1 — \/ 1—v ) 7.
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Following the above argument they replace the usual Lagrangian density (11)
of the electromagnetic field E, H in the empty space (J and p are zero),

OA 2

_1 2 2_1
L= @ H)—2<‘at+V<p

— |V x A|2> , (17)

631:b2<1—\/1—i§> (18)

where b is a suitable scaling parameter. In the following we assume for simplicity

b = 1. Clearly the above Lagrangian defines a nonlinear theory of electromagnetism

and the classical Maxwell theory is recovered in the weak field limit E, H — 0.
The Euler-Lagrange equations are

by a modified Lagrangian

E
AV =0 19
(12 2c) 19)
H 0 E
\% — =0 20
><\/1—2£ 3t<\/1—2£> (20)
where
H:VanndE:—aa?—ch.

In view of the fact that (19), (20) are nonlinear it is natural to ask whether
there exists a non trivial, finite energy solution in the electrostatic case (i.e., when

A =0 and %f = 0) or in the magnetostatic case (i.e. when =0 and %? = 0).

These solutions should represent self-induced electrostatic or magnetostatic fields
without an external source. In the electrostatic case
E=-Vp
and the Lagrangian is
Lpr=1-— \/1 — |Vl
Then the energy on the electrostatic fields is

&) = | ( ooy o ﬁm) da @

z—/ﬁmtdx:/<\/1—V<p2—1> dz

and the equation (19) reduces to the equation

v —0. (22)

. Ve
J1- 1Vl
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In the magnetostatic case the energy is represented by

S(A):/<\/1+V><A2—1>dx

and the equation (20) reduces to the equation

V x A

V x
V141V x AP

~0. (23)

It can be shown (see [13]) that the only finite energy solution of (22) (respec-
tively (23)) is ¢ = 0 (respectively A = 0).

So there do not exist self-induced electrostatic or magnetostatic fields with-
out an external source; therefore we conclude that the Born-Infeld theory is not

unitarian. However this theory avoids the divergence, in fact it can be verified that
the field

1 X
E(x) = (24)
1+

solves the nonhomogeneous equation

v'(ﬂ}—]EQ):

where 0 is the delta distribution describing a pointwise unitary charge. Moreover
it is easy to verify that the solution (24) has finite energy, it is globally bounded
and it approximates the Coulomb field I;IS for |x| large.

3. The semilinear Maxwell equations

Here we report some results contained in [1] where a unitarian field theory, based
on a semilinear perturbation of the Maxwell equations, has been introduced.
We modify the usual Maxwell action in the empty space

Snie.a) =, [ |

in the following way:

-1/

where W : R — R.
The argument of W is |A\2 — |<p\2 in order to make this expression invariant
for the Poincaré group and the equations consistent with special relativity.

oA 2
‘ ot +Vop

— |V x Ad dxdt

2

0A
‘ ot +Vo

—|[VxAP+W (|A\2 - ¢2>] dxdt (25)
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Making the variation of & with respect to dA, d¢p, respectively, we get the
equations

0 0A _ / 2 2
at<3t+w>+vX(vXA)_W(A| —<p)A (26)
OA e
V. ( o +w> —W (\A| s )gp. (27)
If we set
H=VxA (28)
0A
E=- Iy -V (29)
p=w (\AIZ—sOQ)so (30)
I=w' (JAP - 4*) A, (31)
we get the equations
OE
VxH-""=J(A, ) (32)
ot
V-E=p(A, ) (33)
OH
VxE+ =0 (34)
V- H=0 (35)

which, formally, are the Maxwell equations in the presence of matter if we interpret
p (A, ) as charge density and J (A, ¢) as current density. Notice that p and J are
not assigned functions representing external sources: they depend on the gauge
potentials, so that we are in the presence of a unitarian theory. Hereafter the
system (26), (27) (or (32)—(35)) will be called SME.

Now we make the following assumption on W :

e (W1) there exist two positive constants 1,2 < 1 such that

W'(s)| <erls| for |s| <1; (36)
(W (s)| >1 for |s|>1+es. (37)

We set
(A p) ={z e R A (o) — o ()| 2 1}, (38)

Q; represents the portion of space filled with matter at time ¢. Assumption
(36) implies that p and J become negligible outside €2; and the above equations
can be interpreted as the Maxwell equations in the empty space.

Assumption (37) implies that p and J become strong inside 2, at least in

the region where ’\A(t,x)\z —¢ (t,x)2’ > 1+ eo.
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3.1. Invariants of motion

The action (25) is invariant under the Poincaré group. This group depends on
ten parameters. Then, by Noether’s theorem, there are ten constants of the mo-
tion: the energy &, the momentum P = (Py, P, P3), the angular momentum M =
(My, M2, Ms) and the velocity v = (v1,va,v3) of the ergocenter. These invariants
of the motion are analyzed in [3]. Here we shall only write the expressions of the
energy and of the momentum.

e Energy:

E(A’w):;/ﬂ ot -

¢ Momentum:

Vol + |V x AP =W (\A|2 - <p2>> dr.  (39)

P(A,yp) = /Z(aA 8“0>VAdx (40)

Now let us consider a constant of the motion, the charge, which is not related to
the invariance of (25) under the action of the Poincare group.
The charge is defined as

Clae) = [oag) = [W(|A] - o) pa. (41)

The charge C' = C (A, ) is constant along the solutions A, ¢ of (26), (27). In fact,

if we take the divergence in (32) and the derivative with respect to ¢ in (33), we

easily get the continuity equation
dp
ot

We can express the energy by a more meaningful expression which will be
useful later:

+V-J=0

Proposition 1. The energy of the solutions of SME is

e(A,w:/(;E2+§|H|2—W’<a>«»2— W (@) da
- ;/(|E|2+\H\2> dx—/(pgo—k;W(a)) do

2
o= Al — ¢

where

Proof. If we multiply Eq. (27) by ¢ and integrate in x we get

/ (%? -V + V<p2> dr — /W’ (o) p*dx = 0.
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We add this expression to £ (A, ¢); then

6<A,¢>:/<;\%‘:‘

~W (o) p* — ;W(a)> da

1|0A
_/<2‘8t +Vo
= / (; E[” + ; H” =W (o) ¢* - ;W(a)) dw

The second expression for the energy is obtained just using (30).

;/R (1B + H) dz

represents the energy of the electromagnetic field, while

_ /R <;W(0) + W’(o*>s02> de = - /R (W -l (U)> dx

0A 1

2
1 2 2
+2\Vg0\ + Vo 6t+2|VXA|

2

1 1
+, [V x AP =W (0)p? — 2W(a)> dx

The term

(42)

represents the energy of the matter (short range field such as the nuclear fields).
It can be interpreted as bond energy and it is “concentrated” essentially in €2;.

3.2. Static solutions

We are interested in the static solutions of (26), (27), namely in the solutions A,

¢, depending only on the space variable x, of the following equations:

VX(VXA):W’(|A\2—@2)A

~dp =W (|AF - %) .

The static solutions are critical points of the energy functional:
1
£ap) =, [ (IV AP = Vol =W (JA] - ¢*)) da.
Proposition 2. If (A, p) is a finite energy, static solution of SME, then

1
£ap) =y [ (VAP = |Vel) do

- /W <|A\2 - @2) d.

pa(z) = (A" a);
Ax(z) = A\"tx).

Proof. Let A > 0 and set

(43)

(44)

(45)
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Then, setting y = A"z,
1
£ (Bnon) =y [ (192 % A @) = [Vaor @) da
1 2 2
o [W (1A @~ o @)?) do
A
=5 [ (VX A@P = 90 wF) dy

A3 2 2
= [w (AW - o)) v
Since (A, ¢) is a critical point of £,
d

A =0. 4
d)\g( X5 PA) . 0 (46)
Let us compute this expression explicitly:
d
A
d)\lg( x5 PA) )
—, [V AWE = 19w dy - 32 [W (AW - ¢ 0)?) dv

For A\ = 1, using (46), we get

:13 / (IVx AP~ 196f) dr = /W (1A - ¢?) de. (47)
Then

£ (A, ) ;/(\VXAF—\WF) dx—;/w(\AF—ﬁ) dx

- :13 / (\v ¥ Al - \w\?) dz.

And by (47) we have also
E(A,p) = /W (|A|2 —@2) dz. O

By using the Poincare invariance of (25) it can be deduced that the energy & of
a static solution represents the rest mass (see (55)). Then only those static solutions
whose energy is positive are physically interesting. The following proposition gives
an interesting necessary condition in order to get solutions with positive energy.

Proposition 3. Let (A, @) be a solution of (43),(44) with finite and positive energy
E(A,p). Then

J:W’(\A|2—¢2>A7AO.

Moreover, there exists a (nontrivial) vector field u = u(x) (depending on A, @)
5.t. 3=V x pu.
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Proof. By proposition 2 we have
1 1
3/|v x A% dz > 3/(\V><A\2— \ch\2>dx:S(A,g0) > 0.

So
/\v x Al*dz > 0. (48)
Now we argue by contradiction and assume that
J=w (\A|2 - @2) A=o0.
Then equation (43) becomes
Vx(VxA)=0.
Multiplying by A and integrating, we get

/|V><A|2dac:O

which contradicts (48).
Since A solves (43), clearly we have V - J = 0. Then there exists a vector
field u = p(x), which is clearly non zero, s.t. J =V x p. |

Remark 4. The vector field p is the density of the magnetic moment related to J.
Observe that p is not trivial also when ¢ = 0. Thus any static solution of SME
which is physically interesting (i.e., with £ (A, ) > 0) is sensitive to external
magnetic fields even if it has no charge. This vector field y is an intrinsic property
of the “particle” and it can be interpreted as the classical analogue of the spin.

In order to get the simplest static solutions, we look for solutions (A, ) of
(43), (44) of the type
(0, ) (electrostatic case)

(A, 0) (magnetostatic case).
With this ansatz, we obtain the following equations:
¢ Electrostatic equation:
—Dp=W'(=¢?) ¢; (49)
e Magnetostatic equation:
Vx(VxA) =W (\A|2) A (50)
They correspond to the critical points respectively of the functionals

gy == [ (196l +W () do

E(A) = ; / (\v x A - W (|A\2)) dz. (51)

In order to get solutions we need the following assumption:
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e (W2) there exist positive constants cg, c3 > 0 such that
(W' (s)] < ca |s|p/2_1 ; p<6 for |s|>1
(W' (s)| <es |$|Q/2_1 i g>6 for |s| <1.

We have the following result for the electrostatic equation.

Theorem 5. Assume that W satisfies (W2). Then (49) possesses a finite energy,
nontrivial solution if and only if there exists sg such that

W (s0) < 0. (52)
Proof. Since W satisfies (W2) and (52), the if part follows from theorem 4 in [4].
The only if part follows from the Pohozaev identity (see prop. 1 in [4]). |

Unfortunately, by proposition 2, the energy (rest mass) of solutions (0, ¢) of
the electrostatic equation

E(0,p) = —;/\Vgo\zdx:/W(—goQ) dz

is negative; they are not physically acceptable for our program.
Thus, by Theorem 5, a necessary condition in order the system (43, 44) does
not possess negative energy solutions, is the following:

o (WH)
W(s) >0 (53)

More exactly, we have the following result:

Proposition 6. All the finite energy solutions of the system (43), (44) possess non-
negative energy if and only if assumption W is satisfied. Moreover if W is
satisfied, the bond energy (42) of any finite energy solution (A, ) of (43), (44)
1s not positive.

Proof. The only if part has already been proved. The if part follows immediately
from Prop. 2.
By (42) the bond energy is

1
& = —/ (p(a)so +,W (0)> dr,
o =|A[" = ¢* plo) =W (0) .
Now, by (53), we have
/W (o)dx > 0.
Moreover, by (44) we easily derive
/p(a)cpdx = /W’(a)g&de = / V| da > 0.

Then we conclude that &, is not positive. (]
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In order to get solutions of the magnetostatic ecuation (50) we need to make
some other technical assumptions:

e (W3) There are constants M; and My such that
W (s) 2M1|s|p/2; 2<p<6 for |s]>1
W (s) > My |s|Q/2; qg>6 for |s|] <1.
o (W4) W € C? and
W'(s) >0 for s#0.
Clearly assumption (W3) implies (W*). Moreover, given ¢; e > 0, it is

possible to choose suitable constants in (W3) and (W2) such that (W1) holds.
The following result holds.

Theorem 7. If (W2), (W3) and (W4) hold, then eq. (50) has a nontriwvial, finite
energy solution. This solution has radial symmetry, namely

A(z) = g ' A(gz) Vg€ O(3)
where O(3) is the orthogonal group in R3.

3.3. Solitary waves

A solitary wave is a solution of a field equation whose energy travels as a localized
packet. Since our equations are invariant for the action of the Poincaré group,
given a static solution

(A(2),¢(z))
it is possible to produce a solitary wave, moving with velocity v = (v,0,0) with
|v| < 1, just making a Lorentz transformation

[ A, (2,1) ] _ [ Al (2 (x,1)) } (54)

ev (2,t) ¢ (2" (x,1))
where
x1—vt Aitvep
V1—v2 V1—v2 +vA
x/: X9 ;A/: A2 ;(plzil_ ;
T3 As v

Solitary waves have a particle-like behavior. In particular, if (A, ¢) is a static
solution with radial symmetry, the region filled with matter

0= {x ER?: ‘|A(x)|2 - cp(x)z‘ > 1}
is a ball centered at the origin. Applying the above Lorentz transformation,
O, = {x ER’: ‘\Av (@, 8> — oy (x,t)Q‘ > 1}

becomes a rotation ellipsoid moving in direction x; with velocity v and having
the shortest axis of length Rv/1 —v2 (where R is the radius of Q). If we let the
nonlinear term
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depend on a small parameter ¢, then the radius of €2 becomes eR. Letting ¢ — 0,
the particles approach a pointwise behavior.

Moreover, the solitary waves obtained by this method present the following
features:

e It can be directly verified that the momentum P(A,¢y) in (40) of the
solitary wave (54) is proportional to the velocity v,

P(A,, ov) =mv, m > 0.

So the constant m defines the inertial mass of (54). Moreover, if we calculate
the energy E(A, ¢v) (39) of (54), it can be seen that

m=E(Ay,¢v)
(Einstein equation; in our model we have set ¢ = 1).

e The mass increases with velocity
mo
m =
V1 -2

where
1
mo = E(A,¢) = / (17 % AP~ [V d = / w (AP - ) e (55)

is the rest mass.

e If we do not take into account the effect of the magnetic moment p (see
proposition 3 and remark 4) the barycenter q = q(t) of the solitary wave
(54) in a given exterior field E, H satisfies the equation

d mo
dt .
Ji-laP
where e is the charge (see (41)) of the solitary wave (A, ¢v),

e= /W’ <|Av|2 - w%) ovd.

Concluding, our solitary waves behave as relativistic particles except that
they have space extension. These facts are a consequence of the invariance of the
Lagrangian density with respect to the Poincaré group. For more details we refer
to [3].

q=e¢(E+vxH)

4. The existence result

First we write equation (50) in a slightly more general form.
Let f:R3 — R be a C? function satisfying the assumptions

f(0) =0 and f strictly convex. (56)
There are positive constants ci, co, p,q¢ with 2 < p < 6 < ¢ such that

cr[§” < f(§) for [¢] =1 (57)
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e €T < f(€) for J¢] <1 (58)
IF(E) < e |6 or Jgl>1 (59)
F/(€)] <ca €7 or ¢ <1 (60)

We are interested in finding nontrivial, finite energy, weak solutions A : R®* — R?
of the equation
VxVxA=f(A) (61)
where f’ denotes the gradient of f.
A weak solution of (61) means that both A and f’(A) are in Lj,,
for all € C$°(R3,R3)

/ (A |V x (V x 9))d = / (f'(A) | ) de

where (- | -) denotes the Euclidean inner product in R3.
Theorem 7 clearly follows from the following result.

and that

Theorem 8. If f satisfies assumptions (56), (57), (58), (59) and (60), equation (61)
has at least a nontrivial weak solution having finite and positive energy. Moreover
this solution has radial symmetry, namely

A(z) =g ' A(gz) for all g € O(3).

First we give an heuristic idea of the proof of Theorem 8.

By the Hodge decomposition theorem, the vector field A : R® — R? in (61)
can be splitted as

A=u+v=u+Vw (62)

where u : R?* — R3 is a divergence free vector field (V -« =0) and v : R — R3
is a potential vector field, v = Vw (w scalar field).

Since f is strictly convex, for every v with V - u = 0, we can find a scalar
field wo which minimizes the functional

w»—>/f(u—|—Vw).

Set wo = @ (u) . Replacing (62) in (2) with w = ® (u), we get a new functional

T(u) = € (u, ® () = / (; IVl - f (u+ VO (u))) do

which depends only on u. This functional has the mountain pass geometry. Then,
we expect the existence of a nontrivial critical point ug. Now, if J and the map
u — @ (u) were sufficiently smooth in suitable function spaces, the field

would solve equation (61). However, the lack of smoothness does not allow to carry
out a rigorous simple proof directly. A complete proof of Theorem 8 is contained
in [1]; here we indicate only the main steps of the proof.
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4.1. The functional setting

In order to consider the Hodge decomposition (62) of A, we introduce the func-
tional setting for the two components v and v .
Let D(R?,R?) (D(R3,R)) be the completion of C§°(R3, R?) (C°(R? R))

with respect to the norm
1
2 2
fullo = ( [ 19u*az)
R3

Now (59), (60) with assumptions (57) and (58) imply that

cr |6 < f(§) < es [¢f for| €] > 1 (63)
[T < f(€) < ez [§] for ¢ < 1. (64)
So f (&) ~ [¢F for |¢] > 1 and f (£) ~ |¢|? for |¢€] < 1 and the choice of the

function space for w is related to these growth properties of f. Consider first the
space LP 4+ L7 made up by the vector fields v : R?® — R3 such that

v = vy + vg, with v; € LP, vy € LY.
LP + L7 is a Banach space with the norm
[0l oy o = inf {orll o + ol o : 01 +v2 =0}
It is well known that (see e. g. [5])

/

1741t = (' n i)
Moreover it can be shown that our assumptions imply that
/ ’ / ’ ’
f’ is a bounded map from L + Li= (Lp N L? ) into LP N LY. (65)

Now let DP4(R3,R) be the completion of C§°(R?, R) with respect to the
norm

[wllpp.a = IVl Loy pa -

The energy functional exhibits a lack of compactness due to its invariance
under the space-translations. To overcome this difficulty we take u and the scalar
field w in (62) belonging to suitable subspaces of D(R? R?) and DP¢(R3,R)
respectively.

Let Ty, T; be the actions of the orthogonal group O(3) on the fields u : R —
R? and w : R3 — R defined respectively as follows:

for all g € O(3) and = € R?,

Tyu(x) =g~
Tyw(zx)

u(gz)
(9).
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Moreover, let F' and F’ be the sets of the fixed points for the actions T, and T}
respectively, namely

F={u:R*>R*: Tyju=uforall g€ O(3)}

F'={w:R* - R:Tyw=uwforal gecO(3)}.
And finally we set

V={ueDR*R*)NF:V-u=0}
W =DP(R* R)NF'
It can be shown that for all g € O(3) ,u: R®* - R?* and w : R®* - R
T,(V-u) =V - (Tyu)
V(Tyw) = Ty(Vw)

where V- denotes the divergence operator.
So
(ue Fandw e F') = (u+Vw e F). (66)

The following compactness result can be proved by adapting to our case a
well known radial lemma ([4]).

Lemma 9. The space V is compactly embedded into LP + L1.

4.2. Sketch of the proof of Theorem 8
Since V C LP + L%, we have that

Yu eV, VweW:u+Vw e LP 4+ L9
Then, by the growth properties of f , for any u € V the functional

weW—F(u,w) = /f(u(x) + Vw(x))dz

is well defined.
Using the strict convexity f, it can be shown that

Proposition 10. For any u € V, there exists a unique w € W which minimizes the
functional F(u,-).

Now we can consider the map
VW (67)

such that for any v € V, ®(u) is the minimizer of F(u, -).
Using the compactness lemma 9 and the convexity of f it is possible to prove
the following

Proposition 11. The functional v — F(u,®(u)) = [ f(u + V®(u))dx is weakly
continuous on V.
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Now consider the functional
1
J(u) =€ (u,® (u) = /|Vu|2 dz — F(u, ®(u)), u e V.
We do not know if the map ® is C*, and to overcome this lack of smoothness we
argue as follows. Let ug € V , ug # 0. Then
ug + V& (ug) # 0.

So tg := %F(Uo,q) (Uo)) > 0.

Consider the functional

Tptu) = 5 [ 1Vulde = B (Flu,@ (), we v

where 3 : R — R is a function such that

e 3(t)>0; B(t)=0 fort <0

e 3 (t)>0

e (3 is bounded

o B(F(uo,® (up))) > 1+ L [|Vuo|* da.

The functional Jg is bounded from below and coercive. Moreover, by Proposition
11, B (F'(u, ® (u))) is weakly continuous on V. Then, since Jg (up) < —1, we get
the existence of a minimizer w in V such that Jg(u) < Jg (up) < —1.

Now, using again the convexity of f, the following proposition can be proved.

Proposition 12. Let v be a minimizer of Jg in V . Then there is pn > 0 such that
/(Vu | Vh)dz — u/(f/(u +V®(u)) | h)dx =0 for allh €V (68)
where (- | ) denotes the Fuclidean inner product.

Observe that by (65) f/(u+V®(u)) belongs to LP' N L7, so (68) makes sense.
Now, if u is a minimizer of Jg, the rescaled function

1
ux(z) = u(Ax), A= Ju

satisfies the equation
/(VuA | Vh)dz —/(f/(u,\ + V&(uy)) | h)dr =0for all h e V.
So, since V-4 =0 and V- h =0, we have
/(v X ux | V x h)dx—/(f’(u,\—kV(I)(uA)) |h)dz =0 forallh V.  (69)

Set
A =uy+ VP(uy).
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Since uy # 0 and V - uy = 0, A is not trivial. Moreover f'(A)€eF, because A €F.
Then, using this symmetry property, we can deduce from (69) that A solves (61),
namely for all ¢ € C§°(R?, R?) we have

/ (A |V x (V x 9))dz — / (f'(A) | @) dz =0 (70)
[}
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Abstract. We study the existence of a solution of the problem
{—Au +V(z)u=f'(u) 2zeRY,
u(x) > 0,
under the assumption that
lim V(z)=0

|x|— o0

where V' > 0 and there is no ground state solution.
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1. Introduction

We will study the existence of finite energy solutions of the problem
—Au+V(z)u=f'(u) xzeRN, N>3
Fy(u) < oo
u(z) > 0,

where the energy is defined by

1 1
Fy(u) = 2/|Vu|2dac—|—2 /Vquac—/f(u)da:,
RN RN RN

and f is a function which satisfies suitable conditions.

The case V = 0 and f(s) = |s|P has been studied by Berestycki and Lions
[9] who proved that the problem has no solutions. They also proved that if the
problem has a solution then the function f must have a supercritical growth near
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the origin and subcritical at infinity. To this aim, in [7] the authors considered a
function f which satisfies the following requirements:

there exists y > 2 such that 0 < pf(s) < f'(s)s < f’(s)s* Vs #0 (1.3)
there exist positive numbers cg, c2, p, ¢ with 2 < p < 2* < ¢ such that

cols|? < f(s) for|s| <1
{If”(S)I <efsP2 forls] 2 1 )
|f"(s)] < eals|”2 for|s] <1
where 2* = 2N, .

We assume V € LY/2(RV),

In [7] we showed that, if V' > 0 and V > 0 on a set of positive measure,
the problem (1.1) has no ground state solution, i.e., there is no solution u of (1.1)
which minimizes the functional Fy on the Nehari manifold AV,

NY = {ue DR {0} : / Vul? + Va2 — fu=0%. (16
RN
On the contrary, if V' = 0, the problem (1.1) has ground state solutions (cfr.
[8], [9]), and we call m the level of the functional Fyy associated with such solutions,

= inf Fy(u). 1.7
m = inf Fo(u) (1.7)

We shall prove the following existence result:

Theorem 1.1. Assume that the critical value (ground level) m of the functional Fy
is isolated. Then there ezists o such that, if |V n/2@ny < €0, the problem (1.1)
has a solution.

We want to mention very recent results related to this problem.

Benci and Micheletti in [8] study the same problem with V' = 0 but in an exterior
domain 2. They prove that there is no ground state solution; however, the problem
has a solution if RN\ Q C B, = {z € RY : |z| < €} for € small enough. Ambrosetti,
Felli and Malchiodi in [2] consider the problem —e?Av + V(z)v = K (z)vP with
potential V(z) ~ |z|=® and K(z) ~ |z|™® where 0 < o < 2 and 8 > 0. The
existence of a ground state v € H'(RY) is proved for subcritical p depending on
«a and (.

The plan of the paper is the following:

e in section 2 we recall some results about the smoothness of Fy and the
behaviour of its Palais—Smale sequences;

e in section 3 we investigate the topology of the sublevels of our functional Fy
and by the estimates of the levels where the Palais—Smale condition holds,
we obtain our main result.
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2. Preliminary results and notations

We will use the following notations:

vy(@) = v(z +y)

Br(z) ={z € RY : |z — z| < R}

T, ={zeRY :|v(z) > 1}

|A| = Lebesgue measure of the subset A C RY

DL2(RY) = completion of C§°(RY) with respect to the norm

1
2

lullpramy) = /\Vu\zdx
RN

In dealing with our functional Fy, it is convenient to consider the function
space related to the growth properties of the function f and to recall some results
obtained in [5], [8] and [7].

Given p # ¢, we consider the space LP + L% made up of the functions v :
RY +—— R such that

v=uov; +vy with v € Lp(]RN), vy € Lq(]RN).
LP + L7 is a Banach space with the norm
[0l oy La = inf{[[or]lLe + [lvallza = 01 +v2 = v}
It is well known that (see [11]) L? + L coincides with the dual of L?’ N L9 . Then

p q
-1 g—1

Actually LP + L9 is an Orlicz space with N-function (cf. e.g. [11])

A(u) = max{|ul”, [u|*}

/ ’ /
P+ L9 = (LP qu) with p’zp = (2.1)

First we recall some inequalities relative to the space LP 4+ LY proved in [6]
(see also [5]).

Lemma 2.1. (i) Ifv € LP + L9, the following inequalities hold:

max |[|v[|pe@y_r,) — 1, v vllzee,)

1

L+ ||

< vl zoLa
< max [||v]| La@y 1,5 [v]lze(r,)]
when T = quzp.

(i) Let{v,} C LP+L% and setT',, = {z € Q : |v,(x)| > 1}. Then {v,} is bounded
in L + L9 if and only if the sequences {||vp|lpa@y—r,) + |vnllzer,)} and
{|ITx|} are bounded.

(iii) f' is a bounded map from LP + L9 into LP/P~1 N L4/a-1,
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Remark 2.2. By (i) of Lemma 2.1 we have L?* C L? + L? when 2 < p < 2* < q.
Then, by the Sobolev inequality, we get the continuous embedding

DM2(RYN) C LP 4 LA (2.2)

The regularity of the functional Fy, and of the related Nehari manifold NV
are contained in the following lemma which is proved in [7] and in [23].

Lemma 2.3.
(i) Fv is of class C?.
(i) NV(RY) is a C* manifold.
(iii) For any given u € DY2\ {0}, there exists a unique real number t¥ > 0 such

that utY € NV and Fy (tYu) is the mazimum for the function t — Fy (tu),
t>0.

(iv) The function (V,u) — t(V,u) =tV defined on the set {V eL? :|V| v < S}
x DY2\ {0} is of class C' and it holds

& / Valde

{t(
. /f” tu)(tu)? — f'(tu)tudzx

where t = t(V,a) =Y.

Here we recall a “splitting lemma” obtained in [8] and in [7], which is a
variant of a well known result of Struwe (see [27]). This is an important tool to
study the problems with lack of compactness.

Lemma 2.4 (Splitting Lemma). Let {u,} C NV be a sequence such that

Fy(up) = ¢ as n— +oo,
Fl |y (un) — 0 in (DY2(RYN))  as n— +oo.

Then there exist k sequences of points {y) }new (1 < j < k) with |y)| — +o0 as
n — +oo, and k + 1 sequences of functions {ul }new (0 < j < k) such that, up to
a subsequence,

. k . .
(i) un( ) = up (@) + 2o wh (@ — )
(i) up () —u(x) as n— +oo in DM2(RY);
(iii) wf (z )—>u3( ) as n— +oo in DLZ(RN),
where u® is a solution of (1.1) and v/ (1 < j < k) is a solution of the same
problem with V = 0. Furthermore, when n — +00:
k

lunlB 2wy = 1B 2@ny + D 1 oz,
j=1
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and

k
Fy (u) — Fy(uo) + ) Fo(w).

j=1

3. The main result

Lemma 3.1. Let w be a solution to problem (1.1) with V = 0. Then the application
y — wy = w(-+y) is a continuous map from RN in DL2(RN).

Proof. Let us fix yg € R™ and let y,, be a sequence of numbers converging to zero.
We set wy(2) = wy, (¢) = w(x + y,). Then

2
/‘V(wyo_wyoﬂn)‘ :/|va0+yn‘2+‘va0‘2d‘r

RN RN
-2 / Vwygty, - VWy, dz =2 / |Vw|* — Q/an -Vwdz.
RN RN -0
Since ||[Vwy|l2 = [|[Vw|l2, the sequence w,, is bounded in D2, hence, up to a

subsequence, (w,) converges weakly in D'? towards a function v. If we choose
an arbitrary bounded set w C RY, by the compact embedding theorem, w, — v
strongly in L?(w). But w, converges strongly to w in L?(R"), hence v = w and,
by the weak convergence in D2

/an-dexH/\Vdex.
RN RN

Hence wy, 4y, converges strongly to wy, in D12 ]

Lemma 3.2. For any fized V € LN/? it results lim / V(x)wy (z)? dz = 0.

ly|—o0

RN

€
Proof. Given € > 0 there exists R > 0 such that ||V ~x/2@v5,) < 2wl2.” and
w|3-

if ly| > R, then / lw(z)|* dz < . Hence, we have:

€
N 2||VHN/2
Br(y)

2 2 2
/wadacz/wadx—F / wadx

RN Br RN\Br

< HV||LN/2(BR)||wai2*(BR) + HV||LN/2(RN\BR)Hwy||2L2*(RN) <e -

Lemma 3.3. (i) For any given p > 0 there exists to € R such that txy < ta for
every y € RN and for every V € L% such that ||V || N <p.
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(ii) For everyV € L2 there exist R(V) > 0 and t,(V') > 0 such that t(V) < txy
for every y € RN with ly| > R(V).
(iii) For every V € L2 it holds ‘ l‘un tv =1.
Y|—00
(iv) It holds

lim  sup |tV —1=0.
IVIin/2—0 ycrN

Proof. (i) Let us set gV (t) = Fy(tu). Then, by (1.4), for every ¢t > 1 and for
every V satisfying the above hypothesis we have:

gxy (t) = gd(t) +t* / Vw dz < Hw||D1 2 — cotp/|w|p dx + / Vw dx

{lw|>1} RN
1
< t2 <2 ||’u)HD1,2 -+ HVH N ||’LU §*> — cot? / ‘w‘l’ dx
{lw|>1}
1
<2 | ks + pllwl3 — cor?2 / jwlP de
{Jw|>1}

Hence, there exists to > 0 such that gxy (t) < 0, for every t > to, for every
y € RV, It follows that tq‘;y < to.
(ii) First we observe that

9,0 - o) < [ V@) ds
RN

Let us suppose, by contradiction, that there exists a sequence ¥, such that
|yn| — oo and t,, — 0. Let t* be the maximum point for g%; then, by
Lemma 3.2, we have

n—oo

0< g (t) = lim /|v )k, (2

~ lm g¥, () < lim g¥, (Y, =0,

n—0o0

and this completes the proof.
(i) Let us recall that ¢, =7, = 1. Hence:

J @)y — ) Y
where 0 < 6 < 1and ¢ =t} By (i) and (ii) the number f is bounded between

[t, — 1= I, — ta, | = (v (0V,wy), V)| =

t1 and to, uniformly as |y| — oo, then, since | 1|1H1 Vw = 0, we obtain the
yl—oo

claim.
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(iv) We observe that the function ¢t — [ f”(tw)(tw)? — f'(tw)(tw) dx is con-
RN
tinuous and strictly positive for ¢ > 0. Hence, by equation (3.1), we obtain:

lty, — 1] <

3 IV Iny2

(2 o
min / £ (0w (tw)? — ' (bw) (tw)

tefty,ta

which completes the proof. O
We define 3(u) : D¥2(RY) — RY in the following way:

— 2 T
B(u) —R[ [Vul 2] dx.

We observe that 3 is continuous with respect to the strong topology of D12(RY).
In fact:

B +1) = o) = | [ (1960 + ) = [Vaof?) 7 do| <

N
< / |Vl + 2 /Vu-Vuo
RN RN
and the last quantity goes to zero as ||u||p1z — 0.
Definition 3.4. We set
Bo = {ue D"*RN): B(u) =0}.

and, given V € LN/2(RN),

V .
= inf Fy.
7 NV NBo v

Lemma 3.5. Given V € LN2(RN) with V > 0 it results vV > m.

Proof. Tt is trivial that vV > m. By contradiction we assume that v = m. Then
there exists a minimizing sequence (u,) for the functional Fy, on the manifold N’V
such that (u,) C By. By the Ekeland variational principle we can assume that
(up) is a Palais—Smale sequence for the restriction of Fy to the Nehari manifold
NV. By Lemma 2.4 (splitting lemma), there exists a sequence (y,) C RY with
|yn| — +00 and a ground state solution w € DV2(RY) of the equation Aw = f(w)
such that

U () = w(@ — yn) + vn(x) (3.2)
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where v,, — 0 in DY2. We set w(x —y,,) = w,. Since, up to a subsequence, w,, — 0
weakly in DY2(RY), we have

8(un) = Bwn)] = | [ (196w + o) = [Vu ) 7 do

/ ]
R (3.3)
/|an| dx + 2 /an Vw, dx| — 0 as n — oc.
RN
Now we calculate 5(w,):
Blwy,) / [Vw(x — yn)| dac = / [Vw(z)|? b dz. (3.4)
‘Z + Yn|

By (3.4) and the Lebesgue dominated convergence theorem, we have, up to a
subsequence,

/\V )2 z—l—yn dz—>/|Vw 2edz#0 (3.5)

for some ¢ € RY with |¢| = 1. Since B(u,) = 0 for every n, by (3.3), (3.4) and
(3.5), we get a contradiction. O

Weset ®: {VeLN?2:V >0,|V|np<S}xRY — NV

e(Vyy) = tq\;ywy = (I)g‘//'

We observe that ® is continuous because the function y —— w, is continuous
with respect to the strong topology of D'? (see Lemma 3.1) and (y, V) — ty, is
continuous for (iv) of Lemma 2.3. Finally, we set, for R > 0,

Sp={®) :lyl <R} and 'y = {®, : [y| = R}.
We have the following lemma:

Lemma 3.6. There exists Ry > 0 such that BoNTY% =0 for every R > Ry and for
every V€ LNV2(RN) with ||V ||n/s < S.

Proof. We shall evaluate separately the positive and negative part of the following
expression:

5(®)) -y =L, [ IV -

RN
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First of all we choose R > 0 such that [ IVw(z)|? dz = A > 0 and we observe
Br
lyl - R

W+ R For the positive part we have:
Y

that min -y > |y|
min .
Brtw o] Y=Y

€T xr
[ el ez [V —n? ) e

z-y>0 Br(y)

- R
> 2 V=B g s s
> [ PPl | e = My
Br

ly| - R
lyl + R

Regarding the negative part we have:

/ [Vw(z — )| ‘i‘~yda: < / IVw(z —y)[* y| da
zy<0 RN\B|y (y)
<l [ Ivul)

RN\B|y

Hence

lyl - R

T
19l e =)
RN RN\B|,y

since w € DM2(RM). This completes the proof. 0

Now we assume that m is an isolated critical value for Fy on A/°, namely, let
my > m be such that there are no critical values for Fy in the interval (m,mq).
With this assumption we have the following lemma:

Lemma 3.7. There exists €9 > 0 such that sup FV((I)L/) < min{my, 2m} for every
yERN )

Ve LN/ with ||V ||n /e < €o.
Proof. We observe that

ty )2 -1
Fv@]) o)< ) T v i e |1, ~ o)
t,)?

= /\Vw|2 + Vw2 de + [t} — 1\/ [ ((etgy t1- 9)wy>

whith 6 € (0,1) suitably chosen. By Remark 2.2 we have that w, is bounded in
L? + L%, and by (i) and (ii) of Lemma 3.3 the argument of f’ is bounded, so, by
(iii) of Lemma 2.1, we have that the integral involving f’ is bounded uniformly by
a constant C for every y € RY and for every V with ||[V||y/2 < S. Hence:

v |(t’L‘l/)vy)2 - 1‘ 2
|Fv (@) — Fv(wy)| < 9 (lwllprz + VI vyallw

dzx

5-)+Clty, —11) (3.6)
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and, by (iv) of Lemma 3.3, we obtain that

lim sup |Fy(®Y) — Fy(w,)| = 0.
0 S [ () = P ()|

Finally, we have:

lim sup Fy(®Y
IV IIn/2—0 yerN (@)

< lim sup Fy(wy) + sup |Fv((I>;/) - FV(wy)’
IVIin/2—0 \ yerN yERN

=Fy(w)+ lim  sup / \V\wz =m
IVIin/2—0 yerN .
R

and this gives the requested result. O

Lemma 3.8. For fixed V there exists Ry > 0 such that FV((PZ‘J/) <~V for every
y € RN with |y| > Ry.
Proof. By inequality (3.6) and by the definition of Fy (wy) we get

Fy(®,) < Fy(wy) + |Fv (D)) — Fy(wy)]

) |(t,)% — 1]
SFg(w)—F/wadx—!- ”2

hence, by (iii) of Lemma 3.3 and by the minimality of w for Fy, it results

lim Fy(®,) <m.

ly|—o0

(lwlpre + 11V xj2llw

3) + Clty, =11,

The claim follows by Lemma 3.5. (]

Now we set
HY = {h e CINY NV : h(u) = u, Yu: Fy(u) < ’YV}

and

CR = %g ySequR Fy (h(q)?‘:)) = %g sup Fy (h(Z})) -

Lemma 3.9. Given V € LV/2, [V nj2 < S there exists ry such that h(3) )N By #
0 for every h € HY and for every r > ry.

Proof. We will show that, given V there exists ry such that, for any given h € H"
there exists y with |y| < ry and 8 (h (2 (y))) =0. Weset g = Boho®V. g is
homotopic to the identity with the homotopy given by

G(t,-) =tg+ (1 —t)Id.

We shall show that 0 & G(t,0Bg) for every t € [0,1] if R is big enough. If we
choose R > max{Ry, Ry}, then, for every y such that |y| = R, since h € HV, it
results

tg(y) + (1 =ty =B (h(®))) + (1 — t)y = tB(®}) ) + (1 — t)y.
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Considering the scalar product by y, by Lemma 3.6 we get

tgly) + (L —t)y-y=1t(B(®)) y) + (1 —t)|y]> > 0.
Hence
deg(g, Br,0) =1

and, setting ry = R we get the claim. ]
Now we are ready to prove our main result:

Proof of Theorem 1.1. By Lemma 3.7, for any given V € L™/? such that
[VIlnj2 < €o it results sup,cpn Fy(®)) < min{my,2m}. For any fixed V, by
Lemma 3.9, we can find 7y such that h(XY ) N By # 0 for every h € HY . Hence,
if we choose R > max{Ry,ryv} with Ry given by Lemma 3.8, we have:

m <~V <ecp= hier%{f‘/ sup Fy (R(E})) < min{my,2m}.

Now we observe that, by the Splitting Lemma 2.4, the Palais—Smale condition
holds in the set

NV n{ueD"?:m < Fy(u) < min{ms,2m}}.

Now we can apply the deformation lemma for C! manifolds (see [16], [25]) to get
that cp is a critical level for the functional Fy . This completes the proof. O
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Asymptotic Behavior of a Bernoulli-Euler Type
Equation with Nonlinear Localized Damping

R.C. Charao, E. Bisognin, V. Bisognin and A.F. Pazoto

Abstract. This work is devoted to prove the polynomial decay for the energy of
solutions of a nonlinear plate equation of Bernoulli-Euler type with a nonlinear
localized damping term. Following the methods in [20], which combines energy
estimates, multipliers and compactness arguments the problem is reduced to
a unique continuation question. In [24] the case where the damping is linear
was solved. In this article we address the general case and obtain explicit
rates of decay that depend on the growth of the dissipative term near zero
and infinity.

1. Introduction

1.1. Setting of the problem

The main purpose of the paper is to study the asymptotic stability of the
solutions of the Bernoulli-Euler type equation with a nonlinear damping term
localized in a neighborhood of a suitable subset of the domain under consideration:

g + A%u — a(/ Vu%ix) Au+ p(z,ug) =0 in Q x (0,00),
Q

u = gz =0, in I'x(0,00), (1)

u(z,0) =ug, u(zr,0) =wu1, on £,

where 2 is a bounded domain in R™ of C? class, I' denotes the boundary of € and
« is a positive constant. In the classical Bernoulli-Euler model the shape of the
function o = «(.) is given a priori.

It is interesting to observe that when n = 1 the model considered here is a
general mathematical formulation of a problem arising in the dynamic buckling of a
hinged extensible beam under an axial force. If n = 2, equations in (1) represent the
“Berger approximation” of the full dynamic the von Kdarméan system modelling the
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nonlinear vibrations of a plate. A rigorous mathematical justification for this fact
was given in [17], [18], and also in [16], where the uniform exponential stabilization
of both models was obtained as singular limit of the uniform stabilization of the
von Kéarman system of beams and plates.

In order to state precisely the problem under consideration we need some
notations. Let us assume that the boundary T' = 9 of the bounded domain {2 is
such that ' =T'g UT'y. We fix zg € R™ and set

To={x€dQ; (xr—u1x9) n>0} and L =T\Ty (2)

where 1 = n(z) is the outward unit normal at z € T'.
The total energy associated with (1) is given by

1
E(t) = /(uf + |Au|?)dx + O[(/ |Vul?dz)? Vit >0. (3)
2 Ja 4" Ja
Therefore, if we assume that
p(z,s)s >0, V (z,5) € A xR, (4)

the following dissipation law holds:
t+T
Et)—Et+T)= / / plx,ug)ugdz, ¥Vt and T > 0. (5)
t Q

Consequently, F(t) is a non increasing function and the following basic question
arises: Does E(t) — 0 as t — oo and, if yes, is it possible to find a rate of decay of
E(t)?

When p(z, s) = s, it is straightforward to see from (5) that the energy decays
uniformly exponentially as ¢ goes to infinity. The same holds when p(x, s) = a(x)s
with @ € L* and a(z) > po > 0 a.e. in . The analysis of stabilization when
the damping is effective only on a subset of 2 is much more subtle. Such problem
has been extensively investigated in context of wave equations and there is a large
literature on the subject. Firstly, we mention the works of Dafermos [5], Haraux
[6] and Slemrod [23], where La Salle’s invariance principle was used as a tool to
obtain asymptotic stability properties. In these papers, authors are interested in
finding a class of feedbacks as large as possible which permit obtaining the decay
of the solutions to equilibrium. None of the them studied the decay estimates.
More recently, assuming that the dissipation is effective in a suitable subset of the
domain where the solution holds, decay rates have been obtained (see for instance
[2], [20], [22], [25] and the references therein). Roughly speaking, the most recent
results on the subject were obtained for p = p(z, s) behaving as a(x)s|s|”, where
~ is a suitable constant, in general, —1 < v < 0o, and the function a = a(x) is as
follows:

(6)

The same problems have also been addressed for the Bernoulli-Euler equa-
tion. First we mention the work [22] where explicit estimates of decay of solutions

a€ L>*(Q) and a(x) >ap aein w
where w is a neighborhood of T'y.
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of (1) were obtained when a = 0 and p(z,t) = a(x)g(t) with a as in (6) and g(t)
is monotonic and has certain growth properties near the origin and at infinity.
The method of proof is direct and is based on the multiplier techniques, on some
integral inequalities due to Haraux and Komornik (see for instance [7], [8] and
[11]), and on a judicious idea due to Conrad and Rao used in [4] to study the non-
linear boundary stabilization of the wave equation. As will become clear during
the proofs, the results obtained here improve in some sense the result obtained in
[22]. A similar analysis was done in [24] where the exponential decay of the total
energy (3) was obtained by letting p(x,s) = a(z)s, with a = a(z) satisfying (6),
and « > 0. We recall that, in view of (5), the problem of exponential decay of E(t)
can be stated in the following equivalent form: To find 7" > 0 and C' > 0 such that

T
B(0) < C /0 /Q o, g Yupdandt (7)

holds for every finite energy solution of (1). More precisely, the above inequality
combined with the semigroup property, allows to obtain that, for any R > 0, there
exist positive constants C' = C(R) and ((R) satisfying

E(t) < C(R)E(0)e P vt >0,

provided E(0) < R. However, it is not given any estimate on how the decay rate
depends on the radius of the ball. This has been done, as far as we know, in very
few cases and always using some structural condition on the nonlinearity. We refer
to [25] for the case of the semilinear wave equation with localized damping and
to [19] for the analysis of the von Kdrmdn system of thermoelastic plates where
an explicit estimate on how the decay rate tends to zero as R — oo is provided.
Moreover, it is important to emphasize that, in the general multi-dimensional
setting, inequalities of the form (7) are valid if and only if a suitable Geometric
Control Condition is satisfied (see [3]): it requires that every ray geometric optics
reaches the region in which the damping mechanism is effective in a uniform time,
a property that holds in the particular case where w is given by (6).

Our purpose in this work is to give sufficient hypotheses on the function
p = p(x,t) so that we can obtain precise estimates of decay to the energy E(t).
As far as we know, the situation we are considering here has not been addressed
in the literature yet since, to our knowledge, the existing results on decay rates
for Bernoulli-Euler like equations with localized damping requires p(x, s) = a(x)s
or « = 0 (see [22] and [24]). To obtain the result we make use of multipliers,
a common tool that has been used in the study of the exact controllability and
stabilization problems for the wave equation and some plate models. This leads
to special difference inequalities for the energy of solutions and allows to apply
the method developed in [20]. However, this method produces some lower order
terms that we handle by compactness. The problem is then reduced to showing
that the unique solution of (1) such that « =0 in w x R is the trivial one, which
requires the application of a unique continuation result proved in [10]. At this
point, we observe that the unique continuation result in [10] applies only when w
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is neighborhood of the whole boundary, which leads us to require such assumption
in our present proofs. In other words, the decay of solutions of (1) is obtained
localizing the damping function in a neighborhood of the whole boundary I' (see
(8) and Remark 3.5).

Our main result (Theorem 1.2) shows that under suitable assumptions on the
growth of the function p = p(z,t) the energy of solutions goes to zero, as t — oo,
with a polynomial rate of decay which is uniform on each bounded set £(0) < R of
initial data. To be more specific, we shall assume that the function p(z, s) satisfies
the growth condition

{ cra()|s|"™* < |p(x, 5)| < c2a()[[s]"" +s]], [s| <1, Vo €Q

8
cza(z)|s|PT < |p(x, s)| < cpalx)[|s[PTL+|s|], |s| >1,Vz €Q, (®)

for some positive constants ¢;, i = 1,2,3,4, a = a(x) satisfying

a € L>*(Q) and a(x) >ap aein w
where w is a neighborhood of T’

and
-1 <r <oo,

2
—-1<p< 5 if n>3 and —1<p<oo if n=1,2.
n

In addition, we suppose that

p(z,s)s >0 and g'z(x,s) >0, V(zr,s) € QxR
(9)
p(.,s) and g';)(.,s) € C(Q).

Let us observe that a function p satisfying (8) is not necessarily globally Lip-
schitz and the class of functions satisfying (8) includes functions like a(z)|s|7"1s,
v > 1. Furthermore, one can proceed as in [1], [9] and [15] to consider more general
growth assumptions on the behavior of the damping function. Indeed, following
methods used in the works of P. Martinez and F. Alabau-Boussouira it is pos-
sible to derive an estimate like E(t) < C (G™! (1/t))2, Vvt > 0. In this case,
G (v) = v g(v) with g : R — R being an odd function, strictly increasing, of class
C1, and p(x,v) is assumed to grow linearly with a(z)|v| if [v| > 1 and to have a
behaviour dictated by g close to the origin, i.e.,

a(z) g(ol) < lp(z,v)| < Ca(z) g7' (ju]) (%)

if |[v| < 1. Here, a (x) is the function which localizes the dissipation.

In the present work, we have p(z,v) with polynomial growth far from the
origin and similar behavior close to the origin. We prefer to have a strongly non-
linear (polynomial) growth far from the origin instead of a more general setting
close to the origin (as in (*)) at the price of having a linear behavior far from the
origin. The work where one successfully combines p with general (as in [1] and
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[15]) behavior close to the origin and polynomial like growth far from the origin

seems to be an open problem, which we would like to investigate in the future.
Now we can state our main result:

1.2. Main results

Before stating the main result of this paper, for the sake of completeness, we
briefly recall the following result on existence (and uniqueness) for the Bernoulli—
Euler type. According to the previous results existing in the literature, it can be
summarized as follows:

Theorem 1.1. Suppose that p = p(x,t) satisfies (8) and (9). Then, for each T > 0,
we have:

1. If up € H*(Q) N HZ(Q) and uy € HZ(Q), then system (1) admits an unique
solution having the reqularity
u € C([0, T HY(Q) N Hg () n ([0, TT; HF (2)).
2. Ifup € HZ(Q) and uy € L*(Q), then system (1) admits an unique solution
having the regularity
u € C([0,T]; Hy () N C*([0, T); L*(2)).
The existence of both strong and weak solutions may be proven either by the

theory of semigroup or by the Galerkin method.
The main result of this paper reads as follows:

Theorem 1.2. Let (ug,u1) € HZ(Q) x L*(Q) and R > 0 such that
(w0, wi)|| 2 (@) 22(0) < R

Then, under the conditions of Theorem 1.1, the total energy E(t) associated with
the solutions of (1) has the following asymptotic behavior in time:

EQ)<CA+t)7 i=1,23,4,

where C = C(R, E(0)) is a positive constant and the decay rates v; are given
according to the cases:

2
Case 1. Ifr >0 and 0 < p < 2,L‘hen
n—

4 8(p+1)
3r+2"4—pn+2)
Whenn = 1,2 and 0 < p < 00 or 3 < n < 6 and p(n + 2) > 4, we have

4

’yl:min{ }f0r3§n<6andp(n+2)<40rn26.

m= 3(r+2)

Case 2. If r > 0 and —1 < p < 0, then

[ 4 4
= min .
7 3r+2 8+ 3p(2—n)
4

Wh =1,2 h = .
enn ,2, we have v 349
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2
Case3. If -1 <r <0 andOSpSn_2,then

{_2(T+1) 8p+1) }for n>60r3<n<6 andp(n-+2)<4.

= min ,
s 41— p(n+2)
When 3 < n < 6 and p(n+2) >4 orn =1,2and 1 < p < oo, we have
—2(r+1)
Y3 = -
-

Cased. If -1 <r <0 and =1 <p <0, then

[ —2(r+1) 4
~v4 = min , )
r 8+ 3p(2 —n)
—2 1
When n = 1,2, we have 4 = (7:_ )

The rest of the paper is organized as follows: In Section 2 we present some
technical lemmas which are useful for the proof of Theorem 1.2. Section 3 is devoted
to derive some energy inequalities and in Section 4 we prove Theorem 1.2.

2. Technical Lemmas

Now we are going to state some technical results that are crucial in the proof of
Theorem 1.2. The first of them is the following Nakao’s Lemma. We refer to [21]
for the proof.

Lemma 2.1 (Nakao). Let ®(t) be a nonnegative function on Rt satisfying

sup  B(s)'0 < g(t) {@(t) — B(t +T)}
t<s<t+T

with T > 0, 6 > 0 and g(t) a nondecreasing continuous function. If § > 0, then
®(t) has the decay property

B(t) < {o1>(0)‘S +/t g(s)lds}l/é, t>T.

T

The following result will also be needed:

Lemma 2.2 (Gagliardo—Nirenberg). Let 1 <r < p < oo, 1 < g <p and 0 < m.
Then, we have the inequality

—0
[ollwra < Cllollyms vl

forv e W™P(Q)N L"(Q), where C is a positive constant and

<k 1 1) <m 1 1)‘1
n T q n T p

provided that 0 < 0 < 1.
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In order to state the next results, we introduce a vector field h = (h*, h2,..., ") :
Q — R" of C! class satisfying

h(z) = n(z) on Iy
h(z) -m(x) >0 onT, (10)
h(z)=0 in Q\ o

where n = n(x) is the outward unit normal at z and @ is a open set in R"™ with
the property

I'pCcwonNQCuw.

We also take a function m € W%°°(Q) such that | I and |A;:‘2 are bounded
and

0<m(z) <1 1inQ,

m=1 in w, (11)

m =0 in Q\w,
with @ C €2 being an open set in 2 satisfying
hCcwCcwcC.

For the existence of such functions we refer to Haraux [8] and Tucsnack [24].
Using the above notations we now state the energy identities that are the
basis for obtaining the estimates of decay:

Lemma 2.3 (Energy Identities). Let u be the solution of (1) and T > 0 fized.
Then, the following identities holds for all t > 0:

T+t T+t
/ / [—|ue* + \Au\Q]dxds—Fa/ (/ |Vu|?dz)?ds

t Q t Q (12)

t+T T+t
:—/ upu dx —/ /,o(a:,ut)udxds
Q t t Q
T+t
/ /m(x)[|Au|2 Juel? + o[ Vul? [Vul?] deds
¢ Q

T+t T+t
= —/m(x)uutdx’ —/ /m(x)p(ac,ut)udxds
Q t t Q

T+t
- / / [uAuAm + 2Au(Vu - Vm)|dzds
t Q

(13)

THT
—a/ HVUHZ/ u(Vu - Vm)dxds
t Q
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1 [T
/ /(h-n |Au|2drds
2 Ji r -
z/(h( ) - Vu utdx / / p(x, u)dxds
Q

1 T+t
/ / divh[|u|® — |Aul® — o ||Vul|?|Vu|*] dzds

T+t T4t
+a/ / [ Vull? Z D;h* D, uDkud:cder/ / Ah - Vu)Audads
J,k=1

T+t
+2 / / Z D;h*(D; Dyu)Audzds
t Qi
(14)

/((x — o) - Vu)utdac HT /HT/ (x — x0) - Vu)p(x, us)dzds

t+T t+T
/ / lug|?dxds + (2 / / |Au|?dxds (15)
t+T
+(a — ‘XQ”)/ |[Vu|[*ds = / / x — x0) - n|Aul?dlds ,
t

where h = h(z) and m = m(x) were given in (10) and (11), respectively.

Proof. Identities (12), (13) and (14) are obtained in a standard way multiplying the
equation in (1) by M(u) = u, M(u) = m(z)u and M (u) = h(zx) - Vu, respectively,
and integrating over Q x [t,t + T (see [13], p. 244). Identity (15) is a particular
case of (14) when h(z) = (z — x0). We observe that properties (10) and (11) are
not necessary to obtain identities (14) and (13), respectively. O

3. Main estimates

In the sequel we derive some energy estimates that combined with Lemma 2.1 allow
to proof Theorem 1.2. It is enough to consider ug € H*(Q) N HF (), uy € HZ()
and then to use a density argument.

By C' we will represent different positive constants.

Lemma 3.1. There exists a fited T > 0 such that the total energy associated with
(1) satisfies

t+T
B) <CBO-Be+T)+ [ [ ol ul(l+ [Vudeds .
+ /tJrT/(|ut|2 + u|? + |Vul?)dzds}, VY t>0

where C is a positive constant.
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Proof. We fix a positive number 3 satisfying n26 —1>0.If n> 3, we also take §

2
such that § < 9° Then, multiplying (15) by 8 and adding (12) we obtain
n

/tHT/Q[(nzﬂ _ 1>|ut2 + (1 + 082 - Z)) AuQ} dxds

n t+T
+a<1+ﬂ(1— 2)>/t || Vul|*ds

t+T 5 t+T
:—/Q[ﬁ(x—xo)-Vu—u]utdx‘t + 2/t /F(x_l"o)'ﬂAUFdFds
t+T
| ) (17)

Therefore, choosing v = min{?(nf — 1); 2(1 + 62— Z)), 4(1 + B(1 — Z))}

it follows that

t+T
v [ By < [ Ble = a0l (90l + ful ulda]
t+T
/ / [Blz — zo| [Vu| + |u] | |p(z, us)|dzds (18)

ﬂ t+T
+ / / (x — x0) - n|Aul?dlds,
2 t To

because (z — o) -7 < 0 on I'\T'g. Moreover, denoting My = sup, ., | — o[, we
deduce that

t+T t+T
v [ Eds < [ (809l + fu] s
t Q

t+T g [T
+/ [BMo|Vul| + |ul] |p(z, uy)|dzds + 5 / / (z — x0) - n|Au|*dlds.
t t To

(19)
Now, using Poincaré’s inequality it results

t+T t+T
v [ B <l a7 [ [ o ul lul+ 5ol Valldods

ﬂ t+T
/ / x — x0) - n|Aul?dlds,
r
° (20)
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and according to (5) we get

t+T t+T
’y/t B(s)ds gC[E(t)+E(t+T)}+/t /Q\p(x,ut)\Hu|—|—ﬂMo\Vqua:ds

6 t+T
+ / / (z — x0) - n|Au|*dlds.
2 t To
(21)

The next steps are devoted to estimate the last term in (21). In order to do that,
first we observe that according to (10) and (14), the following holds:

1 t+T t+T
u s = -n|Au s
Au|?dld h(zx Au|?dld
To

t+T '
/ / h(z) - n|Au|?dTds

t+T
:/(h~Vu)utdx‘ + / /dz’vh [ue]? — |Aul? — of|Vul|?|Vu|? |deds

t+T t+T
/ / x,ug)(h - Vu)dzds +a/ / HVUHZZD :h*DjuDyudzrds

7,k

t+T t+T
+2 / / ZD h*(D; Dyu) Audzds + / / Ah - Vu)Audads.

(22)
To estimate the terms in the right-hand side of (22) we proceed as follows. Since
h € CH) and h =0 in Q\& we have

t+T

/ (h-Vujus| < C[B() + B+ 7)), (23)

t+T t+T
/ / (z,ut)(h - Vu)dzds < C/ / lo(z, uy)||Vuldzds (24)

and

t+T
/ /divh[\ut\z—|Au|2—a\|Vu|\2\Vu\2}dacds
' tQ+T (25)
gc/ / el + |Auf? + ||Vl 2 V| [dads.
t wNQ

Now note that, since Vu = 0 in wNQ, we can apply Poincaré’s inequality to obtain

+T t+T
/ /(Ah - Vu)Audzds < C / / |Vul|Au|dzds
t Q t w2

+T 3 2 t+T
<C / </ |Vu|2dx> </ Aqux> ds < C / / |Au|dzds.
t w2 wNQ t w2

(26)
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We also have

t+T t+T
/ /ijhk(pjpkumudxdsgc/ / |D; Dyu||Au|dzds
t Q ik t wnN

+T z 2 t+T
<C / (/ |Au|2dx> </ Aqux> ds=C / / |Au|?dxds
t w2 wNQ t wNQ

(27)

and

t+T t+T
/ / || V|2 Z D;h*DjuDyudrds < C / / |Vl || Vu|*dxds.
t Q 3.k t wnN

(28)
Now, replacing (23) up to (28) into (22) it follows that

1 [T 4T
/ |Au|?dl'ds < C {E(t) +Et+T) —I-/ / |ug|*dxds
2 t Ty t wN

t+T t+T
+/ /\p(x,ut)HVu\da:ds—l—/ / [|Vu|2Vu2+Au2]dxds}.
t Q t wnN

(29)
In the sequel we are going to find boundaries for the last term of the right-hand
side of (29). First, we use (13) with m = m(z) given in (11) to write

t+T
/ / m(z)[ |Au|2 + HVqu\Vu\Z}dxds
¢ Q

t+T t+T
< —/m(x)uutdx‘ —|—/ /\ut|2dxds
Q t t w

T 4T
- / / m(z)up(z, us)xds — / / [uAuAM + 2Au(Vu - Vm) |dzds
t Q t Q

t+T
- a/ / ||[Vul|*u(Vu - Vm)dxds.
t Q
(30)
Recalling that 0 < m(z) < 1 and letting
2 A 2
V()" |Am(z)] }

Cco = max { sup
e m(x) T 20 m(z)

we can use Holder’s and Poincaré’s inequalities to bind each term on the right-hand
side of (30) as follows:

t+T t+T
/ /m(x)up(x,ut)da:dsg/ /\p(x,ut)|\u|dxdt, (31)
t Q t Q

t+T
t

/ m(xuvde| < C[B(t+T) + (1)), (32)
Q
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4T
/ / [uAuAm + 2Au(Vu - Vm) |dzds

t+T A
/ /{ m|‘ |\/m |Au|—|—2\/m|Au|Vu|\/ q dxds
t+T t+T
§/ /co|u\2dxds+4/ /m(x)|Au|2dxds—|—
t w t w
T : 3
+ 2\/00/ </ |Vu|2dx> </ m|Au|2dx> ds.
t w w

Now, choosing k = 2acy we have

t+T
—a/ / || Vu|[2u(Vu - Vm)dzds
t

t+T 1
<a/ |Vu|2[ /k|u\2d +2/ IVl V| dx]ds (34)

t+T t+T
<c/ /\u| dxds + / /kuzm\vu\ daxds,

where C'= C(E(0)) is a positive constant.
Thus, returning to (30) and using all the above estimate we get

t+T
[ [ m@Usu? + 9l vuf Jdzds
t Q

(33)

t+T
< C[Etf;+E(t+T) +/t /Q\,o(x,ut)Hu\dxds (35)
n / [ l? + uf? + 1Vuf? dzas

with C' = C(E(0)) > 0. Moreover, since 0 < m(z) <1 and m =1 in @, it follows
from (35) that

t+T
/ / (AUl + ||Vl |2Vl deds
QNw
t+7T
SC’[E()+E(t+T)/ /\p(x,ut)Hu\dxds (36)
t+T &
+/ /[\ut\Z-i-\u|2+\Vu\2}dxds].
t w

Finally, recalling that Q N & C w, inequality (29) combined with (36) gives

1
2

t+T t+T
[ [l + 1Vulldzde + [ [ (juf? + o + Vul? dads
t Q t w

(37)

t+T
/ |Au|?dTdt < C [E(t) +E(t+1T)
t Fo
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which suffices to conclude the proof of Lemma 3.1. Indeed, replacing (37) in (21)
we obtain

t+T t+T
'y/t E(s)ds <C [E(t) +E(t+1T) +/t /Q |p(x, w)|[ |u] + |Vul||dadt

+T t+T
—|—/ /\ut\deds—i—/ /Hu|2—|—|Vu|2]dxds )
t w t Q

TE(t+T) < / o E(s)dw

(38)
and since

2C
the result is obtained taking T > + 1. O
Y

Lemma 3.2. Let u = u(x,t) be the solution of (1) and AE be given by AE =
E(t)—E({t+T). For T > 0 given in Lemma 3.1 and p = p(x, s) satisfying (8), the
following holds:

t+T
plx,u)|[ |Vu| + |u||dzds
[ [ bt uoltivu + ol )
4+p(n+2)

< C (AE)= {/E(t) +C (AE)»2 B(t) 5ot

2
for the case r >0, 0 <p < 5 andn > 3. If n =2, this estimate holds for
n—
the case r >0 and p > 0.

t+T
[ [ ot unl(19ul + ful dods
t Q

(40)
< C (AE)™2 {/E(t) +C (AE)wc-mr {/E(t)
for the case r >0, =1 <p <0 and n > 2.
t+T
T, U Vul| + |u| |dzds
[ bl + ) "

4+p(n+2)

< C (AE)™2 \JE(t) +C (AE)»™2 E(t) sis)

2
for the case —1 <r <0, 0<p< 5 and n > 3. If n = 2, the estimate holds
n—
for the case —1 <r <0, p> 0.

t+T
/t /Q (2, u) [ [Vu| + |u |dzds
< C (AE)™*2 JE(t) +C (AE)=+6-» {/E(t)

(42)

for the case =1 <r <0, =1 <p <0 and n > 2, where C is a positive constant.
For n =1 the above estimates are the same as for the case n = 2.
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Proof. According to the hypotheses on the growth of p, we have

t+T

/ / 1o, ue) [ V] + Juldds

t t+TQ

= / / e a(@){ w1 + Jug [}Vl + [ul)dads (43)
t Q1

t+T
+/ / cxa(@) {Jue* + Jud V|Vl + |ulldeds = I + I,
t Qo

where
O ={(x,t) € QxR : u(z,t)] <1} and Q\O.

The statement of the lemma is proved after combining the estimates for I; and I
in the following cases:

Case 1: Estimating I; for 7 > 0 and n > 2.

Using Poincaré’s inequality and (5) we obtain

t+T
L < [[Vallp= 202/ Va(@)|ug|(|Vul + [u])deds
t Q1

(/t+T /Q o)l dm) (/t+T /Q \Vu\l—l— ul) dm)
</t+T /Ql )|y dxds) (l E(S)ds>2
C (/;*T /91 a(x)ut|r+2dxds> " YE()

r
because + = 1, where C is a positive constant that depends on |Q],
r+2 r42

l[val|Le(q) and T. Consequently, from (5) and (8) we get

L<c ( /t o /Q 1 p(x,ut)utdxds> - YE@) < C(AE) 2 {/E®X).  (44)

Case 2: Estimating I; for —1 <r < 0 and n > 2.

| /\

\ /\

IA

Using Poincaré and Holder’s inequalities together with (5) and (8), we have

t+T
L gc/ /a(x)\uwluw+|u\]dxds
t Q1

t+T i g ptT i
C </ / a(x)|utr+2dxds> (/ /Hu\ + |Vu| ]r+2dxds>
Q1 t Q
t+T Ty T 3
(/ / (x,ut) utdxds> (/ /Hu| + Vu]zdxds>
o t Q

C (AE)+ \/E

IN

\ /\
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where C' > 0 depends on 7, ||a| (@), [©2] and T'.

2
Case 3a: Estimating I for 0 < p < 5 and n > 3.
n—

T
L < 204/ / ) [ug |PTH(| V| + |ul)dzds

o 2, e s
<C (/ / a(z)rt ut|p+2dxds> (/ / (|IVu| + u|)p+2dxds>

t Qo t Qo

t+T [ t+T pi2
<C (/ / a(x)|utp+2dxds> (/ / |Vu|p+2dxds>

t Qo t Q

where we have used Poincaré’s inequality in WO1 P2 (©), Holder’s inequality and
the hypothesis on the boundedness of a(z). Now, using Gagliardo—Nirenberg and
Poincaré’s inequality we obtain

HVUHLP“(Q) <C HVUH%I(Q)HVUH;(GQ) <C |‘u|‘H2(Q)QH1(Q)HVU"|L2(Q)
— 1+0
< Ol Aull 0y [IVul530y, < CE®AE®)'S = C B

for 0 = 2(pn-|}i %) Then, from (5) and (8) it follows that

t+T zi% p+1 4+p(n+2)
L <C / / p(x, up)usdads [[Vul|ppi2q) < C(AE)p+2 E(t) s+ .
t Qo

Case 3b: Estimating Is for p > 0 and n = 2.

Since uy € H%(Q), Vu € HY () — L4(Q), Vq > 1. Therefore, due to Sobolev’s
inequality it follows that

t+T
L <e / / Y e + o] | V] + [u]dds
Qs

t+T
= 264/ / e PV + [ul)dds
t Qo

4T P /4T pi2
c(/ /a(x)|ut|p+2dacds> (/ /[vu+u|}P+2dxds>
t Qo t Qo

<
+T PEL s AT oo
<C (/ / a(x)|ut|p+2dacds> </ / |Vu|p+2da:ds>
t Qo t Qo
Now, using Gagliardo—Nirenberg’s Lemma with 6 = f_ we have
p

1-6
IVullpea@) < [[Vullf [[Vull'=" < Cl|Aul|?E(t)
<CEWSE®)'s =CE({t)bm.
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Consequently,

i iié p+1
L <C (/ / p(x,uﬁdwds) E(t)20+2)
t Q

Case 4a: Estimating I for —1 < p <0 and n > 3.

Again, combining (8), Poincaré and Holder’s inequalities we get
t+T
ho<a | / el -+ (V] + Jul dads
Qo

4T
< 204/ / x)|ue|(|Vu| + |u|)dzds

) (/ttw /92 a(x”ut'zdxds) | (/t - /92 VUded8> |
¢ </tt+T /Qz a(l')|ut|2d$d3> : JTYE(®)

IN

IN

t+T , 211/ t+T 211
<C (/ / a(x)|ug M dacds) (/ / ut(Z_A)ldacds> VE(t)
t Qz t Q2
4 2
where [’ is the conjugate of [. Now, choosing A = (p+2) and [ =
4+p(2-n)
2n p+2
have I’ = d
(n_2)(2_)\),we ave , an

t+t a4p(2—n) t+t o 2(dnan)
L<C ( / / a(x)ut|p+2) ( / / | n—2da:ds> YE®)
t Qo t Qo
t+t atp(2-m) 2
<C (/ / p(x,ut)utdxds) VE(t) < C(AE)s+»e-n {/E(t)
t Qo

because u; € L (0, 00; H'(Q)) — L>(0, o0c; Ln" (Q)).

Case 4b: Estimating Is for —1 < p < 0 and n = 2.

t+T
L <a / / ) e P2 + Jue) (V] + ful)dads
Qo

t+T

<c| / el (V] + ul)dads
t+T 3
<C (/ / )|y dxds) (/ /\Vu\ dxds)
Qo

<

0( / / )| dxds) YE®)
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due to Poincaré’s inequality. Consequently,

L <C ( /t o /Q 2 a(x)|ut|p+2dacds> i ( /t o /Q 2 |ut|2_pda:ds> i YE®)
<c ( /t o /Q 2 p(x,ut)utdacds> i\/E(t) < C(AR)} Y/E®)

where we have used (5) and (8) and the fact that u; € L°°(0,00; H}(Q)) —
L>(0,00; L)), Vg > 1 and n = 2. The case n = 1 is trivial due to the Sobolev
Imbedding L (0, 00; HY(Q)) — L>(0,00;£), and the estimates obtained are the
same as for the case n = 2.

Thus, combining the above estimates with (43) we conclude the proof of
Lemma 3.2. |

As a consequence of Lemma 3.1, Lemma 3.2 and Young’s inequality, we obtain
the following result:

Proposition 3.3. Let u = u(x,t) be the solution of (1) and AE be given by AE =
E({t+T)— E(t). For T >0 given in Lemma 3.1 and p = p(z, s) satisfying (8), the
energy associated with (1) satisfies

t+7T
E(t) < C{Di(t)%/ /(\utm u|+|Vu|2)dacds}, ie{1,2,3,4)
t w

where
8(p+1)

Di(t)? = AE + (AE)30%) + (AE)2+se-m)

2
ifranndOSpSn_2 (0<p<@ifn=2),

DQ((f)Q =AE + (AE) 3(¢~i2) + (AE) 12+3;(2—n)
ifr>0and -1 <p<0,
9 2(r+1) 8(p+1)
Ds(t) = AE+ (AE) 2 + (AE)12+r6-m)
2
if—1<r<0and0<p< "9 0<p<o0ifn=2),

2(r41

Du()? = AE + (AB) "2 4 (AE)2+sre-m

if-1<r<0,-1<p<0andn>2.
Forn =1, the above estimates are the same as for the case n = 2.

Proof. As we said before, the proof is obtained combining Lemma 3.1, Lemma 3.2
and Young’s inequality. O

Proposition 3.4. According to each D; = D;(t) given in Proposition 3.3 there exists
a constant C > 0 such that

t+T t+T
/ /Hu|2 + |Vu|?|dzds < C {Di(t)2 —|—/ / |ut|2dxds} (45)
t Q t w
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when u is the solution of (1) with initial data uo and uy satisfying E(0) <

where R > 0 is fixzed and C = C(R).

R,

Proof. Let us argue by contradiction following the so-called “compactness—unique-
ness” argument. Suppose that (45) is not valid. Then, there will exist a sequence

{tn}n>1 C R and a sequence of solutions {uy}n>1 with initial data u?

that
t7L+T
lim “te fQ[|“n|2 |Vun\2] dxds _
n—00 D _,’_fthrTf |Un,t‘2 dxds
Let
tn+T
A% =/ /Hun\2 + |V, [? |dzds
tn Q
and

Lo(t)? = ;% {Di(tn)Z—i- /t m /w (un)tdeds}

n

Then, from (46) we have
L. (tpy)? — 0, as n — oo.

Un (2, + L)

Moreover, letting v, (x,t) = 3
n

,0<t<T, it follows that

1 tn+T
U= [ e o + 1V, o7 deds
n Jitn Q
1 T
= 2/ /Uun(x,t+tn)|2+|Vun(x,t+tn)l2] dxdt
)\n 0 Q

T
— [ [ loatat)P+ 0o, )] dnat,
0o Ja
that is,
T
/ / [lon(z,8)|* + [Vou (2, )|*] dedt =1, Vn € N.
0o Ja
On the other hand, in view of Proposition 3.3 and (50) we get

Eq(vn(t))
= El(un(i\—: tn)) A2

n

uf such

(46)

(47)

(48)

(49)

L By(un(t+1,)) < A121~7(un(t+t)) 2 Blun(tn)

C tn+T tn+T
< )2 {Di(tn) / / |t ¢ |2 dxds—l—/ / [[unl® + [Vun| ]dxds}
n t tn

n

tn+T
= Cly(tn /\2 / / un (2, 8)[* + [Vun(z, 5)|°] deds

Ol (b +c/ / [[om (@, D12 + [Von(a, )[2] dadt = C[T(t)? + 1].
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Oun, :
ut , and F1(t) is the part of the energy that

where we have denoted u,; =
remains after taking o = 0. The above estimate together with (49) tell us that
Ei(v,(t)) <C

for all 0 <t < T and n € N, where C is a positive constant independent on n and
t. Consequently,

[V, (D)]|L2() < C and [[Av,(t)]|p20) < C. (51)

Furthermore, from Poincaré’s inequality we have

1
[vn (1720 2/ \vn(x,t)|2dx:/ v un (z,t + t,) 2 dx
Q Q Mn

1
< Cl/Q 22 Vi, (2, t + t,)|?de = C’1/Q\an(x,t)\2dx <C

(52)
for all 0 <t < T and n € N, where C is a positive constant independent on n and
t.

Combining the above estimates, we deduce that

{v,} is bounded in W ([0, T, L*(Q)) N L>=([0, T], HZ()). (53)

Now, the idea we have in mind is to pass {v,} to the limit in order to apply UCP.
However, before we do that we have to check that the following holds:

lim Al p(T, up i (t+1,)) =0 in LY[0,T] x Q). (54)

n—oo n

Indeed, recalling the definition of €; and Qy introduced in (43), it follows from

(8) that
T tntT
/ / |o(@, wn (2, t + tp))|dadt :/ / lp(z, up,¢)|dxds
o Ja tn Q

tn+T
g/‘ / c2 a(2)] [ume " + | |dzds (55)
Q1

/tthrT /Q2 o a )[

Then, the proof of (54) is divided in four cases:

| ]dzds.

2
Casel:0§r§2,0§p§2 ifn>2and 0<p<ooifn=1,2.
n

First observe that, since a(.) € L>=(£2) we get
t+T 1
/ ./W@wMWﬂSC{W@—E@+ﬂMH+W®—E@+ﬂpb}
¢ Q

Thus, if n > 1, it follows from the definition of D;(¢) in Proposition (3.3) that

12+p(6—mn)

tn+T ,
/ / lp(z, un,¢)|dedt < C[Dq(tn)2 + Di(t,) 4@+
tn Q
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If n = 1, the estimate is the same as for n = 2. On the other hand, since E(0) < R,
E(un(0)) < R as well and therefore, thanks to Poincaré’s inequality, we have

tn 4T 3 tn+T 3
A, <O (/ |Vun(s)|2ds> <c (/ |Aun(s)|2ds> < C B(un(0)
tn tn
<CR.

Thus, putting these last two inequalities together with (48) and (49), we deduce
that

1 thrT
/ / lo(z, un i)|drds — 0 as n — oo,
)‘n tn Q

and, consequently, (54) holds.
Case2: 0<r<oo,-1<p<Oandn>1.

In this case, we also proceed as in the proof of Lemma (3.2) and use Proposition
(3.3) to obtain

t+T
| [ wtaulasde <€ (10 - B+ D) + B0 - B+ T)
< C[Ds(t) + Da(t)?].
Then, using again (48)—(49) we may conclude that

3
2

1 [T 1
o [ [ ldedt < € 1) + | Da(ta)?]
n Jt, Q

< CIu(tn) + A Ln(tn)3] — 0

as n — 0o, because A, is bounded. Therefore, (54) holds.
2
Case 3: —1<r<0,0<p< n_2,ifn>20r0§p<ooifn:1,2.

Arguing as in Case 2, i.e., performing as in Lemma 3.2 and using the definition of
Ds(t) in Proposition 3.3, we get
t+T r+1 p+1
[ [ louldede < c{(B@) - B+ DI + B - Be+ T
t Q

12+p(6—mn)

< C[Ds(t) + Ds(t) 4e+2
Now, using (48)—(49) we deduce that

1 tntT 1 124-p(6—n)
/ / lp(@, un e)|dedt < C[L,(tn) + | Ds(ty) @+
)\n tn Q >\n
44p(2—n) 124p(6—n)

< O[Lu(tn) + MW" Li(t,) @+ ] —0,
as n — 00, because A, is bounded.

Cased: —1<r<0,—-1<p<Oandn>1.
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In this case, it is easy to see that

t+T 1
| [ wta st < C (B0 - B+ T + B0 - B+ T)
< C[Da(t) + Da(t)?]

where we have used the definition of D4(¢) in Proposition 3.3. Again, using (48)—
(49) and the fact that A, is bounded we obtain the desired result.

Now, using (53) and the classical Aubin-Lions’s Theorem we can extract a
subsequence of {v,}, which we also denote by {v,}, such that

v, — v in L2(0,T; HY()),
and by (50) we get
[0l L2(0, 7501 (2)) = 1. (56)
Moreover, from (48)—(49) we get

T
/ / |vg|2dxdt = 0.
0 w

According to the previous analysis, the limit v satisfies
v e Whe(0,T; L*(Q)) N L*°(0,T; H3(Q))
v + A0 — a(/ VU|2dx)AU =0 in Qx(0,T)
Q
ou

v= gy =0 in T x (0,7)

v =0, in wx(0,7).

So, by the UCP proved in [10] and [24] we have v = in Q x (0, T), which contradicts
(56). Then, necessarily, (45) holds and the proof of Proposition 3.4 is complete. [

Remark 3.5. The hypothesis that w is a neighborhood of the whole boundary T is
crucial to obtain, via UCP, the Proposition 3.4 and, consequently, the Theorem of
stabilization. However, throughout the paper it can be seen that this assumption
is not necessary to obtain the previous results (Lemmas 3.1, 3.2 and Proposition
3.3). This is a purely technical problem that might be overcomed by proving the
UCP for solutions of (57) when w is only a neighborhood of T'g.

4. Proof of the main result

It is enough to consider ug € H4(Q) N H3(Q), u; € HZ(Q) and then to use a
density argument.
From Proposition 3.3 and Proposition 3.4 we get

E(t) <C{Di(t)+/tt+T/wut|2dxds}, (58)

where D;(t), i = 1,2, 3,4, was given in Proposition 3.3.
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Now, in order to derive the decay estimate we shall estimate the last term in
(58):
We see from (6) that

4T 1 T
/ / lug|*dzds < / / a(x)|ug|*deds. (59)
t w ao Jy Q

So, performing as in Lemma 3.2 we may obtain the same estimates for the right-
2

hand side of (60). Indeed, for the case 0 < p < 9 n>2and 0 <r < oo, we
n —

use Holder s inequality to obtain

t+T
/ /|ut\ dxds
t+T t+T
< C’{/ / )|y dxds—l—/ / )| dacds}
Q1

t+T t+T
< C{ |:/ / a(x)ut|r+2dxds] —l—/ / a(x)|utp+2}
t Q1 t Qo
t+T 3o t+T
< C{ [/ / p(x,ut)utdxds] —|—/ / p(x,ut)utdxds},
t Ql t Q2

with ©; and Q5 introduced in the proof of Lemma 3.2. Now, recalling the notation
AE = E(t) — E(t+T), the above inequality together with (5) give us that

(60)

t+T
/ / we[2dads < C {AE + (AE) 2} (61)
t w
where C' depends on |, T, and ||a||o. Therefore, from (58) we get
E{t)<C {AE + (AE) i + (AE) 3(r+2) + (AE) TPV } (62)
Consequently, since E(t) is bounded, the following holds:
1
SUp;< < £(s) 51 CE(t) — E(t +T)], (63)
where A )
K = min{ , 8lp+l) } (64)
3(r+2) 12+ p(6 —n)
4
We note that, if n=1,2 or 3 <n < 6 and p(n + 2) > 4 then K; = S +2)°
1 1-K
Now, setting 1+~ = K we have v = K ! and applying Lemma 2.1, we
1 1
obtain
Et)<Ci(1+t)™™ (65)
8(p+1)

with’yl:min{ }ifn>6or3<n<6andp(n+2)<4.If

3r+2"4—pn+2)

—1,2 9)>4and 3<n <6, weh - .
n orp(n+2)>4and3<n we have v, 342
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The rest of the proof is obtained in a similar way, i.e., performing as before
we conclude that

K5 = min 4 4
* 3(r+2)1243p2—n) [’

2
ifr>0,-1<p<0andn>2. Forn=1,2 we have Ky = Lo
r
2 1 1
Koo mn {20+ 8D Y
r+2 124 p(6 —n)
2 2
if-1<r<0,0<p< 2andn26orp(n+2)<4,0§p§ 2and
n— n—
2(r+1)
3<n<6.Whenn=1,20r3<n<6andpn+2)>4weget Kg= 4o
r
Finally,
2 1 4
K4 = min (r+ ),
r+2 124 3p(2 —n)
. . 2(r+1)
if —-1<r<0,-1<p<0andn>2. Again, forn=1,2, we get K, = 4o
r
1
Then, letting 1 +v = o 1 = 2,3,4, and using Lemma 2.1 we obtain the corre-
sponding ~; given in the statement of Theorem 1.2. O
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T-minima
Lucio Boccardo

Abstract. Thanks to a suitable definition of minima involving the truncations
(T-minima), we study the minimization of functionals, whose model is

/b(w,v)|V'U\2 —/f(x)v(x), felL'.

Q

Em homenagem ao aniverséario de Djairo:
« . Qs
... da la man destra mi lasciai Sibilia,
da l’altra gi m’avea lasciata Setta.”

(Inferno XXVI)

1. Introduction

In [2], thanks to a suitable definition of minima involving the truncations (T-
minima), is proved the existence and uniqueness of minima of convex functionals
of Calculus of Variations with principal part like

[a@Ivel p>1,
Q

and linear term

[ @)@
Q

where Q is a bounded open set in IRY. Moreover is proved the equivalence between
T-minimization of energy functionals and existence of entropy solutions of the
related Euler-Lagrange equations, under standard differentiability assumptions
(see [1] for existence and uniqueness of entropy solutions of Dirichlet problems
in L'). Then it is proved that if f(x) € L?" (Q) (classical situation), then a T-
minimum is a minimum.

Other results about T-minima can be found in [12], [14] (see also [13]).

Here, we study existence of T-minima if the functional contains a lower order
term or if the principal part depends also on v (generalization of Theorem 7.1 in
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2]), like
/b(x,v)|Vv\2.
Q

Recall that in [9] is proved that the previous functional is convex if and only if the
function b(zx, s) does not depend on s.

2. Assumptions

Let f(x) be a measurable function and j(z, s, &) be a function defined in Q x IR x
RN, measurable with respect to x, continuous and increasing with respect to s
and strictly convex with respect to . Assume there exist o € IRT and a continuous
function S(s) such that

alé]® < j(x,s,€) < B(s)[€]?, VE € RN, ace. in Q, (2.1)

and define the functional

10 = [ dtalel. Vo) - [ Flayota).
Q Q

We will need some results proved in [1].
Recall that M9(Q2), 0 < ¢ < +00, denotes the Marcinkiewicz space of expo-
nent ¢ on € and the truncation T} : IR — IR is defined by

t’ |t|§k7
T =9 . ¢ >k .

£l

Definition 2.1 ([1]). We define 7,"%(Q2) as the set of measurable functions u : Q —
IR such that Ty (u) belongs to Wy"*(Q) for every &k > 0.

In [1] it is proved that it is possible to extend the notion of gradient to the
functions in 7y *(£2), defining Vu as VT (u) on the set where {|u(z)| < k}.

Definition 2.2 ([2]). Let f € L'(2). A measurable function u is a T-minimum for
the functional

1) = [ italol. Vo) - [ Flapota)
Q Q

if
we T (0),
/ (@, u], Vu)
{o€Slu(e) — (o) <k} (2.2)
< / i@ lol, Vo) + / F(@)Tilu - g,
{zeQ:|u(z)—p(z)| <k} Q
Ve Wy (Q) N L®(Q).
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In [1] the following proposition is proved.
Proposition 2.3. If {u,} is a sequence in TOLZ(Q) satisfying the inequalities

HTk(un)H?/VOm(Q) <cok, k>0,

for some ¢o > 0, then {u,} is bounded in MNJ\l?(Q), {|Vun|} is bounded in
MNALI(Q), there exists a function u in T,"*(Q) such that, up to subsequences,

u, converges to u almost everywhere in 0, Ty, (uy,) converges weakly in Wy *(Q) to

2 <
Ti(u), k>0 and ||Tk(u)||W0172(Q) <cok.

3. T-minima
3.1. Existence

Theorem 3.1. Under assumption (2.1), if f € LY(Q), there exists a T-minimum u
of J(v), in the sense of (2.2), such that

1
[ivnrs TE Ok ks, (3.1)
Q

1
[war< ) fan o wrso (32)
Bh,k An

where
Bhr={xeQ:h<|ulx)| <h+k},

Ap ={x € Q:h < |u(2)|}.
Moreover, u € M~ (Q) and Vu € M~ Q).

Proof. Consider a sequence {f,} of smooth functions converging to f in L(Q)
and such that || fn|lz1) < [|fllzi) (e-g. fn = Tn(f)) and consider the minima

u, € Wy 3(Q)) of
j(fL', |’U|,V’U)— fnv .
[ ]

The minima exist by the De Giorgi semicontinuity theorem (see [10], [9]) and
belong to L>®(£), for any n € IN. The definition of minimum implies that, for any

k>0,
/J(xv ‘un|7vun)_/fnun
Q

Q

s/ﬂm%—nwmvm—nmw—/nm—nwm,

Q Q
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that gives
a/|v:rk(un)|2 < /fn(x)Tk(u) < Efllzr e -
Q

Q

Thus the sequence {Tj(u,)} (for any k > 0 fixed) is bounded in W, *(€). Then,
thanks to Proposition 2.3, there exist a measurable function u and a subsequence
{n;} such that Tj(u) € Wy*(Q), Ty (un;) converges weakly to T (u) in Wy2(9)
and u,,; converges to u almost everywhere in 2. Use again the minimality of {uy, },
with ¢ € Wy7?(Q) N L®(Q):

/j(x’ |unj‘7vunj)_/fn]‘unj

Q Q
< / 3@ ltn, — Ti(ttm, — )], Vten, — Teltim, — 9)))

- Q
- / fo ltn, = T, — )]
Q

It is convenient to observe that on the subset {x € Q : w,(z) — p(x) > k},
k> 2|l Lo (), we have [u,| > |u, — k|.

On the subset {x : u,(z) — o(z) < =k}, k > 2[|p|| L~ (), we have |u,| > |u, + K|.
Hence the previous inequality becomes

j(x, |Unj |a Vunj)

{Jun, ~pl<k}
+ / (](xa |un_7"7vunj) —j(l', ‘un]‘ _k|avun]’)
{un; —p>k}

+ / (@, [ty |, Vi, ) — 52, |, + K], Vitn,)

{un; —p<—k}

IN

J(z, lel, Vo)

{un, ~pl<k}

+ fn_,» Tk [Unj - SOL
/

that implies (as j is increasing with respect to s and j(z,s,0) = 0)
Salun Vun) < [ ialeh V) + [ o Tulun, — )
{lun; —p|<k} {lun; —p|<k} Q
Now recall that, for almost every k in IRT,

X{zeQ|un; —p|<k} 77 X{zeQ:|lu—p|<k}
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strongly in LP(Q), for every 1 < p < +o0. Here x , denotes the characteristic
function of a set E C Q. Remark that {z € Q : |u,,(z) —p(z)] <k} C{z € Q:
[tn, (2)| < k4[| L) := M}, so the first integral in the previous inequality is
equal to

/ 3@ | Tt (1) )], VT 11, ).
Q

Then, thanks to weak-W, *(Q) lower semicontinuity (see [10], [9]) of

/](xa v], Vo)x {@:]v(@)—p(2)| <k}
Q

the L*(€2) convergence of f,,, the weak*-L>(€2) convergence of Ty (uy,, — ¢), it is
possible to pass to the limit in (2.9) and to prove the existence of a T-minimum w.
The choice of ¢ = 0 in (2.2) gives (3.1). Moreover, taking ¢ = Tj(u) in (2.2), (3.2)
easily follows. The facts that u € M NTa (Q) and Vu e M N (Q) are consequences
of (3.1), proved in [1]. O

3.2. Euler-Lagrange equation
Theorem 3.2. Let f € L'(Q). Assume (2.1) and

‘jf(‘rasagﬂ < 7‘§|’ |j5($78,£)‘ < 7|£‘2~ (33)

If uw is a T-minimum of J, then u is the entropy solution of the boundary value
problem

ue T3P (Q):
. ) U
/]g(x, lu|, Vu)VTi[u — v] + / Js(x, |u\,Vu)|u‘(u—v)
Q {lu—v|<k} (3.4)

< /ka[U—U]a

Q
Vo e Wy?(Q) N L®(Q).

Proof. We have

[ deldvos [ iwlvos [ il v

{lu—p|<E} {lu—p|<E} {lu—p|<k}
{lu|<h} {lu|<h} {h<|ul}
— / i@, lul, Vu).

{lu—p|<k}
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Then, in the definition of T-minimum, take ¢ = Ty (u) + t Tx(v — T (u)), with
0<t<1andveWy?(Q)NL®(Q). We thus have

/ i [ul, V) < / (s [+t — )|, Vu + £ (0 — u))

—p|<k {Ju—pl<k}N{|u—v|<k}
{lu—pl<k} R

+ / J(z, lul, Vu)

{u—pl<k}N{k<|u—v|}
{lul<h}

+ / J(z, [tv], tVv) —l—Jka[u—Th(u) —tTi(v — Th(u))].

{u—p|<EYN{|v—Ty (w)| <k}
{h<lul}

We put together the first and the third integral and we remark that, as t € (0,1),
it results {z : Ju(z)] < h} C {z: |u(z) — p(z)| < k}. Then we have

i ul, Vu) < / (@ U+ o — )|, Vu + £ (0 — u))
{lu—v|<k}N{|u|<h} {lu—v|<E}n{|u|<h}
+ / j(z, |tv|,tVU)+/ka[u—Th(u)—tTk(U—Th(u))].
{lu—p|<k}N{<|v—T} (u)|<k} Q
{h<|ul}

The facts that T;(u) € Wol’z(ﬂ), for any j > 0, and v € W01’2(Q) allow us to
pass to the limit (thanks to to Lebesgue Theorem) for h — co. Moreover, since
0<t<1, Tp[tTk(v—u)] =tTx(v — u), we obtain

J@, Ju+t(v — w)|, Vu+ tV(0 — u) — j(z, [u], Vu) s/ FTulu— .
Q

t
{lu—v|<k}
That is,
Jx,lu+tlv —u)|,Vu+tV(v —u)) — j(z, |u+ t(v — u)|, Vu)
t
{lu—v|<k}
j(l‘, ‘U +t(U - U)‘,tVU) _.j(‘ra |U‘,VU) S /ka[U _ U}.
{lu—v|<k} Q

As usual, the conclusion follows taking the limit for ¢ — 0.

[ et vove-o+ [ el va)

{lu—v|<k} {lu—v|<k}

) (u—v)

< /ka[U—U]a

Q
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that is,

/jg(x, |u|, Vu) VT [u—v]+ / Js(z, ul, Vu)‘ | (u—v) S/ka[u—v]. (3.5)
Q

Q {lu—v|<k}

(]
4. Functionals with lower order terms
Let p=2, g(s) be a convex C!-function,
2N
m < .
feL(Q),17m<N+2, (4.1)

and again {f,} be a sequence of bounded functions converging to f in L™ (),
with |f| < |f]- Define

I(v):/ j(z, v, Vv) / /fv
Q

where on j we assume again (2.1). The results proved in Theorem 3.1 about the
sequence {u,} of the minima in Wy ?(€)) of

/](.’L‘, |’U|,V’U)+/g(’l])—/fn’u
Q Q Q
still hold.

Moreover we shall prove the following lemma.

Lemma 4.1. For every k > 0 and n € IN, it results

Unp

[f1- (4.2)

!
g (un) <
||

{zeQ:|up (z)| >k} {zeQ:|up(z)| >k}

Proof. The minimality of u, implies that

/ j(z, |un|, Vi) / (un) /fnun 7/ s |vl, Vo) + /g(v)—/fnv. (4.3)

Q Q Q

Recall that u, belongs to L>*(Q), for any n € IN, and take v = u,, +t (w — uy),
where w € W) 2(Q)NL>(Q) and 0 < ¢ < 1. We use the convexity of j with respect
to & and we obtain
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:o\

52 ], V) + / o(un)
Q
< [, Jun + t (w n>\,wun+t<w—un>]>+/g<un+t<w—un>>
Q
—t/fn(w—un)
Q

g(l—t)/j(x, |un+t(w—un)\,Vun)+t/j(fE, [up +t (W —uy)|, V)

Q

+/g<un+t<w—un>>—t/fn<w—un>?
Q

Q
So, t > 0 implies

/j(x, [tn |, Vug) — §(z, |un +t (w — uy)|, Vug)
t

t

Q
+/j(a:, |t +t(w—un)\,vun)+/g(un) — g(un + t(w — uy))
Q

Q

< /j(x, i + £ (w — )|, Vi) — /fn(w ).
Q Q
The limit as t — 0 yields

/js(x, \un\7Vun)‘Z"‘(un —w)+/j(x, |un|,wn)+/g’(un)(un—w)
Q Q

n

Q
< [t V) + [ fulun = w).
Q

Q

Recall the Stampacchia theorem: on the subset {x € Q : v(z) = 0}, it results
Vu(z) = 0. Now the choice w = u,, — Te[G(un)] gives

Q/ ool ) 2 T G)] + Q/ 3 unl, V) + [ () TG

Q

< /J(xv [Un|, Vp — VTe[Gr(un)]) + / InTe[Gr(un)].
Q {lun (z)| >k}
Let € > 0. Since

/ 3 ], Vit — VTG (n)]) < / 3 funl, Vi)

Q Q
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we have
tn Te[Gr(un)]

JS(Z‘7 ‘Un|avun)|un| €
{ze|un (z)|>k} /( )T [G ( )]
g \Un)Le k{Un
. 6 < [
o oo {lun(z)|>k}

The limit as € — 0 yields

Un

et Vu) + [ ) < 71
{ze|uy (z)| >k} {zeQ:|un(z)| 2k} {lun(z)| =2k}
In particular, we have
TRCATHR T E I (4.4)
{zeQ:|un ()| 2k} {lun(z)| 2k}
and
/ Un
o) < I 0
{z€Q:|un(z)|2k} {lun(z)|=k}
Corollary 4.2. If m =1 and g(t) = |tr‘:1 , 7> 1, then we have
luall < 151 (45)
e t|mtt
Proposition 4.3. If m > 1 and g(t) = ‘rl—i-l , > 1, then we have
luall < il +CrllAI (16)
. . . t|mtt
Proof. The proof follows the ideas of [4], [7]. The inequality (4.2) and ¢(t) = ‘Tl 1
result in
[ s [ s (47)

{2 € (2) |2k} (€ (@) |2k}

If m > 1, the previous estimate implies (recall that any wu, is bounded, so that,

for any n € IN, there are only finitely many terms non zero), with v =T |

k=00 h=o00 k=oco h=o00
h+171 Y / < 3 (k)Y / £l

k=0 h=Fk (h<|u, (z)|<h+1} k= P=R < un ()| <h+1}

[}

We change order, thanks to positivity of the terms, and we obtain

k=00 k=h h=00 k=h

3 / S (k1)< S / A G 1),

h=0 1< |u,, (z)| <h+1} k=0 h=0 (h<jun (z)|<h+1}  *=0
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Note that g convex, g(0) = ¢’(0) = 0 gives

i=R i=R+1
g(i) <gR+1)< Y 4.
i=0 i=0
Thus we have
k=00 h=o00
b (h+2)"
> [ wlex [ "
h=0 th<un (@) <h+1} h=0 th<un ()| <h+1}
k=00 h=0c0
> [ wlervsy [ @)+
=0 (h<Jun (@) <h+1} =0 (h<fun (@) <h+1}
= [ 17l(un(a)] + 2
Q
So we can conclude that
m v— 1% Tm 1
Jrual™ < 2712071+ 081 a0
Q Q
- e Sl
= A (A A ¢
1 m m/em O
Corollary 4.4. If m = 1 and g(t) = |ﬂ_:1, r > NJL, we can combine Corollary
4.2 and a result of [6] in order to prove that the T-minima u belong to Wol’q(Q),
q< 12—:7“'

r+1
Corollary 4.5. If 1 <m < 1\2,72 and g(t) = ‘tTlJrl , ;NIXQ <r< m1717 we can

combine Corollary 4.2 and a result of [3] and [6] in order to prove that the T-
minima u belong to Wé’q(Q), q < f_:;’:n Ifr > ml—l’ the T-minima u belong to
Wy2(9).

Sketch of the proof. We start from (3.2) and we use the same technique of previous
lemma (recall that any wu, is bounded, so that, for any n € IN, there are only
finitely many terms non zero).

h=0c0 h=o00

1
r(m—1)—1 2 < r(m—1)—1
St ) [ 9wl < D gy [ ko),
Ap

h=0 B h=0

[ a0 < 1, + A e O
Q
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A Note on Heteroclinic Solutions of Mountain
Pass Type for a Class of Nonlinear Elliptic PDE’s

Sergey Bolotin and Paul H. Rabinowitz

To Djairo de Figueiredo on the occasion of his 70th birthday

1. Introduction

Consider the partial differential equation
(PDE) —Au+ Fy(z,u) =0, z eR",

where the function F € C?(R™ x R, R) is 1-periodic in all arguments. Hence F €
C?(T"+1, R), where T"*! = R*"+1/7Z"+! is a torus. Equation (PDE) was studied
by Moser [1] who initiated a codimension 1 version of the results of the Aubry—
Mather theory [3, 4]. Bangert [2] further developed the work of [1]. More recently
in [5]-[7] minimization arguments were used to show the existence of several kinds
of homoclinic and heteroclinic solutions of (PDE). Our goal is to show that there
are also associated mountain pass solutions of (PDE). We will show how to find
such solutions in the simplest heteroclinic setting of [5]-[7]. A further paper will
discuss more complex cases by other arguments.

To be more precise, Moser showed that (PDE) possesses an ordered set of

solutions that are 1-periodic in z1,...,z,. Suppose vy < wy are an adjacent pair
of such solutions. Bangert proved that there are solutions of (PDE) heteroclinic in
21 from vy to wy and periodic in x3,...,Z,. A minimization characterization of

these heteroclinics was given in [5], and it was also shown that they are ordered.
Suppose that v; < w; are an adjacent pair of such heteroclinics. Our main result
is the existence of a heteroclinic solution, u, of (PDE) of mountain pass type with
v <u<wi.

In §2 we prepare for the main result by recalling the variational characteriza-
tion of vg,v; etc. and formulate the variational problem to find w. Then in §3 the
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technical results requited for the existence proof are stated and the main theorem
is established. Lastly in §4 the technical results of §3 are proved.

Recently we learned that de la Llave and Valdinoci have also obtained a
similar result in the setting of an Allen-Cahn-model equation.

2. Some variational formulations

As was mentioned in §1, the simplest solutions of (PDE) are periodic ones. Moser
found such solutions in [1] for a broader class of equations than (PDE). To obtain
them in our setting, let

L(z,u,Vu) = ;\Vu\z + F(z,u)
and set 'y = WH2(T", R). Define the functional Jy : I'g — R by
Jo(u) = / L(z,u,Vu) dz.
Then we have

Proposition 2.1 (Moser). Let

co = inf Jo(u)

u€ly
and set
Mo={ueTlqy| Jo(u) =co}
Then:
1. Mo # 0;

2. u € My is a classical solution of (PDE);
3. My is an ordered set, i.e. v,w € Mg implies v=w, v < w, or v > w.

To continue, suppose that M does not foliate R"*!, i.e. My possesses gaps:
(*)o There exist adjacent vy < wg in My.

Condition (x)g is equivalent to saying that graphs of minimizers in My lam-
inate rather than foliate T"*1. In [7] it was shown that this condition is a generic
one. Using (*)o, Bangert [2] showed that there exists a solution of (PDE) that is
heteroclinic in x; from vy to wg and is periodic in zs, .. ., z,. He used a generaliza-
tion of Proposition 2.1 from [1] and an approximation argument as his existence
tool to find u. A more direct minimization argument was given in [7] and the renor-
malized functional introduced there will also be employed here. See also [5, 6] for
a related argument.

Let S=Rx T ! T; = [i,i + 1] x T""! and set

Io= {ue WEAS.R) | v <u < wo,

ocC

iﬁgﬁ ”U_UOHL?(Ti) =0, ilifgloHU—onLz(Ti) :0}’



Heteroclinic Solutions of Mountain Pass Type 107

I'; is the class of admissible functions to determine the heteroclinic solutions. The
asymptotic conditions express the desired heteroclinic behavior in a weak fashion.
For u € T'y, define

Ji(u) = Z (/ L(z,u,Vu) dx—co). (2.2)
1=—00 T
Then in [7] it was shown that if v € T'y, the formal series in (2.2) is bounded
from below and either converges or diverges to +00. Moreover if J;(u) < oo, then
lu — wvollwr2(r) — 0 asi— —oo and ||u — wol/z2(7,) — 0 as i — oo, i.e. stronger
asymptotic behavior than is required by I'y obtains.

Set
= uléllfl J1(u). (2.3)
Let eg,..., e, be the basis in R® and let 7Fu(x) = u(x — iex). Then we have

Proposition 2.4. Let (x)o hold and let
Ml = {u eIy | Jl(u) = Cl}.
Then:

1. My #0;

2. Aue Mj is a solution of (PDE) with vo < u < 71u < wo;

3. [lu—=vollc2(ry) — 0 as i — —o0 and ||u — wol|c2(1,) — 0 as i — oo;
4. My is an ordered set.

Suppose that there is a gap in Mi:

(*)1 There are adjacent v; < wy in Mj.

Our main result is the existence of a minimax solution U of (PDE) with
v1 < U < wi. In [7] it was shown that wy — vy € WH2(S,R), where S = R x T~ L.
Thus to obtain U, it is sufficient to find u € W12(S,R) such that 0 < u < wy — vy
and satisfies

~A(v +u) = Fla, v+ ),
or, equivalently,
—Au = F(z,v1 +u) — F(z,v1). (2.5)
By (2.2),
Jl(vl +u) — Jl(’l]l) = /

1
(2 |Vul®> + F(z,v1 +u) — F(z,v1) + Vv - Vu) dz (2.6)
s

(PDE) and integration by parts shows

/ Vo - Vudr = —/ Fy(z,v)udz. (2.7)
s s

Define
Q(z,z) = F(z,v1 + 2) — F(z,v1) — Fu(z,v1)2.
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Then Q € CHT" x R,R) and Q(x,0) =0 = Q.(z,0). Moreover if

M, = ! sup |Fuul,
2 b
then for (x,z) € R™ x R,
Q(z,2)| < Mi|2*, 1Q.(x,2)| < 2Mi2|. (2.8)
Now define
I(u) = /S (;|Vu|2 + Q(z,u))dz. (2.9)

Then (see e.g. [8]), I € C*(E,R), where E = W12(S,R), and any critical point of
I is a weak and therefore classical solution of (2.5). In the next section, it will be
shown how to find such a u with 0 < v < w; — v1. Hence U = v; + u provides the
desired solution of (PDE).

3. The existence of a minimax solution
In this section we prove our main result:

Theorem 3.1. Suppose (x)o and (x)1 are satisfied. Then there exists a solution U
of (PDE) with U = v +u, u € WH2(S,R) N C%(S,R), 0 < u < wy — vy, and u is
a critical point of I.

Observe that by (2.6) and (2.3),
I(u) = J1(7)1 + u) —C1. (3.2)

Hence I(0) = 0 = I(w; —v1). Since vy, wy are minimizers of J; onI'y, 0 and wy — vy
are minimizers of I on E. This suggests using the Mountain Pass Theorem to find
a critical point of I. However I does not satisfy the Palais—Smale condition on F
and even if it did, the Mountain Pass Theorem does not directly give a solution u
of (2.5) with 0 < u < wy — v1.

There are various ways to bypass these difficulties. In this note, we choose
one which is close to the usual mountain pass approach. Toward this end, set

X={ueFE|0<u<w —uv}.

Define
H={heC([0,1],E) | h(0) =0, h(1) = w1 — vy }.
and set
b= }%g{ erél[%,}i]l(h(o))' (3.3)

We will show that b is a critical value of I. The class of curves, H, is larger than
necessary, as the next result shows.
Set

G={geC([0,1],X)]9(0) =0, g(1) = w1 — v }.
Proposition 3.4. b = infj,cg maxgepo,1 I(h(0)).



Heteroclinic Solutions of Mountain Pass Type 109

The proof of this and the following propositions will be given in §4.
Proposition 3.5. b > 0.
The next step in the proof of Theorem 3.1 helps replace the Palais—Smale
condition in our setting. Let v, € R and set
I°={ueE|I(u) <6},
L={ueE|I(u) >4},
D=1nr.
Proposition 3.6. Suppose I' (1)) # 0 for all » € X N IP. Then there are constants
B >0, € >0 such that
IT@)| =B for ¢eXnI'e. (3.7)
The next proposition together with Proposition 3.5 will lead to the ”Defor-

mation Theorem” required to show that b is a critical value of I.

Proposition 3.8. I’ is uniformly continuous: for all x € E with ||x|| = 1, and
teR,
11" (u+tx) = I'(u)|| < (M1 + D)[E].

An immediate consequence of Propositions 3.6-3.8 is:

Corollary 3.9. Let Y = X N I)TE. Ifu € X and |lu — Y| < B/(2(M; + 1)), then
1" ()]l = B/2.
A standard tool in establishing the existence of critical points of a functional

is a so-called Deformation Theorem. The variant of such a result that suffices for
us is:
Proposition 3.10. If |I'(u)|| > B/2 in {u € E | |lu =Y < B8/(2(M71 + 1))}, then
there exists € € (0,b/2), € € (0,€), and n € C([0,1] x E, E) such that:

L n(t,u) =u for all t € [0,1] if u ¢ IPTE.

2. I(n(t,u)) < I(u) for allt €[0,1], u € E.

3. (1, 1" N X) c b=,

Now we are ready for the:

Proof of Theorem 3.1. Given Proposition 3.10, this is somewhat standard. Choose
g € G such that

max I(g(f)) <b+e. (3.11)
0€[0,1]
By (1) of Proposition 3.10, n(t, g(0)) = n(¢,0) = 0, since
b—é>b—&>b/2>0=1I(0). (3.12)

Likewise since I(w; —v1) = 0, n(¢, g(1)) = n(t, w1 —v1) = w1 — v via (3.11). Hence
n(l,g9) € H and

I(n(1 > b.
ﬁg]w,ﬂw_b
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But by (3.12) and (3) of Proposition 3.10,

I(n(1,9(0)) <b—
max (n(1,9(0)) <b—e,

contrary to the definition of b. O

4. Proof of the Propositions

This section gives the proof of the propositions used in §3.

Proof of Proposition 3.4. First observe that since C3(S,R) is dense in E, using
cutoff functions as in e.g. [8] and mollification, it readily follows that

= inf I 4.1
b her, 9%1[%,}%] (h(9)), (4.1)

where
Hy = {h € H | h(h) € C}(S,R) for all § € [0,1]}.
Next let h € Hy. We will produce g = G(h) € G such that for all 6 € [0, 1],
1(g(0)) < I(R(9)). (4.2)
Then (4.1)—(4.2) immediately yield Proposition 3.4.
Thus let h € H;. To obtain g from h, the minimization characterization of
members of My and M; will be exploited. In particular we use the fact that they

are like geodesics.
Since h € Hy, there is a j = j(h) € N such that for all € [0, 1],

vo—J < v+ h(f) <vo+ 7.
Set ¢1 = max(wp,v; + h). Then ¢ € T'1(wp), where
Ty (wo) = {ue WE2(S,R) | wo —j <u<wp+jand
lu — wol| 21,y — 0 as [|i| — oo}.
Set ¢1 = min(wp,v1 + h). Then
Ji(p1) + Ji(¢1) = Ji(wo) + Ji(v1 + h) = Ji(v1 + h). (4.3)
In [7] it is shown that

inf Jl = 0.
T'1 (wo)
Therefore J;(¢1) > 0 and
Ji(th1) < Ji(vr + h). (4.4)

Next let ¢o = max(vg, 1) and 2 = min(vg,11). Then 1o € T'1(vg) and ¢o € Ty,
so as for (4.3)-(4.4),
Ji(@2) < Ji(@2) + Ji(w2) = Ji(vo) + Ji(y1) < Ji(vi + h). (4.5)

At this point we have in effect replaced vy + h(6) by a curve of functions lying
between vy and wy. We carry out a similar process to get v; + g lying between v,
and wy. Set ¢3 = max(wl, (]32) and wg = min(wl, (]32) Since ¢3 eIy,

c1+ 1Y) < Ji(gs) + J1(vs) = Ji(wi) + Ji(d2) = 1 + Ji(d2), (4.6)
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or
J1(¥3) < Ji(d2). (4.7)
Lastly set ¢4 = max(v1,1¢3) € I'y and ¥4 = min(v1,3) € I'1. Then
c1 + Ji(¢a) < J1(3) + J1(¢a) = Ji(v1) + J1(¥3) = e1 + J1(¥3), (4.8)
or by (4.7), (4.8) and (4.5),
Ji(¢4) < Ji(¥s3) < Ji(v1 + h), (4.9)

where v < ¢4 < wyq. Therefore ¢4 = v1 + g(0) so
Ji(v1 4+ g(0)) < Ji(vi + Rh(0)).

Finally note that the above construction is continuous in § in E, so g € G. ]

Proof of Proposition 3.5. For any g € Gy,

< I .
b< Jmax (9(9))

Therefore if b = 0, there is a sequence (g;) C G such that as k — oo,

I 0)) — 0. 4.1
Joax 1(ge(0)) = 0 (4.10)
Since ¢x(0) = 0 and gx(1) = w; — vy, there is a 0 € (0,1) such that
1
/ gk (0r) dz = 2/ (w1 — v1) da. (4.11)
To To
Now
0 < I(g(B4)) < max I(gi(0)), (4.12)
0€[0,1]

so by (4.10) as k — oo,
I(g(0r)) = J1(v1 + gr(0k)) — c1 — 0.

Since v1+gx(0k) € I'1, (v1+9x(0k)) is @ minimizing sequence for (2.3). An argument
from [7] implies that a subsequence converges in W,>2(S,R) to u* € M,. But by
()1, u* = vy or w;. Hence

/ (v1 + gk(0k)) de — vy dx or / wy dx,
To To To
contrary to (4.11). Thus b > 0. O

Proof of Proposition 3.6. If the result is false, then there is a sequence () C R,
with €, > 0, and a sequence () C X N Igif: such that as k — oo, e — 0 and
I'(¢p) — 0. Thus for large k,

b+ 12 100 = [Vl + [ Qo) do. (4.13)

By (2.8) and (4.13),
IVl 7205y <0+ 1+ Mi|lpl72s)- (4.14)
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Since 0 < ¢, <wy —v; < 1,

[¥klZ2(s) < /S(wl — 1) da. (4.15)
But by Proposition 2.4,
/(wl —v1)dx < /(vl(x +e1) —vi(x))dx (4.16)
5 5
_Z/ (vi(z+e1) —vi(x ))dx—/ (wo —vp) dz < 1.
1€L
Combining (4.14)—(4.16) yields
IVrllT2(s) <b+ 1+ M. (4.17)
The argument of (4.15)—(4.16) further shows
[lI72(s) < 1. (4.18)

Consequently (1) is bounded in E. Hence there is a ¢* € X such that along a
subsequence ¥, — ¥* weakly in E and strongly in L (S). We claim that 1, — 1*
in F strongly along a subsequence. To see this, note that

F)C= [ (T Y+ Qula )0 do = 0 (119)
as k — oo for all ¢ € E. The weak convergence of ¢, shows that as k — oo,
/ Vi - V{dx — / Vy* - V(dx. (4.20)
Next let R > 0. Let Br(0) be a ball of radius R around 0 in R™. Then

/ Q:(z,r) do = / / (4.21)
Br(0) S\BR(O)
By the convergence of 1, to ¢* in L?

£ .(5) and (2.8), the first term on the right
n (4.21) goes to 0 for any R > 0. To estimate the second term, by (2.8) and
(4.15)-(4.16),

S5\ (o) Q= (@, Ux)C da

< Mu|[Cll sy 9kl L2 cs) (4.22)
< Mil[¢llzas)llwr = villz2(s\Br(0))-

The last term on the right in (4.22) is the tail of a convergent integral. Therefore
it goes to 0 as R — oco. Combining these observations shows that for all ( € E,

I'(*)¢ = 0. (4.23)

Now

(I ()~ T'(@*))C = / V(e — 67) - VE + (Qa () — Qs ™)) da. (4.24)
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By (4.24),
[k — ™ [lwrz(s)

/S V(% — 47) - VC 4+ (Qu (2, ) — Qa(z, ")) da

sup
HCHWI,Z(S)ZI

(I'(¥x) = I'($7)) - €

= sup
HCHWI,Z(S):l

—/(Qxx,wk) Q)¢ da +/<wk ) dz
S S

By (4.19) and arguments that led to (4.23), the right hand side tends to 0 as
k — oo. Consequently v — ¥* in E, I(¢y) — I(¥*) = b and I'(¢*) = 0 contrary
to the hypothesis. Thus Proposition 3.6 is proved. |

Proof of Proposition 3.8. Let ¢ € E with ||¢|| = 1. Then

(I (u+ tx) = I'(w))g|

\ BV Ve (@ulau 00— Qe )]
[t (IVxIlL2es) + Milxl L2cs)) < [H(My + 1),

from which the result follows. |

IN

Proof of Proposition 3.10. Generally to prove a result like this (see e.g. Theorem
A4 of [9]), one assumes the Palais—Smale condition. It is used to conclude that
the set of critical points corresponding to b is compact and an estimate like (3.7)
holds. These facts are supplanted here by Propositions 3.6 and 3.10. Therefore
we may follow the remainder of the proof of Theorem A.4 in [9] to prove the
proposition. O
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1. Introduction

In this paper we investigate the existence of positive solutions of the following
quasilinear problem:

Lu := —(r®u’ (7)|Pd/(r)) = Ma(r)r” |ulPu + b(r)r7|u|92u in (0, R),

u>0 in (0,R).

(1)
Here a, 3, v, A, R, (0 < R < o0), g are real numbers and a(r), b(r) are given
functions.

Some problems associated to the operator L have been studied in [3]. The
parameters «, 8 and «y are supposed to satisfy some relations which will be specified
below. This class of quasilinear equations is interesting and enough general since,
as one can observe, it may involve as special cases the following operators acting
on radial functions defined in a ball of radius R and centre at the origin:

1.) Laplace operator if « =y=N —1, = 0;

2.) p-Laplace operator if a =y =N —1, 8 =p—2; (2)
3.) k-Hessian operator if a =N —k, y=N -1, =k — 1.
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The main technique we shall use to study (1) is the so-called “Fibering
Method”, introduced and developed by S. I. Pohozaev in [8, 9, 10], which pro-
vides a powerful tool for proving existence theorems, in particular for problems
which obey certain kind of homogeneity. In [4] Drabek and Pohozaev have applied
this method to an equation involving the p—Laplacian operator. In the study of (1)
we are motivated by the observation that the critical exponents for L were found
in [3], where we can also find, among other things, an inequality, which ensures
that the main embeddings that we need between the natural functions spaces asso-
ciated to the problem under consideration are compact. Moreover, the properties
of the first eigenvalue of the corresponding eigenvalue problem with a(r) = 1 are
also established in [3].

This paper is organized as follows. In section 2 we collect some basic facts
about the operator L and state the assumptions, which we shall assume throughout
the paper. In section 3 we study the corresponding eigenvalue problem with a more
general a and prove the existence, simplicity and isolation of the first eigenvalue in
this case. Then an adapted version of the Fibering Method to our specific problem
is described in section 4. The main results for existence and multiplicity of radial
solutions for (1) are proved in sections 5, 6, 7. Finally, in section 8 we comment on
nonexistence results for classical solutions of quasilinear equations, in particular
we establish a nonexistence result for k—Hessian equations in a general bounded
smooth domain.

Acknowledgments. Yuri Bozhkov wishes to thank FAPESP, Sao Paulo, Brazil, and
FAEP-UNICAMP for financial support.

2. Preliminaries and assumptions

In this section we present some preliminaries, notations and assumptions which
will be used throughout this paper.
To begin with, let

a>0, 8>-1, a—-p-1>0, v>0, 0< R < oo. (3)

For parameters satisfying (3) it was found in [3] that the critical exponent for (1)
with a(r) = b(r) = 1 has the value

poo (rHDE+2)

o—f-1 (4)

Let

R
Xg = {u e C*((0,R) ﬁC’l(([O,R))\/O ! (r) P2 dr < oo,

w(R) =0, v/ (0) = 0} :
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R [3-1¢-2
Julx, == { / r ()| P2 dr} |
0

In this way Xpr becomes a Banach space. We also define the space

with the norm

R
LZ((0,R);a) = {u e L*((0,R)) |0 < /0 a(r)|ul®rY dr < oo} .

With this at hand, the following inequality holds:

1 1
2

R R B+
(/ |u|®r” dr) <c (/ 7"a|u'|ﬁJr2 dr) (5)
0 0

where s < [*—the critical exponent given by (4). See [3]. The latter inequality
implies that the space X is compactly embedded in L3 ((0, R); a) provided s < I*
if o — 3 —1>0. See [3] for more details.

Now we shall state the assumptions. Let A, ¢ € IR. In addition to (3) we shall
suppose that

1<pB+2<qg<l®, (6)

where [* is defined in (4).

The functions a(r) and b(r) are supposed to be bounded in (0, R):

a,b € L>((0, R)), (7)
and
a(r) = a1(r) — az(r), where a1,a2 >0, aq(r)=0. (8)
We claim that (6) and (7) imply that
R
/ a(r)\u|ﬁ+2r'ydr,
0
and

R
/ b(r)|u|?r dr,
0

are finite for u € Xp. Indeed, by (5) and 5+ 2 < [* we have

+2 2
| / (Ol 2r7dr] < olgoe o mpllul 52 ) < el < o0,

and by (6) it follows that
| / bl dr| < bl e o) 1l oy < € Pl < 00

This proves the claim.
Now we can define the following functionals on Xg:

R
fi(w) = / a(r)|ul*+?r dr, ()
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and R
fa(u) :/0 b(r)|u|?r? dr. (10)

It is standard to check that f; and fy are weakly lower continuous.
We shall also suppose that

bt (r)#£0, (11)

and
R
/0 b(r) ur ()[4 dar < 0, (12)

where u1(r) is the positive eigenfunction associated to the operator L (see Theorem
1 in the next section).

Definition. We say that u € Xg is a weak solution of (1) if
R R R
/ e [Py dr = )\/ a(r)|u|Puvr?dr —|—/ b(r)|u|? 2uvr? dr, (13)
0 0 0

for allv € Xp.

3. The eigenvalue problem for L

In this section we consider the eigenvalue equation
—(ru’ (7)|Pu’ (1)) = Xa(r)r? [ufPu  in (0, R),
(14)
u'(0) = u(R) =0,

where a € L*((0, R)) satisfies (8), in a weak sense, that is,

R R
/ el (r)[Puly dr = )\/ a(r)|u|Puvr dr,
0 0

w'(0)=u(R)=0

for any v € Xg. The problem (14) is closely related to (1). Moreover, since the
aim of this paper is to apply the Fibering Method [8, 9, 10] to the problem (1),
we need the following result, which ensures the simplicity and the isolation of the
first eigenvalue A1 of the operator L.

Theorem 1. There exists a number A1 > 0 such that

B+2
u
)\1 = 1nf R H “XR s

a(r)|u\ﬂ+2r'ydr
0

R
where the infimum is taken over u € Xg such that / a(r)u|’T2rYdr > 0, and a
0

satisfies the condition (8) above. Moreover,
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(i) there exists a positive function uy € Xp which is weak solution of (14) with
A= >\1 ;
(ii) A1 is simple, in the sense thal any two eigenfunctions, corresponding to A1,
differ by a positive constant multiplier;
(iii) A1 is isolated, which means that there are no eigenvalues less than A1 and no
eigenvalues in the interval (A1, A\1 + 0) for some § > 0 sufficiently small.

Proof. (i) By inequality (5) we have

R R
0 </ a(r)|ul” 2 dr < HaHLOC((O,R))/ [ul™*2r7dr < Clal s (o,r)) lul
0 0

since 3+ 2 < I* and a € L. Therefore the considered infimum exists.
Let E(u) := |ul%"? and denote by M the manifold defined by

R
M= {u € XR\/ a(r)|u|? T2 dr = 1}.
0

Restricting £ to M we shall use the method of Lagrange multipliers to obtain
a weak solution. By (3) and (5) it follows that Xpg is compactly embedded in
L,((0,R);a) for any s < I*. Therefore M is weakly closed in Xp. The functional
E is coercive with respect to Xg. Using the definition of F and (5) one can verify
that FE is a weakly lower semi-continuous functional. Then by standard variational
arguments it follows that F attains its infimum at a point u* € M.

Since E € C'(Xg) an easy calculation gives

R
E'(u)v=(8+ 2)/O | (r)|Pu'’ dr

where E'(u)v is the Gatéaux derivative of E at u € Xg in the direction of v.
Denote
R
H(u) = / a(r)|ul® 2 dr — 1.
0
Then
R
H' (u)v=(8+ 2)/ a(r)|ulPuv rVdr
0
and in particular for u = v:

R
H' (u)u = (8 + 2)/0 a(r)|ulPT27dr = 6+2 >0

for u e M.
Now we look for a Lagrange multiplier A € IR such that

R
E'(u*)v — AH' (u*)v = (B + 2)/ e (1) [Py dr
0

R
MG +2) / a(r)|u*|Putv rdr = 0.
0
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Let v = uv*. Then
R

R
0<(B+ 2)/0 P () [P+2 dr = A(B + 2)/0 a(r) P2 e = (B +2).

Thus A > 0 and
R R
B+ 2)/ e (r)|Pu'y dr = A6 + 2)/ a(r)|u*|Pu*v rVdr.
0 0

Therefore u* is a weak solution of the eigenvalue problem (14). Moreover, by the
arguments in [3] it follows that u* does not vanish in [0, R) and hence we can
choose one u; = cu* > 0.

(ii) We shall prove the simplicity of A;. Let u and v be two weak eigenfunc-
tions, that is,

R R
/ ! [P w' dr = )\/ Y a(r)|u|Puwdr,
0 0
R R
/ o [P’ dr = )\/ a(r)|v|/Pvwdr,
0 0

w(R) = u'(0) = v(R) ='(0) =0,

for any w such that w(R) = w'(0) = 0 and fOR rY|w'|PH2dr < co. Set ue = u + ¢
and v. = v + . Then substituting w = u. — P24, ~P~1 in the first equation
above and w = v, — u? 120,71 in the second, we get that

R 1 B+1
Jul™* il
2 _ B+2 _ B5+2
Al/o rralr) (us[’“ |ve [P (e o™ )ar
R v\ P2 w2
:/ {1+ (B+1) (;) [ul|PT2 +11+ (B+1) <U€> WL |P+2 ) dr
0 €

[
R v B+1 u B+1
) [T (] e 2] )
0 Ug Ve

Denote z. = log |u.| and w. = log |v;|. With this notation, the last equality can
be written in the following way:

R ‘u|ﬁ+1 Mﬂﬂ
)\1/0 rYa(r) (|u5|ﬁ+1 — 0.8 ) (|u€|5+2 _ |U€‘5+2)d7”

R
- / P (2 — o P2) (12172 — [l P42)) dr

R
~(6+2) / P (el P21 B2 — 22) + fuel P2 [l Pl (2L — wl)) dr.

In the inequality ([6], p.163, (4.3)),

‘wz — wl‘ﬂ-‘r?

w2712 2 Juon |72 + (8 + 2)|un|Pwi (wo —wn) + 705 T
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we choose w1 = w. and wy = z.. Therefore
e PT2(|2L]P+2 — [wl|P+2) — (B + 2)|ue [P 2wl [Pwl (2L — wl)

1 |ucvl — voul |2
= 928+1 _ 1 |ve|P+2

and similarly
0| PH2 (|l P42 — [2]7F2) — (B + 2)Jve | PF2[2L] P2l (w], — 22)
- 1 |ucv!l — voul |12
28t 1 |ue|Pt2

Integrating the last two inequalities and combining with the relations above we
finally obtain

< 1 " @ 1 1 / / ﬁ+2d
O =gsri 1 f) 7 Qjueprs2 T juajee [ueve = veue " dr

R |u| P+ |lo|A+1
<A ra(r - ue P2 — [v|2F2)dr,
< [ra) (= ) Gl e

The latter integral tends to zero when € — 0. Hence and by Fatou’ s lemma we
conclude that uv’ = vu’ which implies that v = lu for some [ € TR.

(iii) Let v € Xg be an eigenfunction corresponding to eigenvalue A. By the
definition of \; it follows that

R R R
/\1/ a(r)|v|P T2 dr < / oo P2 dr = )\/ a(r)|v|? T2 dr.
0 0 0

Hence A\ > A1, that is, A\; is isolated from below.
We normalize v:

R
/ o' |PH2dr = 1.
0
Let u > 0 be the eigenfunction associated to A; and

R
/ [P 2dr = 1.
0

Following [1] consider

R R
I(u,v) = / ro‘\u’|ﬁu’(u—vﬁ+2/uﬂ+1)’dr—|—/ o [Py (v — uP T2 P dr.
0 0

Using an argument, similar to that in [1] (or to that in the proof of (ii)), it can
be proved that I(wy,ws) > 0 for any w;,4 = 1,2 such that fOR rewl|P2dr < oo
and w; /w; € L*((0, R)),?,j = 1,2. By the normalization and the fact that v and
v are eigenfunctions with eigenvalues A\; and A respectively, we obtain

R
0<I(u,v)= /0 a(r)(JulPT2 = /P dr = —(A\ — A)2/(MA) <0

if A1 # A. This contradiction implies that A\ = A; and v = lu. O
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4. The Fibering Method

Now we shall present the cornerstone of the Fibering Method [8, 9, 10] adapted to
the problem (1). For this purpose we consider the following functional:

Lot B+2
()] dr (15)
.y
° R 1 (R
/ a(r)\u|ﬁ+2r7dr - / b(r)|u|9r7dr.
0 q.Jo

A
B+2
Clearly Jy € C'(Xg). Critical points of Jy are then weak solutions of the
problem (1).
Further, following the main point of [8, 9, 10], for u € X we set
u(z) = tz(x), (16)

where ¢ # 0 is a real number and z € Xg. Substituting (16) into (15) we obtain

JA(U) =

sz = 17 /Rra|z’(r)ﬂ+2 ar - M7 /Ra(r)|z|ﬁ+2r’*dr (17)
A B+2 Jo B+2 Jo
e "
— b(r)|z|Tr 7 dr.
q Jo
If u € Xg is a critical point of J, then
a.J
t2) =0
Py (tz) =0,

which is equivalent to

R
t|\"t re|2 (r r—A|t|7t
II[’/ 2 (r)PT2 dr = \[’/
0 0

R R
a(r)\z\ﬂﬁrvdr—\ﬂq*zt/ b(r)|z|r7dr=0.
0

(18)
Assuming that
R R
/ |2 (r) P2 dr — )\/ a(r)|z|PF2rdr # 0
0 0
and
R
/ b(r)|z|Tr Y dr # 0,
0
from (18) we get that
R R
/ |2 (r) P2 dr — )\/ a(r)|z|? T2 dr
|t]17F=2 = 0 0 > 0. (19)

/Q b(w)|2|9d

In the Sections 4 and 5 we shall suppose that

R R R
/ |2 (r)|PF? dr — /\/ a(r)|z|P 2 dr > 0, / b(r)|z|9Ydr > 0.  (20)
0 0 0
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In Section 6 we shall admit
R R R
/ |2 (r)|P 2 dr — )\/ a(r)|z|P 2 dr <0, / b(r)|z|9r7dr < 0.  (21)
0 0 0

Thus, in both cases (20) and (21), the function ¢ = ¢(z) is well defined. Now we
insert into (17) the expression for ¢t = ¢(z), determined by (19). In this way we
obtain a functional I (z) = Jx(t(2)z) given by

R R
/ |2/ (r)|P+? dr — )\/ a(r)|z|P 2 dr
0 0

(8+2)/(q—B-2) ’

q/(q—B—2)

I(z)=o0 vt
)\ <ﬁ+2 q> /ORb(r)zqr'ydr

R
o = sgn (/0 b(r)|z|q7"ydr> .

Therefore, provided z satisfies (20) or (21), we have

where

d
dt(JA(tZ))\t:t(z) =0.

It is clear that the following lemma holds.
Lemma 1 ([4]). (i) For every z € Xg such that [, b(z)|z|%dx # 0 and every p >0
Ix(pz) = I\ (2),
that is, the functional Iy is homogeneous of degree 0.

(i) I{(2)z = 0, where I\ (2)z is the Gatéaux derivative of I at z € Xg in the
direction of z. If z is a critical point of I then |z| is also a critical point.

Hence, as in [4], one can assume that the critical points of I are non-negative.
The next two lemmas are direct consequences of the general Fibering Method
described in [8, 9, 10].

Lemma 2 ([4]). Let z € Xg be a critical point of Iy, which satisfies (20) or (21).
Then the function
u(r) = tz(r),
where t > 0 is determined by (19), is a critical point of Jy.
Lemma 3 ([4]). Let us consider a constraint
E(z) = ¢ = const,
where E : Xr — R is a C' functional. If
E'(2)2 # 0 and E(z) = c.

then every critical point of Ix with the constraint E(z) = c is a critical point of
Iy.
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Our first aim is to prove the existence of a critical point of I, with an ap-
propriate condition E' = ¢ which in turn will be an actual critical point of I and
hence a critical point of Jy - the weak solution of (1).

This general scheme was suggested by Drdbek and Pohozaev [4]. In the next
sections we shall adapt the ideas of [4] to our specific problem.

5. Existence for )\ € [0, \)

If we look at the functional Jy(u) given by (15), we can observe that its first two
terms form a (4 2)-homogeneous expression with respect to u. It is then natural
to denote by E the functional

R R
Ba(z) = /0 P12 (1) P42 dr — A /0 a(r) |22 dr (23)

and to consider it as a possible functional generating the constraint Ey(u) = c,
for which we would apply Lemma 3. Then Theorem 1 implies that E5(z) > 0 for
every z € Xg. We calculate easily that the Gatéaux derivative of E) at z € Xy
in the direction of z is

E'(2)z = (8+2)E(z).
Hence if
E,\(Z) = 1,

then Ef{(z)z = §+ 2 > 0 and the conditions on E) in Lemma 3 are satisfied.
Moreover, since we are assuming Fy(z) = 1, by (19) we can see that we are in
the case (20), that is, [, b(x)|z|%dz > 0. Further, the functional Ix(z) (see (22))
becomes

1 1 1
=) = (5 +2 q) R (B+2)/(a=8-2)" (24)
/ b(r)|z|Tr7dr
0
The main result in this section is the following

Theorem 2. Suppose that the conditions (3), (6)—(11) hold and that, in addition,
X € [0,\1). Then the problem (1) has a positive weak solution u € Xpg.

Proof. The formula (23) suggests that we consider an auxiliary problem of finding
a minimiser z* of

R R
sup {/ b(r)|z|r7dr | Ex(z) =1, / b(r)|z|% 7 dr > 0} = M)y > 0. (25)
0 0

We claim that the problem (25) has a solution. Indeed, the set
Y,\Z{ZGXR ‘ E)\(Z)Zl}
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is non-empty (0 < A < A\1). By Theorem 1 we have that for any z € Y):

R R \ R
/ |2 (r)|P+2 dr = )\/ a(r)|z|PT 2 dr +1 < ) / |2 ()P dr 4+ 1
0 0 1Jo

and hence
R A
| orera s M

since 0 < A < \1. Therefore a minimizing sequence z, for (25) is bounded in Xg.
Thus we can suppose that z,, converges weakly in Xpg to some z*. By (6) and (7)

R R
/ b(r)|zn |9 dr — / b(r)|z*|% " dr = My > 0.
0 0

In particular z*=£ 0 and by Lemma 1 we may assume z* > 0.
The weak lower semicontinuity of |.|xp, (6) and Ex(z,) = 1 imply that

R
/ 12" |PH2dr < liminf |2, [
0 n— 00 .
and therefore
Ex(z") <liminf Ey(z,) = 1.
n—oo

If Ex(z*) < 1, then there exists a number ¢ > 1 such that Ej(tz*) = 1. Set
z1 = tz*. We have z; € X, and

R R
/ b(r)|z1 |97 dr = tq/ b(r)|2* |97 dr = t9My > M,
0 0

a contradiction. This contradiction shows that Fy(z*) = 1 and therefore z* € Y
is a solution of (25). By Lemma 3 it is a critical point of Iy and by Lemma 2,
u(r) = tz*(r) is a critical point of Jy. Thus u € Xp is a weak positive solution of
(1). This completes the proof. O

6. The eigenvalue case A\ = )\

We consider the problem (25) with A = A;. In this case the corresponding set Y
is not bounded in Xg. Therefore we have to impose an additional condition on
our data. Henceforth we shall suppose that the condition (12) is fulfilled.

Theorem 3. Suppose that the conditions (3), (6)—(12) hold and A = \1. Then the
problem (1) has a positive weak solution u € Xpg.

Proof. The arguments of the proof of this theorem would be the same as those of
Theorem 2 if we can prove that the problem (25) with A = A; has a solution.
Let z, be a maximizing sequence such that

R
By (zn) =1, / b(r) 2|7 dr =, — My, > 0.
0
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(The positivity of My, follows from (11).) If it would be unbounded we can suppose
that |z]|x, — o0. We set wy, = z,/|2n| xz- Obviously |wy|x, = 1. Then

Ex (zn) = |aal®? (JonlX =2 / " a2y = 1
Hence n
0wl ~x [ et e =11 2o
Therefore '

n— 00

R
lim /\1/ a(r)|wn |27 dr = 1.
0

We may assume that w,, converges weakly in Xr to some w*. Then

R
/ a(r)\w*\ﬂ+2r'ydr =1/A1,
0

which means that w*=£ 0. Furthermore

* |ﬁ+2

|w*lx,y < liminf Hwan;f =1,
n—oo

and from (26) we deduce that
0< W E? - / r)|w* P27 dr < 0.

Therefore w* is an eigenfunction of L and by Theorem 1 there exists a number
p > 0 such that

w*(r) = pua(r).
Since

R R
/ b(r)|zn |V dr = |20 |% / b(r)|wy |9 dr = m,, — My, >0,
0 0
we conclude that R
/ b(r)|w*|%rYdr > 0,
0
and therefore n
/ b(r)|ug |97 dr > 0,
0

which contradicts (12). Hence we can assume that z, is bounded and lim,, . 2, =
z* weakly in Xpr. Thus

/ b(r)|zn |97 dr — / r)|z* |97 dr = My, > 0,
therefore 2*= 0. Furthermore

R
0<% — )\1/ a(r)|z* [P dr < 1.
0
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In what follows we shall verify various claims. First, if
R
0= Hz*”&f —)\1/ a(r)|2*|P+ 2 dr
0
then by Theorem 1 necessarily z* = puy, p > 0, and
R R
/ b(r)|z*| %" dr =pq/ b(r)|uy|*rYdr = My, > 0,
0 0
which contradicts (12). Therefore
R
0< Hz*”%;f - )\1/ a(r)|2*|PH2rdr < 1.
0
Further suppose that we have strict inequalities
R
0< |\z*|\§§§f — )\1/ a(r)|2*|PH2rdr < 1.
0

Then one can find a ¢ > 1 such that
Ey (tz") =1

and

R R
/ b(r)|tz* |97 dr = ¢4 / b(r)|z* |4 dr
0 0

R
=tIMy, > M), =sup {/ b(r)|z|97dr | Ex, (2) = 1} ,
0
a contradiction. Therefore
R
B A / a(r)[2*F+ 2 dr = 1.
0

Hence z* is the maximizer of the problem (25) with A = Ay and the rest of the
proof is the same as that of the Theorem 2. This completes the proof. O

7. Existence of two distinct solutions for A\ > \;

Theorem 4. Suppose that the conditions (3), (6)—(12) hold and A > A;. Then there
exists a number § > 0 such that for A € (A1, A1 +0) the problem (1) has two distinct
positive weak solutions in Xg.

Proof. Consider the following two variational problems:
(I) Find a maximizer z; € Xg of the problem

R
M) = sup {/0 b(r)|z|%rdr | Ex(2) = 1} . (27)
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(IT) Find a minimizer z; € X of the problem

= inf {E,\ ) | / )|z dr = —1} (28)

The proof is divided in several steps.

Step 1. Suppose (8) and (11). Then (27) is equivalent to the problem of
finding a maximizer z; € Xp of

R
0 < My =sup {/0 b(r)|z|%7dr | Ex(z) < 1}. (29)

Proof. It is obvious that any maximizer of (27) is maximizer of (29). If 2} €
Xr is a maximizer of (29) and Ex(z]) < 1, then we can find p > 1 such that
Eyx(pz7) = 1. Then

R R
/ r7b(r)|pzy|idr = pq/ r7b(r)|27|%dr = pTMy, > M),
0 0

which is a contradiction. Therefore Ey(z7) = 1, that is, any maximizer of (29) is
maximizer of (27).

Step 2. Let (3), (6)—(12) hold. Then there is a number d; > 0 such that for
any A € (A1, A1 + d1) the problem (27) has a solution 21 € Xg.

Proof. From step 1, we shall deduce the existence of §; > 0 corresponding to
the problem (29). Suppose that this is not true, that is, there exists a sequence
0s — 0, 05 > 0, such that the problem (29) with A = A* = A\; + J, does not
have solution. Fix an integer s and consider (29) with A°. Denoting by z the
corresponding maximizing sequence, we have

o5 e / P22 P2 dr < 1, (30)

lim ( N |97 dr = M3 > 0.

n—oo 0
If 2§ would be bounded, we may assume that z; converges weakly in X to some z§
when n — oo. Then by the same arguments as in Theorem 3 we can conclude that
z§ is a solution of (29) - a contradiction. Thus we may consider z2 to be unbounded.
Let ws = 28 /|28 xp. Since |wi|x, = 1 we may assume that lim, .. ws = w§
weakly in Xg. Then

R R
/ b(r)|z5 |9 dr = HszHXRq/ b(r)|wy |97 dr — My >0,
0 0
therefore
R
/ r7b(r)|wy|%dr > 0. (31)
0
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By (30) we also have

R R
/ Py ()4 dr = 30 / a(r)fwy, PP <1150 (32)
0 0
By letting n — oo we get
R R
/ ro‘|w(‘§’(r)|ﬁJr2 dr — )\S/ a(r)\wg\ﬂ+2r'ydr <0. (33)
0 0
From (32)
R R 1
¥ [l rdr s [T o e
0 0 ”Z’EL”XR

By letting n — oo, we obtain
R
)\5/ a(r)|w P2 dr > 1. (34)
0
From the weak lower semicontinuity of |.|x, and |ws| =1 we get
R
/ ra|w8/(r)\ﬂ+2 dr < 1.
0

This inequality allows us to suppose that wg converges weakly in X to some w*.
Letting s — oo in (34) we get that

A1 /ORa(r)|w*|ﬁ+27"ydr > 1.
Hence w*= 0. By the inequality (33) we obtain
0< /R rw* (r)|PH2 dr — M\ /Ra(r)|w*|ﬁ+2r”’dr <0.
The latter and ThZorem 1 imply that w* = toul, t > 0. By (31) we get that
/OR b(r)|w*|*rYdr > 0

and thus "
tq/ b(r)|ui|97dr > 0,
0

a contradiction to (12).
Therefore there is a number §; > 0 such that the variational problem (29)
has a solution z1 € Xg for A € (A1, \; + 01). By step 1 2 is a solution of (27).

Step 3. The set

R
X = {zeXR / b(r)zqr'ydr:—l}
0

is not empty and my < 0 for A > A;1. (Recall that m) is defined in (28).)
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Proof. By (12)
/R b(r)|ul|%Ydr < 0.
Therefore there is a ¢ > 0 such Othat
/OR b(r)|tus |7 dr = t? /OR b(r)|uy|*r7dr = —1

and hence tu; € X_.
Since A > A\; we have

R R
E,\(tul) = tﬁ‘f’z (/ ,,,Oé|u/1|ﬁ+2d,r _ )\/ G(T)U1|B+2T’Ydr>
0 0

R
= 192\ — )\)/ a(r)|up |PT2r7dr < 0.
0
This inequality implies my < 0.

Step 4. Assume (3), (6)—(12). Then there is a number d2 > 0 such that for any
A € (A1, A1 + 02) the problem (28) has a solution zo € Xg such that F)(z2) < 0.

Proof. The proof is by contradiction and it is analogous to that in step 2.

Assume that the opposite assertion holds. Then there is a sequence d5 — 0,
ds > 0, such that the problem (28) with A = A* = A; 4+ J, does not have solu-
tions. Fix an integer s and consider (28) with As. Denote by z$ the corresponding
maximizing sequence:

R
/ b(r)|22 |97 dr = —1.
0

If 27 would be bounded we can obtain a contradiction as in the proof of step 2.
Suppose that z2 is unbounded in X . As before, set w? = 22 /|22 | x,, |wi|x, = 1.
We have lim,, .. w] = w§ weakly in Xg. By

R R
/ b(r)| 25|97 dr = |\ZZ|\§(R/ b(r)|w? |97 dr = —1
0 0
we conclude that B
| botugrear =
0

Since Ey:(z3) < 0, as in step 2, we can obtain

R R
/0 r|ws (1) [P dr — )\S/O a(r)|wy|P 2 dr <0,

R
)\5/ a(r)|wy P2 dr > 1.
0
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Analogously to previous proofs we can suppose that wi — w* weakly in Xg, and
letting s — oo we get

R
)\1/ a(r)|w*|ﬁ+27"ydr >1,
0
R R
0< / 7"°‘|w*'(7“)|ﬁJr2 dr — )\1/ a(r)|w*|ﬁ+27"yd7‘ <0,
0 0

R R
/ b(r)|w*|%r7dr = lim / b(r)|wg|*r¥dr = 0.
0 s Jo

These relations imply that w* is a multiple of u; and therefore

R
/ b(r)|ur|%rdr =0,
0
which contradicts (12). The fact that Ex(z2) < 0 follows from step 3.

Step 5. Denote 6 = min (61, d2), where 07 is given by step 2 and s - by step 4.
Let t; > 0,4 = 1,2, be the numbers determined by (19) with z = 2; - the solutions
obtained in steps 2 and 4 respectively. Set u = t127 and v = t329. Then by Lemma
3, u and v are weak solutions of (1). It is easily seen that the first weak solution
u satisfies

R
[l - )\/0 b [ulTrdr > 0,

while the second one, v, satisfies
R
o2 — A / b(r) || % dr < 0.
0

Therefore u and v are distinct. This completes the proof of Theorem 4. |

8. Nonexistence results for classical solutions

In this section we shall comment on nonexistence results for classical solutions of
quasilinear equations in a general smooth bounded domain D. However, it is clear
that the assumption “the considered solutions are classical” does not seem to be
a natural hypothesis for this kind of problem. Indeed, the context of the paper
suggests that the natural class to consider should be the class of weak solutions.

Our argument, which is based on a variational identity ([7]), enables only
to consider classical solutions. With regard to the problem (1) a Pohozaev type
identity was proved in [3]. It was used to obtain a non-existence result in the
critical case ¢ = [*. In order not to increase the volume of the paper we shall not
present further details here directing the interested reader to [3].
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We should mention that Guedda and Veron [5] proved a Pohozaev type iden-
tity for weak solutions of the problem

—div (|Vu[P~2Vu) = f(u) in D,

u=0 on 0D,

under some suitable growth assumption on f. We claim that the argument of
Guedda and Veron [5] can be adapted in order to prove a Pohozaev type identity
for weak solutions of other quasilinear equations, e.g. for the following degenerate
problem:

—div (|2[7|Vu[P~2Vu) = Xa(z)|uP~2u+ b(z)|u|”?u in D,

u=0 on 0D,

where o > 0 and D ¢ IR"is a bounded domain containing the origin. Clearly this
problem is a generalization of that considered by Drébek and Pohozaev [4] and a
slight modification of the arguments in [4] will give the existence and multiplicity
of the solutions in this case. We point out that the radial form of this degenerate
equation is of the type (1). Problems of this kind will be treated elsewhere in a
more general context.

We are confident that a Pohozaev type identity for weak solutions of quasili-
near equations involving for instance k—Hessian operators still holds if the poten-
tial does not growth very fast. However, in the present paper we shall not consider
this kind of generalization.

Suppose that D is strictly star-shaped with respect to the origin. This means
that

(z,v) >0 (35)
for any point € 0D, v being the outer normal to D at z. Suppose also that the
functions a,b € C1(D).

We are going to establish a nonexistence result of classical solutions for
k—Hessian equations of the following form:

—S(V2u) = Aa(r)|ul*Yu + b(r)|u|?"%u in D (36)
with the Dirichlet boundary condition
u=0. (37)

Let us recall that the k—Hessian operator Si, 1 < k < N, is the partial
differential operator defined by

Sk(Vu) = op(A(w)), (38)

where u € C? and o1 (A(u)) = ok (A1,..., \y) is the k—th elementary symmetric
function of the eigenvalues of the Hessian matrix V?u, whose elements are the
second derivatives of u ([2]). Observe that the radial form of equation (36) is of
the type (1).
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If u € C3(D) is a solution of (36),(37) in D, then, following the arguments
in [7], we obtain that

/D {[— k)‘j_vl —cMa(z) — ) j\_ l(Va(x),x)} |u[* da

# [ LT ) - 9ot o) f upras

q

N -2k 1
T 1 (V20500
+<k—|—1 +c>k/D k—1(V7u)ijuujde

1
—_— T 1(V20)iuu, (x, v)ds,
k+1/aD k-1 (V) ijuiug (z, v)ds
where ¢ is an arbitrary real number and Tj_1(V?u);; is the Newtonian tensor,
which is a positive-definite matrix if u is any so-called admissible for Sy function
([2]). Therefore the inequalities

N — 2k
bl +c>0,
- eNa(e) | (Vala),2) 2 0, (39)
N 1
- . cJb(x) — q(Vb(x)mc) >0

imply the following nonexistence result:

Theorem 5. Assume that D is strictly star-shaped with respect to the origin ((35))
and a,b € CY(D). Suppose also that for any x € D and o € IR the inequalities
(39) hold. Then (36), (37) has no nontrivial admissible solution in C*(D), provided
N > 2k.
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Symmetry of Solutions of a Semilinear Elliptic
Problem in an Annulus

Daniele Castorina and Filomena Pacella

Abstract. We consider the subcritical problem

—Au=N(N —-2)uP"¢ inA
(1) u>0 in A
u=0 on 0A
where A is an annulus in RV, N >3, p+1 = A%fz is the critical Sobolev

exponent and € > 0 is a small parameter. We prove that solutions of (I) which
concentrate at k points, 3 < k < N, have these points all lying in the same (k-
1)-dimensional hyperplane II;, passing through the origin and are symmetric
with respect to any (N-1)-dimensional hyperplane containing ITj.

1. Introduction

In this paper we continue the study of the symmetry of solutions of the problem

—Au=N(N —2)up—* in A
u>0 inA (1.1)
u =0 on 0A

where A is an annulus centered at the origin in R¥, N >3, p+1 = 2V, is the
critical Sobolev exponent for the embedding of H}(A) into LP*1(A) and € > 0 is
a small parameter.

In [3] we analyzed the symmetry of solutions to (1.1) which concentrate at one
or two points, as € — 0. Indeed it is well known that the study of (1.1) is strictly
related to the limiting problem (¢ = 0) which exhibits a lack of compactness and
gives rise to solutions of (1.1) which concentrate and blow up as ¢ — 0 ([1], [2], [6],

[9], [10]). Obviously, solutions of (1.1) which blow-up at a finite number of points

Research supported by MIUR, project ”Variational Methods and Nonlinear Differential
Equations”.
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cannot be radially symmetric. Nevertheless in [3] we proved that solutions that
concentrate at one or two points are axially symmetric with respect to an axis
passing through the origin which contains the concentration points.

In this paper we consider the case of solutions which concentrate at k > 3,
k < N, points in A and prove a partial symmetry result. To be more precise, we
need some notations. We say that a family of solutions {u.} of (1.1) has k > 1
concentration points at { P!, P2 ... P*¥} C A if the following holds:

P!+ PJ i # j and each P! is a strict local maximum for u. (1.2)
u. — 0 as e — 0 locally uniformly in Q\ {P}, P2,..., P*} (1.3)
ue(PY) — coase — 0. (1.4)

Our result is the following

Theorem 1. Let {u.} be a family of solutions to (1.1) which concentrate at k points
PleA j=1,....k, k>3 and k < N. Then, for e small, the points P! lie on
the same (k — 1)-dimensional hyperplane Il passing through the origin and u. is
symmetric with respect to any (N — 1)-dimensional hyperplane containing 1.

As in [3] the proof of the above theorem is based on the procedure developed
in [8] to prove the symmetry of solutions of semilinear elliptic equations in the
presence of a strictly convex nonlinearity. The main idea is to evaluate the sign of
the first eigenvalue of the linearized operator in the half domains determined by
the symmetry hyperplanes. To carry out this procedure we also use results of [1]
and [7].

The outline of the paper is the following: in Section 2 we recall some prelimi-
nary results and prove a geometrical lemma, while in Section 3 we prove Theorem
1.

2. Preliminaries

Let A be the annulus defined as A = {x € RV : 0 < Ry < |z| < Ry} and T, be
the hyperplane passing through the origin defined by 7, = {r € RY :z-v =0}, v
being a direction in RY. We denote by A and A} the caps in A determined by
T, A, ={zreA:z-v<0and Af ={z e Ad:z-v>0}

In A we consider problem (1.1) and denote by L. the linearized operator at
a solution wu. of (1.1):

L.=-A—N(N-2)(p—e)ul—="1 (2.1)
Let A\1(Le, D) be the first eigenvalue of L. in a subdomain D C A with zero

Dirichlet boundary conditions.
In [3] the following proposition, which is a variant of a result of [8], was proved

Proposition 2. If either A\i(Le, A]) or M\ (Le, AT) is non-negative and u. has a
critical point on T, N A, then u. is symmetric with respect to the hyperplane T, .
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Let us recall some results about solutions of (1.1), proved in [7] and [1].
Let {u.} be a family of solutions of (1.1) with k blow up points P!, i =
1,...,k. Then we have

Proposition 3. There exist constants ag > 0 and a;; > 0, 4,5 =1,...,k such that,
as e — 0,
[Pl —P!|>aq i#] (2:2)
Z:Eizj; — ayj; for anyi,j € {1,...,k}. (2.3)
Moreover,
(ue(P))* — 1. (2.4)

In the sequel we will often use the classical result that for N > 3 the problem

—Au=N(N—-2)u? inRN (25)
u(0) =1
has a unique classical solution which is
1
Uly) = - (2.6)
(1+Jy2) ™"

Moreover, all non trivial solutions of the linearized problem of (2.5) at the solution
U,ie.

~Av = N(N —2)pUP~ 'y in RY (2.7)
are linear combinations of the functions
1— |y|? oU
Vo = v V=97, i=1,...,N. (2.8)

(L+ly»> " Oy

In particular the only non-trivial solutions of the problem

{—AU:N(N—Q)pUplv inRY = {z = (z1,...,2n) €RY 1 2, < 0} 29)

v=0 on ORY = {z = (21,...,2n) € RN : 21 = 0}

are the functions kV; = kg;i, k € R.

We conclude this section with a geometrical lemma that will be used in the
proof of Theorem 1.

Lemma 4. Let {Pi,..., P}, 2 <k <N, be k points in RY, P, # 0 € RN. Then:

(i) If the line passing through 0 and Py does not contain any P;, i # 1, then there
exist two (N — 1)-dimensional parallel hyperplanes T and ¥ with T passing
through the origin 0 such that Py € T and P; € X, for any i € {2,...,k}.

(ii) If the line passing through 0 and Py contains some P;’s, i # 1, then there ex-
ists a (k—1)-dimensional hyperplane II passing through the origin containing
all points P;, i =1,... k.
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Proof. In the case (i) let us consider the vectors vy = Py—0,v9 = Po—Ps,... ,v—1 =
Pk,1 — Pk, Vi = Pk — 0.

The vectors {v1, ..., vk—1} obviously span a (k—1)-dimensional vector space.
Let us consider any (N —1)-dimensional subspace V' containing {v1, ..., v,_1} and
not containing vg and let us define 7' =V and ¥ = v + V. Then the first assertion
is proved.

In the case (ii) {v1,..., v} are linearly dependent and so they are contained
in a (k — 1)-dimensional hyperplane II passing through the origin. O

3. Proof of Theorem 1
We start by stating a lemma, whose proof will be given later

Lemma 5. Let {uc} be a family of solutions of (1.1) with k blow-up points P!,
i=1,...,k, 3<k < N. Then, for € small, all points P!, i=1,...,k, lie on the
same (k — 1)-dimensional hyperplane 1) passing through the origin.

Proof of Theorem 1. The proof is similar to that of Theorem 2 of [3], we will
write the details for the reader’s convenience. The first part of the statement is
exactly Lemma 5. Hence we only have to prove that u. is symmetric with respect
to any hyperplane containing ITj. For simplicity let us assume that I, = {z =
(x1,...,o5) €ERN 12y =0,...,oNy_(s—1) = 0}.

Let us observe that because the solutions have &k blow-up points we have (see
(1], [7], [10])

Vue|? )
JalVuel kS (3.1)

2
p—e+1)p-et1 €70
fA Ue

where S is the best Sobolev constant for the embedding of H}(RY) in LPTH(RY).
Let us fix an (N — 1)-hyperplane T containing ITj, and, for simplicity, assume
that T = {z = (21,...,2n) € RN : 27 = 0}, so that A~ = {z € A: 21 < 0} and
At ={x e A:z; >0}.
Let us consider in A~ the function

We(x) = ve(x) —ue(z), €A™

where v is the reflection of u., i.e. ve(x1,...,2N8) = ue(—21,...,ZN).
We would like to prove that w. =0 in A~, for € small.
Assume, by contradiction, that for a sequence ¢, — 0, w,, = w, # 0. Let us

consider the rescaled functions around P! = Pgn, 1=1,...,k:
~i 1 i
e

defined on the rescaled domains A;, = {P’i‘, with 6, = (un(Pﬁ))l_;", DPn =
p—ée, and Bl = Hw;HLQ*(A‘_ Y Wl = wn (P! +0ny),i=1,..., k.
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Notice that, by (2.3), all functions are rescaled by the same factor d,,. We
claim that @}, converge in C?  to a function w satisfying

—Aw=N(N-2)pUP~w inRY ={y=(y1,...,yn) € RN : y; <0}
w=0 on {y = (y1,...,yn) € RN : g1 = 0} (3.3)
w2 <1
where U is defined in (2.6).
Let us prove the claim for @}, the same proof will apply to any @, because
of (2.3).
We have that the functions @ solve the following problem:

—Aqf?il = o) in Al_’n, (3.4)
W, =0 on 047,
where
2(y) = N(N —2)p, t n(Po+ 6,
ol = N =2 [ e, Lo unlPE 6
1 1 pn—1
1—-1 n (P + 0n dt
00 (g o7+ 6|
One can observe that the functions @} = un(lpl)un(Pﬁ + 8,y) and ¥} =

. (1P7})vn (P} +6,y) which appear in the definition of ¢, (y) are uniformly bounded
by (2.3) and hence ¢, (y) is uniformly bounded too. Thus ¢, is locally in any L4
space (in particular ¢ > %) and hence @}, is locally uniformly bounded.

Then, by standard elliptic estimates and by the convergence in C?_(RY) of
@}, 91 to the solution U of (2.5), we get the C2 _(RY)-convergence of @} to a
solution w of (3.3).

Let us evaluate the L > -norm of Cn:

(Pn—1N
N 1 2
len(y)l2 dy < Cn / un (P, + 0ny) dy
/A;n n un(Py)
(Pn—1)N
1
C (P46, d
where C'y is a constant which depends only on V.
For the first integral in the previous formula we have
(Pn—1N
2 * Nen
un(Pﬁ + 0ny) dy = / |tn () 2="%" dr < By
/ALn un(Py) A-

by (3.1) and (1.1), By being a constant depending only on N.
An analogous estimate holds for the second integral.
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Hence the L2 -norm of ¢, is uniformly bounded and we have

[ 1e)l® ay < 20wy (3.5)

1,n

Then multiplying (3.4) by @} and integrating we have that

/ Vsl 2 dy = / e(iL)? dy
A;n Al,n

< (/ len] 2 d@/) (/ [o dy) < (20N Bn) ¥ (3.6)
A7 AT

1,n 1,n
Then by (2.7)(2.9) we get w = kVi = kJ", k € R, since, by (3.6) w € DV?(RY) =
{p e L¥ RY) : |Vy| € L*(RN)}.
Let us first assume that for one of the sequences {@%}, say {w}}, the limit
mwzkgjmmk¢u
Then, since the points P! are on the reflection hyperplane T and Vu,,(P}) =
0 we have that %7 (0) = 0. This implies that 2 (0) = k'Y (0) = 0 with k #

0, which is a contradiction since for the function U(y) = . li)N_z we have
1+|y 2
9°U
oy? (0) <O0. |
So we are left with the case when all sequences !, converge to zero in C? .

Then, for any fixed R and for n sufficiently large in the domains E; ,(R) =
B(0,R) N A;,, we have the estimates

S
(2CnBnN)?|B(0, R)
where |B(0, R)| is the measure of the ball B(0, R).

Now we focus only on the rescaling around P! and observe that the domains

Ein(R), i > 2, under the rescaling around P}, correspond to domains F; ,(R)
[ 1
which are translations of Ej,(R) by the vector P"g Pr and

1%@N§4 =1,...,k (3.7)

2
o*

contained in Ay, 5
also the functions w?, are the translation of @} by the same vector, indeed ¢, =

w) (y + P’i‘(;lp"l>. Hence from (3.7) we have
. S
W (y)| <
4(2CnBN)?*|B(0, R)

Now let us choose R sufficiently large such that

. [4k—1\*
/ U ><k ,Q (3.9)
B(O,R) 4k

where U is, as usual, the function defined in (2.6). Then, since both functions
which appear in the definition of ¢, converge to the function U and the function

in (El,n(R) U (UiZQFi,n(R))) . (38)

2
o
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@y, is just the translation of the function a;, = (1P%)un(PfL + 0,y) by the vector

Pn 5nP we have by (3.9)

N
4k —1 )\ 2
/ o aptts ( S> (3.10)
B(0,R)U(U»:B( 745 74 R)) 4
for n sufficiently large. This implies, by (3.1),
N
1 2
/ len]? < ( S) . (3.11)
A7 (B n (RU(Uis2Fs 1 (R))) 4

Since the functions @} solve (3.4), multiplying (3.4) by w} and integrating we get

[waEa= [ e dy

1,n 1,n

/ enl@h)? dy+ [
AT\ (1,0 (R)U(Uiz2Fi n(R))) (E1,n(R)U(Ui>2Fin(R)))

2 2
N 2%
N *
(/ el ¥ dy (/ | dy)
AT\ (B0 (R)U(Ui>2Fi n(R))) AT N\ (B n (R)U(Ui>2Fi n (R)))

<
2 2
N 4
N _1 9%
+/ el ay) (| 12 dy
(E1,n(R)U(Ui>2Fi n(R))) (B1,n(R)U(Ui>2Fi n(R)))
S
<
-2

because ||w} ||L2*(A H=1 the L -norm of ¢, is uniformly bounded by (3.5),

(3.11) and (3.8) hold.
On the other hand, by the Sobolev inequality, we have

/7 |Vl |2 dy > S

which gives a contradiction.
Hence the sequences w;, cannot all converge to zero, so that w. = 0 for ¢
small, as we wanted to prove. O

Finally we prove Lemma 5.

Proof of Lemma 5. As for the proof of Theorem 1 we adapt the proof of Lemma 6
of [3] to the case of k blow-up points, k > 3. Let us consider the line r. connecting
P! with the origin. By the second statement of Lemma 4 if, for ¢ small, r. contains
any other point P¢, i # 1, then all points P!, i = 1,...,k, belong to the same (k —
1)-dimensional hyperplane II passing through the origin and hence the assertion
is proved. Therefore let us assume that for a sequence €, — 0 the line r,, = r¢,
does not contain any point P! = E’ , @ # 1. Then, again by Lemma 4, we have

that there exist two (IV — 1)—d1men510na1 parallel hyperplanes T;, and X,,, with T},
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passing through the origin, such that P! € T,, and P! € &,,, for any i € {2,...,k}.
By rotating we can always assume that T, =T = {z = (21,...,7n) E RN 1 2y =
0} and ¥, = {z = (21,...,25) € RY : 21 = a,} with a;,, > 0. In this way
Pl =(0,y%,...,y%) while P} = (n, @7, aly) fori=2,... k.

As before we define 6, = (u,(P})) 2" where p, = p — &y

Claim 1 It is not possible that

" (3.12)

5n n— oo

Assume, by contradiction, that (3.12) holds. We claim that, for n sufficiently large,
M(L,, A7) >0 (3.13)

where L, = L., denotes the linearized operator and, as before, A~ = {2 =
(1,...,25) € A : 21 < 0}. To prove (3.13) let us take the balls B(P!, R,)
centered at the points P, i = 1,...,k, and with radius Rd,, R > 1 to be fixed
later.

By (3.12) and (2.3) we have that B(P!, Ré,,) does not intersect A~ for i > 2
and for large n. Morover if we take ¥y € [0, 7] and we consider the hyperplane
Ty, = {z = (x1,...,2N) : 2180V + zy cosy = 0}, by (3.12), (2.3) and the
fact that P! belongs to T = T we can choose Jp,, < 5 and close to § such
that all balls B(Py, Rd,) do not intersect tha cap Ay = {z = (z1,...,2N) :
x1 sindo., + N cos g, < 0} for n large enough. ‘

Then, arguing as in [5] (see also [4]), it is easy to see that it is possible to
choose R such that A1 (L, A;M) > 0 for n large, because u,, concentrates only at
the points P!, i=1,...,k.

Then, fixing n sufficiently large, we set

~ T _
¥y, = sup{? € [Jo n, 2} s M (Ln, Ay) > 0}
We would like to prove that - 5

If, < 5 then P ¢ A7 ,i=1,...,k and A (Ln, A3 ) = 0, by the definition

of ¥,,. Thus considering the functions

w, 5 () =v, 5 (z) — un(z) in A5

n

where v, 5 is defined as the reflection of u, with respect to T;; , we have, by the
strict convexity of f, that

Ln(w,3,)=0(>0ifw, 5 () #0)in A5
w, 5 =0on 8A5 .

Since A1 (Ly, Agn) = 0, by the maximum principle, we have that w, 5 >0in A5

n

and, since u,(P}) > u,(z) for any x € A5 we have, by the strong maximum

principle, that w, 5 >0 in Algn.
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Hence, denoting by (P})’ the point in Aj which is given by the reflection of
P} with respect to T3 , we have that

w, 5, (@) >n>0 forzeB((F),d)C A; (3.14)

where B((P})’, ) is the ball with center in (P})" and radius § > 0 suitably chosen.
Thus

w, 5 4o (@) > 727 >0 forze B((P)",0) C A5 (3.15)

for 0 > 0 sufficiently small, where (P})” is the reflection of P} with respect to

Ip+o°
On the other hand, by the monotonicity of the eigenvalues with respect to

the domain, we have that Ai (L, Agn \B((P}),6)) > 0 and hence A\1(L,, A5n+a \

B((PY)",48)) > 0, for o sufficiently small. This implies, by the maximum principle
and (3.15), that

Wy 5, 4+o() > 0forze Ay . (3.16)

Since Ly (w ) = 0in Ay o (by the convexity of the function u2~¢), the

n,lgn-&-a
inequality (3.16) implies that A1 (Ln, D) > 0 in any subdomain D of A L and so

A1 (L, Ag +a) > 0 for o positive and sufficiently small. Obviously this contradicts

the definition of ¥J,, and proves that - 5, i.e. (3.13) holds.

So, by Proposition 2, since P} € T = T, we get that u, is symmetric with
respect to the hyperplane T, which is not possible, since P¢ do not belong to T,
for i =2,... k. Hence (3.12) cannot hold.

Claim 2 [t is not possible that
On

— [ >0. (3.17)

(Sn n—oo

Assume that (3.17) holds and, as before, denote by T the hyperplane T' = {z =
(z1,...,2n) € RN : 21 = 0} to which P} belongs while P! ¢ T, i > 2.
We would like to prove as in Claim 1 that

A (Ln, A7) > 0. (3.18)

If the points P! and all the P! have the N-th coordinate of the same sign, i.e. they
lie on the same side with respect to the hyperplane {zx = 0}, then it is obvious
that we can argue exactly as for the first claim and choose ¥y € [0, 7] such that
all the balls B(P!, RS,), R as before, do not intersect the cap Ay, Then the proof
is the same as before.

Hence we assume that P! and some P!, i # 1, lie on different sides with
respect to the hyperplane {xy = 0}. Let us then consider ¥, € [0, 7] such that
the points P! and some of the P!, say P2 ..., P}, j <k, have the same distance
dn > 0 from the hyperplane Ty, ,

Ty, ={z=(x1,...,2N) € RY : 2y sind,, + xy cosd, = 0},

while the other points P/*1 ... PF have distance bigger than d,, from Ty, .
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Of course, because of (3.17), we have

d _, Il > 0. (3.19)

(Sn n— oo

Then, choosing R > 0 such that A\i(L,, DE) > 0, for n large, where DE = A\
[B(PL, R6,) U (Ui>2 B(Pi, R6,))] (see [5]), either all balls B(P:, RS,),i=1,...,k
do not intersect che cap Ay , for n large enough, or they do. In the first case
we argue as for the first claim. In the second case we observe that in each set
Eg" = Ay NB(P.,Ré,), i = 1,...,k, we have, for n large, and whenever the
intersection is not empty,

un(z) <oln(z) x € Eg: i=1,...,k, (3.20)
where v)" () = u,(z”"), 2”7 being the reflection of x with respect to 17 .
In fact if (3.20) were not true we could construct a sequence of points x,, €
Eg**, for some i = 1,...,k, such that
s
Iny,
Uy, (Tny) > vn"™ (2n,). (3.21)
Then there would exist a sequence of points &,, € Eg’“’i such that
nk

O,
O,

Thus, by rescaling u,, in the usual way around the P} and using (3.19) we would

(&n,) < 0. (3.22)

get a point & € (Ef;O)i ={r=(21,...,2n) € RN : 21 sin¥y + 2N cosVg < —I1 <

0} such that [%2 (&) < 0 while ggo > 0 in (Ef910>_, Yo being the limit of ¥, .
Hence (3.20) holds.
Now, arguing again as in [5] and [4], in the set (Fj ) = Ay \ (Ui»1B(PL, Rd,))
we have that Ay (Ly, (Fj ) ) > 0.

Hence, by (3.20), applying the maximum principle, we have that wy, g, (z) > 0
in (an),y and, again by (3.20) and the strong maximum principle

W (x) >0 in Ay . (3.23)

As in the proof of Claim 1, this implies that Ay (L, Ay ) > 0.
Then, arguing again as for the first claim we get (3.18), which gives the same
kind of contradiction because P¢, i > 2, do not belong to T.

Claim 3 It is not possible that

‘;‘” — 0. (3.24)
Let us argue by contradiction and assume that (3.24) holds. As before we denote
by T the hyperplane T = {x = (z1,...,2x5) € RY : 21 = 0}. Since the points P,
i > 2, are in the domain A} = {z = (z1,...,2n5) € A: 21 > 0}, we have that the
function

wn(z) = vy (2) —up(z), =€ A}
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where v, is the reflection of u,, i.e. v,(x1,...,2N) = Un(—21,22,...,2N), is DOt
identically zero.

Then, as in the proof of Theorem 1, rescaling the function w,, around P} or
P!, i>2, and using (2.3) we have that the functions

1

Wl (y) = 5 wn (P4 6,y) vi=1,...,k (3.25)
defined in the rescaled domain A;fn = Atip’i, converge both, by (3.24) and stan-

dard elliptic estimates, in C?_ to a function w; satisfying (3.3) but in the half
space RY = {x = (21,...,2x) € RY : 21 > 0}. Again by (2.7)-(2.9) we have that
w; = k; 351, k; € R, where U is the function defined by (2.5).

Exactly as in the proof of Theorem 1 we can exclude the case that all se-
quences W', converge to zero in C? . Hence for at least one of the sequences !, we
have that the limit is w; = k; 315]1 with k; # 0. If this happens for w} then, since
the points P! are on the reflection hyperplane T', arguing exactly as in the proof
of Theorem 1, we get a contradiction.

So we are left with the case when @} — ki 351, k1 = 0 and @} — k; ggﬁ with
ki # 0 for some i > 2 in C? . For the sake of simplicity let us suppose that i = 2.
At the points P2, obviously we have that ‘?)Z? (P2) = 0. Let us denote by P? the
reflection of P? with respect to T. Hence, for the function @2 we have, applying
the mean value theorem,

FoInE: §i-en Otip Ot, [ P2 — P2
"(0) = 0) + noon
oV = 2 <3y1( I oy ( In >>

_ oy (O, (PE—PZ\ Oy )
oy 0%, 200,

52 &g% ( n) 5,

n

2
where @, (y) = 04" " un (P2 +6,y) and &, belongs to the segment joining the origin
D2 2
with the point P“(S_n " in the rescaled domain Ay,
. o -721 2 %4, 2 . 2
Since 5.7 (0) — ko gyg (0) and %7 (€n) — gyU (0), with ks # 0 and gyg (0) <
0 we get

2
anéﬁ_p"

Bron
Our aim is now to prove that (3.26) implies that k1 # 0 which will give a contra-
diction.
Let us observe that if the function w,, does not change sign near P!, then,
since wy, # 0, we would get a contradiction, applying Hopf’s lemma to w,, (which
solves a linear elliptic equation) at the point P!, because Vu,(P}) = 0.

— v #0. (3.26)
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Then in any ball B(P}, a,), o, as in (3.24), there are points Q) such that

9un (Ql) = 0 and QL ¢ T. Indeed, since w, changes sign near P!, in any set

oY1
By(P,%, an)N AT there are points where wy, is zero, i.e. u, coincides with the reflec-
tion v,,. This implies that there exist points QL in B(P}, a,,) where %Z’l‘ QL) =0,
and by Hopf’s lemma applied to the points of the hyperplane T" we have that
QL ¢ T. Let us denote by Q}L the reflection of QL with respect to 7.

Assume that QL € A~ (the argument is the same if Q1 € AT). Then as

before we have

o (QL—PY\  oin (8, (G- P\ 0. (QL- P}

2
o D%, (€ )2an
B 3y% B
L. Ql—p! Ql-p! . .
where &, belongs to the segment joining P and "5, in the rescaled domain
A+
1,n*
ee 00 (Qn-P, 5 82, 02 y
Since %, ( 5 ) — ky ay? (0), oy3 (&n) — ayIfJ (0) < 0 and using (3.26),
we get k1 # 0 and hence a contradiction.
So also the third claim is true and the proof of Lemma 5 is complete. O
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Construction of a Radial Solution to a
Superlinear Dirichlet Problem that
Changes Sign Exactly Once

Alfonso Castro and Jorge Cossio

Abstract. We provide a method for finding a radial solution to a superlinear
Dirichlet problem in a ball that changes sign exactly once and implement it
using mathematical software. As a by-product, we conclude that the least
energy sign changing solution for that problem is nonradial, which has been
proved using different methods in [1] and [2].

1. Introduction

In this paper we study the boundary value problem

Au+Jul’ u=0 in B1(0) CR"
(1.1)
u=0 on 0B4(0),
where A is the Laplacian operator, By(0) is the unit ball centered at the origin,
and 0 < p < niZ ifn>2 p<ooifn=2.
If u is a radial solution to (1.1), then w satisfies

-1
u”+nr v+ uPu=0 (0<r<1)
u(1) = u/(0) = 0.

From Theorem 2 (part (c)) of [4], for each positive integer k, (1.2) has exactly one
solution with & zeroes in [0, 1] and «(0) > 0.

Here we consider the case n = p = 2. We provide a construction of the solution to
(1.2) that has exactly two zeroes in [0, 1], i. e. the radial solution that changes sign
exactly once. Our construction is based on the study of the initial value problem

(1.2)

1

v+ v+ =0 (r>0)
T

v(0) = 1,2'(0) = 0.

(1.3)
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From this study we conclude the following result.

Theorem 1. If a and 7 are the first and the second zeroes of the solution v to
problem (1.3), then the solution to (1.1) with p = 2 is given by u(x) = Tv(7||z).
Moreover,

3.6115 < ar < 3.6415,

—0.231514 < v/ (cr) < —0.198982,
T > 947, (1.4)

(V' (a)? < / svt(s)ds.
«@

The above estimates are obtained using exact calculations carried out using math-
ematical software. In the absence of this software such calculations would be out
of consideration.

The details of the proof of Theorem 1 are given in Section 2. In Section 3, we
combine the estimates in Theorem 1, the Pohozaev identity, and the variational
characterization of the least energy sign changing solution to (1.1) given in [3] to
conclude that such a solution cannot be radial (see also [2]).

2. Proof of Theorem 1

From the definition of v we see that

Au(w) = 720" (rlaf]) + 72 LD
= —733(7]|z||) (2.1)
= —u3(z).

Also, for ||z|| = 1, u(z) = 7v(r) = 0. Thus u satisfies (1.1) and changes sign
exactly once.
Now we estimate the solution to

12 1 / —
v (r) + v (r) +v3(r) =0, (r>0) (2.2)
=1.

v'(0) =0, w(0)

Let E(r) = (v/'(r))?/2 + (v*(r))/4. Since E' < 0, we see that |v(r)| < 1 for all

r € R. Hence

r2

: (2.3)

N

—rv'(r) :/ sv3(s)ds <
0
which implies

o(ir)>1— " =wu(r) for all r>0. (2.4)
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In particular v(r) > 0 for all r € [0, 2]. Replacing (2.4) in (2.3) we have

—'(r) 1 /07“ sus(s)ds

r

Y

1 3., 15 1,
—2r 16T +32r 512r vy (7).

From (2.5) it follows that

v(r) <1-— /OT v1(s)ds

1 3 1 1
2 4 6 8 —
4" T ea” 192" toagee” = w2
Arguing again as in (2.5) we conclude that
1 1 3 7
—'(r) < 7“/0 su3(s)ds = o7 16T3 + 198 o
LB .49 T
10247 " 20480 196608 11010048
_ 1% T a7
25165824 16777216 7247757312
4 91 P21 _ 1 23
70866960384 25769803776
1 25 __
+ 1786706395136 7 = 27
Integration of the latter inequality on [0,r] gives
v 1 3
>1-— ds=1—"12 4
v(r) > /0 va(s)ds 47‘ +64
T s 13 o 49
768" 8192”7 204800 "
LB e 125
9359296 154140672 402653184
T 197 91 :
301989888 144955146240 1559073128448
1 24 1 26 __
618475200624 6454366273536 — ()

From (2.8) we infer

1
_ 2 3 4 7

+ re — o+ 13 s 19 10

v(r) > 1

=17y 64 768 g102” " 204g00” = 1"

151

(2.6)

(2.9)
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for all ~ € [0,2]. Hence

v

—'(r) ! /OT swi(s)ds

r

1
= 7r— 3r3 7 ro

216 ' 128
29 . 277 o, 1847

“o0as” T 810207 T 2457600 "

20603 15 6809 45467 7
137625600 251658240 10066329600 (2.10)

207773 16045451,
3623878656000 177167400960000

_ BOBITOL 273477
773094113280000 8933531975680000

- 165557 o 31213 29
1374389534720000 3435973836800000

~ 117649 P Z (1)
274877906944000000 V7

for all » € [0,2]. From (2.10) we have

1 3 7 29 277
<1 g2 4 6 s 10
v S 1= ™ T res” T iessa” 819200

1847 o, 20603 4,

929491200 1926758400
6809 14 45467 g

4026531840° 181193932800
2507773 49 16945451 ’s

72477573120000°  3897682821120000"
8961701 o 11273477 -

18554258718720000°  232271831367680000
165557 08 31213 30

5497558138880000°  103079215104000000"
117649 .

8796093022208000000 = ua(r).

(2.11)

From (2.11) we infer

<1— 12 ‘- ‘ " :
V) S 1=y ™ T res T T e3sa” 819200 (2.12)

1847 ., 20603 4, 6809 16

20491200" 19267584007 4026531840 — W2
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Arguing again as in (2.7) we conclude that

1 r 1 3 7
_'U’(T) < - / Swg(s)ds = r_ 73 + 5
0

2 16 128

_ 29 o 563 491
2048 163840 614400

99007 45 5043 7383233 .0 (2.13)
550502400 128450560 887850270720
- 315682133129 1

3264099712959498771706675200000
= vy(r).

Integration of the latter inequality on [0,r] gives

" 1
v(r)Zl—/O v4(s)ds:1—47”2+634r4

29 o 563

— 6 —
768" T 16384 1638400
91, 99007 i, 5043 (2.14)
7372800 7707033600 2055208960
T383233
15981304872960

- 315682133129 50
16320498564797493858533376000000

From (2.10), (2.11), (2.13), and (2.14) the following lemma is concluded.

us(r).

Lemma 2.1. If v is a solution to (2.2), then
0.42134 < v(2) < 0.423697

, (2.15)
—0.344368 < v'(2) < —0.332046.
Iterating the arguments in Lemma 2.1 on [2,2.5] we obtain
0.258814 < v(2.5) < 0.269686 )16
—0.309722 < v'(2.5) < —0.283646. (2.16)
Integrating the differential equation (2.2) on [2.5,7] we get
v’ (r) = 2.50'(2.5) —/ sv3(s)ds
2.5
" (2.17)

> 2.50'(2.5) — U3(2.5)/ sds
2.5
> 2.50/(2.5) + 3.1250%(2.5) — v*(2.5)1% /2,
provided v < 0 on [2.5,r]. Thus

v'(r) > 2.50"(2.5) /r + 3.1250%(2.5) /r — v*(2.5)r/2. (2.18)
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Integrating (2.18) on [2.5,7] gives

v(r) > v(2.5) + (2.50(2.5) + 3.12503(2.5)) Ln(r/2.5) (2.19)
—(v3(2.5)/2)(r?/2 — 3.125). '
Let
w(r) = v(2.5) + (2.50/(2.5) + 3.125v3(2.5)) Ln(r/2.5)
—(v3(2.5)/2)(r?/2 — 3.125).
By (2.16), w(3.6115) > 0. Hence o > 3.6115, where « is the first zero of the
function v. Since w(r) is convex on [0,3.65] it follows from (2.19) that

v(r) > w(2.5) +w'(2.5) (r —2.5)

2.20
= w(2.5) + m(r — 2.5), (220)
where m = —0.309722.
From (2.20) and the first equation of (2.17) it follows that
rv'(r) < 2.50'(2.5) — / s(w(2.5) +m(s —2.5))%ds
> (2.21)

< 2.50/(2.5) — r(w(2.5) + m(r — 2.5))*/(4m) + w(2.5)/(1.6m)
+ (w(2.5) + m(r — 2.5))°/(20m?) — w®(2.5)/(20m?).
Thus
V' (r) < (1/r)(2.50(2.5) + w(2.5)/(1.6m) — w®(2.5)/(20m?))
— (w(2.5) + m(r — 2.5))*/(4m) (2.22)
+ ((w(2.5) — 2.5m) + mr)®/(20m?r).
Integrating the previous inequality on [2.5,r] we have
v(r)< v(2.5) + (2.50(2.5) + w(2.5)/(1.6m) — w°(2.5)/(20m?)) Ln(r/2.5)
— (w(2.5) — 2.5m) 4+ mr)®/(20m?) + (w®(2.5)/(20m?)

+ /T ((w(2.5) — 2.5m) + ms)®/(20m?2s)ds
2.5

< 0(2.5) + (2.50(2.5) + w(2.5)/(1.6m) — w®(2.5)/(20m?)) Ln(r/2.5)

— ((w(2.5) — 2.5m) +mr)®/(20m?) + (w°(2.5)/(20m?) (2.23)

+ 20}”2 {(w(2.5) — 2.5m)°Ln(r/2.5)

+5(w(2.5) — 2.5m)*m(r — 2.5)

+ 5(w(2.5) — 2.5m)*m?(r* — 6.25)

+ 10(w(2.5) — 2.5m)?*m3(r*~15.625)/3

+ 5(w(2.5) — 2.5m)m* (r* — 39.0625)/4 + m® (° — 97.65625)/5}.

Since the right-hand side of (2.23) is less than zero at 3.6415 it follows that o <
3.6415. Moreover, from (2.18) and (2.22) we have —0.231514 < v'(a) < —0.198982.
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We summarize the above discussion into the following lemma.

Lemma 2.2. If « is the first zero of the solution v to (2.2), then

3.6115 < o < 3.6415 and —0.231514 < v/(a) < —0.198982. (2.24)
Let r > a such that v/ < 0 on [a, 7]. Since 7v'(r) > av’(«) it follows that
v(r) > av'(a) Ln[r/al. (2.25)
By Lemma 2.2 we see that
v(r) > —.836163Ln[r/a]. (2.26)
In particular,
v(4) > —.836163Ln[4/a] = ¢1 (). (2.27)
Since o — —.836163Ln[4/«a] defines an increasing function, it follows that
v(4) > q1(3.6115) = —.0854266. (2.28)
Integrating the differential equation (2.2) on [«, r] we get
' (r) = av'(a) — /T sv°(s)ds. (2.29)

By Lemma 2.2 and (2.26) we see that

' (r) < av'(a) + (.836163)3 /T s(Ln[s/a))?(s)ds

< — 724503 + 2191937 — 21919317 + 438385/ Lafr/a)  (230)
— 43838512 Ln[r/a)® + .292257r* Ln[r/a)?.
In particular,
V' (4) < —1.057917 + .05479802 + 1.755354Ln[4/a] oo

— 1.75354Ln[4/a)* + 1.16903Ln[4/a]® = g2(a).

Since the right-hand side of (2.31) defines a decreasing function on [3.6, 3.65] we
have that

v'(4) < 2(3.6415) = —.181104. (2.32)
Similarly, using (2.30) and (2.29), one sees that
v(4) < —.0680351 and o/(4) > —.200. (2.33)

Iterating the previous arguments on [4, 5.5] we obtain
—0.346445 < v(5.5) < —0.298095
—0.13915 < v/(5.5) < —0.130904.
We now estimate the values of v to the right of 5.5. From (2.34) it follows that

(2.34)

"(r) = 5.50'(5.5) — ' sv3(s)ds
rv'(r) = 5.5v"(5.5) /5‘5 (s)d (2.35)

< 5.50(5.5) + (0.346445)3(r* — 5.5%)/2.
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Thus

—13489 ) 0207900

IN

v (r

(2.36)

r
Let v > 5.5 be such that v'(r) < 0 for all 7 € (5.5,7) and v'(y) = 0. From (2.36),

—1.3489
0=12'(y) < - =+ 0.0207909~.
Hence
~v > 8.054.
Similarly, one shows that v < 9.385.
From (2.36)

v(r) <v(5.5) — 1.3489Ln(r/5.5) + 0.0103954(r* — 5.52)
< —.298095 — 1.3489Ln(r/5.5) + 0.0103954(r* — 5.57)
= p1(r).

In particular
v(y) < p1(8.054) = —.452734.

Since E(7) < E(5.5) < .0132836 (see (2.34)). Thus
lu(~)| < .480114.

Now for r > ~ we have
T ’I“2 72
' (r) = —/ sv3(s)ds < (.480114%)( . — ')
¥

which implies that

T2 ,72 ,)/2
o(r) < o) + (48011, =7 =7 Ln(r/7)
2 2 2
< 452734 + (.4801143)(2 - 74 - 72 Ln(r/7y)).

Since v — —’Y; Ln(r/~v)) defines a decreasing function, if v < 9.47, then

89.6809 8.0542

v(9.47) < —.452734 + (.480114%)[ A .

~8.0542

o Ln(947/8.054)] < —.347533.

Thus
v(r) <wv(5.5) forall r e (5.5,9.47).

Thus (see Theorem 3.1)
T > 9.47.

From (2.43) we also see that for r > v we have

v(r) < 5.24072 4 0.0276677r? — 3.58944Ln(r) := pa(r).

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)
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Now
T 9.47
/ svt(s)ds > / svt(s)ds
[eY 5.5
v 9.47
> / svt(s)ds + / svt(s)ds (2.48)
5.5 ¥
v 9.47
> / spi(s)ds —|—/ spa(s)ds.
5.5 v
Let
v 9.47
H(~) ::/ sp‘ll(s)ds—i—/ spa(s)ds. (2.49)
5.5 0%
Since
i(y) = ypa(y) >0 (2.50)
it follows that H is an increasing function. Thus
T 9.47
/ svt(s)ds > H(5.5) = / sp3(s)ds = 0.732512. (2.51)
a 5.5
Since (see Lemma 2.2)
(v (@))? <0.710747 (2.52)
it follows that
/ svt(s)ds > o*(v/(a))?. (2.53)
The proof of Theorem 1 follows. O

3. The Least Energy Solution is Nonradial
In this section, as a by-product of Theorem 1, we prove the following result.

Theorem 2. The boundary value problem
{Au—l—u?’zo in By(0) C R?

u=0 on 0B1(0), (3:1)

has a solution which is nonradial and changes sign exactly once in By (0).

Proof. The existence of a solution to (1.1) that changes sign exactly once follows
directly from Theorem 1.1 of [3]. Indeed such a solution u satisfies the variational
characterization
J(u) = min J(w), 3.2
() = mip J(w) (32)
where

_ 1 wz_\w\4 -
s = [ vl = (33
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and

Sy ={w € Hy(Q) — {0} : wy # 0,w_ #0,

[ 9w = ) de o,
B1(0)

/ (Vw_ P — jw_*) de = 0}.
B, (0)

We now show that u is nonradial. Suppose that u is radial. Let v be the solution to
(1.3). Since w(t) = Tv(rt) is also a radial solution to (1.3), u(r) = w(r) = Tv(rr).
Let a € (0,1) be such that u(r) > 0 for r € [0,a) and u(r) < 0 for r € (a,1).
Hence, by Theorem 1

(3.4)

1
a=""<_. (3.5)
T 2
We define vy (z) = max{u(z),0} and u_(z) = min{u(z),0}. Using (3.3) we obtain
_ 1 2 luy |t
J(uy) = |Vuy| dx. (3.6)
B1(0) 2 4
Since u € S it follows that fBl(O) Vui|? = fBl(O) |uy|*. Thus
4
J(uy) = / el g (3.7)
B1(0) 4
Similarly, we have
Ju—|*
Ju_) = dx. (3.8)
B1(0) 4

The crucial ingredient in the proof of Theorem 2 is the following lemma.

Lemma 3.1.

J(uy) < J(u-). (3.9)
Proof. Using polar coordinates, we see that
/ lu(x)[*de = 2 / rlu(r)|*dr. (3.10)
lzl<a 0
and )
/ lu(z)|*dx = 27 / rlu(r)|*dr. (3.11)
a<|lz]|<1 a
Thus the proof of Lemma 3.1 follows if we show that
a 1
/ rlu(r)[tdr < / rlu(r)|*dr. (3.12)
0 a

Multiplying the equation in (1.2) by 72 v’ and integrating over [0, a], we obtain

e 4 a? o (a)?
/0 r(u()t = @ (u'(a))?. (3.13)
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From (3.13), Theorem 1, and the definition of v and v we have
1 1
/ r(u(r))*dr = / rrd(v(rr))tdr
=72 / svt(s)ds
> 7'2()(2(1}/((1))2 (314)
= a*(u'(a))
= / r(u(r))*dr,
0
which proves (3.12). This proves the lemma. O
Let
ur(r) =ug(r+1/2), ua(r) = —usp(r—1/2), (3.15)
and
u*(r) = u(r) + ua(r). (3.16)
u(r)
A
u(r)
| —>
-1 0 1

ua(r)

Thus u* € 51, and by Lemma 3.1 we have
Ju*) < J(u).
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By [3] we see that u* is a C%-solution to problem (1.1). This is a contradiction.
The proof of Theorem 2 follows. O
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Global Solvability and Asymptotic Stability for
the Wave Equation with Nonlinear Boundary
Damping and Source Term

M.M. Cavalcanti, V.N. Domingos Cavalcanti and J.A. Soriano

Abstract. We study the global existence and uniform decay rates of solutions
of the problem

uge — Au = |ul’u in 2x]0, 4o00[

u =0 on Iox]0,+oof

Ovu+ g(ur) =0 on I'1 x]0, 00|

u(z,0) = u’(z), w(z,0) =u'(z);

where 2 is a bounded domain of R", n > 1, with a smooth boundary I =
IoUriand 0<p< ?,,n>3;p>0,n=12.

Assuming that no growth assumption is imposed on the function g near
the origin and, moreover, that the initial data are taken inside the Poten-
tial Well, we prove existence and uniqueness of regular and weak solutions
to problem (P). For this end we use nonlinear semigroup theory arguments
inspired in the work of the authors Chueshov, Eller and Lasiecka [5]. Fur-
thermore, uniform decay rates of the energy related to problem (P) are also
obtained by considering a similar approach firstly introduced by Lasiecka and
Tataru [15]. The present work generalizes the work of the authors Cavalcanti,
Domingos Cavalcanti and Martinez [4] and complements the work of Vitillaro
[30]. It is important to mention that in [30] no decay result is proved and the
dissipative term on the boundary is of a preassigned polynomial growth at
the origin.

(P)

Keywords. Wave equation, boundary feedback, source term.
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1. Introduction

This paper is concerned with the existence and uniform decay rates of solutions of
the wave equation with a source term and subject to nonlinear boundary damping
up — Au=|u|’u in Q x (0,+00)
u=0 on Tgyx(0,4+00)
Au+glu) =0 on Ty x(0,+00)
uw(z,0) = ul(z);  wui(z,0) =ul(z), zeQ,

(1.1)

where € is a bounded domain of R™, n > 1, with a smooth boundary I' = 'y UT';.
Here, I'y and I'; are closed and disjoint and v represents the unit outward normal
to I'.

Problems like (1.1), more precisely,
uge — Au = —fo(u) in Q x (0,4+00)
u=0 on Ix(0,+00)
Ou = —g(u) — fi(u) on TI'1 x (0,+00)
U(JZ,O) :uo(‘r)v ut(‘rvo) :ul(‘r)v (S Qa

(1.2)

were widely studied in the literature, mainly when f; = 0, see [6, 13, 22] and a
long list of references therein. When fy # 0 and f; # 0 this kind of problem was
well studied by Lasiecka and Tataru [15] for a very general model of nonlinear
functions f;(s), ¢ = 0,1, but assuming that f;(s)s > 0, that is, f; represents, for
each i, an attractive force. When f;(s)s < 0 as in the present case, the situation
is more delicate, since we have a source term and the solutions can blow up in
finite time. To summarize the results presented in the literature we start by the
works of Levine, Payne and Smith [17, 19]. In [17] the authors considered f, =
0,9 =0, fi(s) = —|s[P~2s and proved blow up of solutions when the initial energy
is negative while in [19] global existence for solutions is proved when, roughly

speaking, the initial data are small and 2 < p < 2* = 2(7?_721) (n > 3) is the critical

value of the trace-Sobolev imbedding H! () — LP(9).

When fo = 0, g(s) = s and fi(s) = —|s|7s, Vitillaro [31] proved blow-up
phenomenon, when the initial datum u° is large enough and u, is not too large,
so that all possible initial data with negative energy are considered. In Vitillaro
[30] the author considers, as in the present paper, the wave equation subject to a
source term acting in the domain and nonlinear boundary feedback and he shows
existence of global solutions as well as the blow up of weak solutions in finite time.
More recently, when fo = 0,g(s) = —[s|™ 25 and fi(s) = |s|P~2s, Vitillaro [32)]
proved local existence of weak solutions when m > 2*-31—;; and global existence
of weak solutions when p > m or the initial data are inside the potential well
associated to the stationary problem. However, in [30, 31, 32] no decay rate of the
energy is proved. It is worth mentioning other papers in connection with the so
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called stable set, the Potential Well, developed by Sattinger [27] in 1968, namely,
[7, 10, 12, 24, 29] and references therein.
Concerning the wave equation with source and damping terms

up — Au+ g (ug) = f(u) in Qx (0,400)

where €2 is a bounded domain of R™ with smooth boundary I" or €2 is replaced
by the entire R", it is important to cite the works of Georgiev and Todorova [8],
Levine and Serrin [18], Serrin, Todorova and Vitillaro [26] and Ikehata [9]. All
the above mentioned works which involve source and damping terms, except for
Cavalcanti, Domingos Cavalcanti and Martinez [4], are marked by the following
feature: the damping term possesses a polynomial growth near zero. In the present
paper we generalize substantially the results given in [4] in the following sense: (i)
g is considered just a monotone nondecreasing continuous function while in [4]
this function is assumed to be of C1(R); (ii) No growth assumption is imposed on
the function g near the origin, while in [4] the authors consider |go(s)| < |g(s)| <
lgo *(s)|, s € [~1,1], where g is a strictly increasing and odd function of class C';
(iii) Setting h(z) := x — 2%, 20 € R", the unique geometric condition is assumed
on the uncontrolled portion of the boundary T'g: h - v < 0, on Ty, while in [4], in
spite of considering the same condition on I'g, the restrictive geometrical condition
is imposed on I'y: h-v > 0 on I';.

Our paper is organized as follows: In section 2 we present some notation,
technical information, the assumptions and main results. In section 3 we prove the
existence and uniqueness for regular and weak solutions and in section 4 we give
the proof of the decay.

2. Notations and Main Result

We start this section by setting the inner products and norms

= [ u( x)dr;  (u,v)p = fr x)dl,
||U||p Jo \U |p dz, |lully, , = Jr, |u |de

Consider the Hilbert space
Hp () ={ve H(Q);v=00nTo} (2.1)
and suppose that
(H.1) 0<p<2/(n—2)ifn>3and p>0ifn=1,2.
According to (H.1), we have the imbedding;:
HE (Q) — LX) (Q) — L2 (Q).

Let B; > 0 be the optimal constant of Sobolev immersion which satisfies the
inequality
[0]|p12 < Bi1]|Vv|l2;  for all v € HE ().
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Let us consider

LIS\ Bet?
0< Kp:= sup o2 prf <t
verk (2),020 \ [[Volly p+2

and the functional

1 1
Ty = IVuld = ol we H (@),

which is well defined in view of the above immersions.
We define the positive number

d:i=  inf {Sup J()\v)} .

’UEHII*O (9)7'“750 A>0
Setting
1
fo) = 2)\2 — KoNT2 X >0,

(2.5)

1/p
then, A\; = (Ko(})-‘r?)) is the absolute maximum point of f and d = f(A1) > 0.
It is well known that the number d defined in (2.4) is the Mountain Pass level

associated to the elliptic problem

—Au=|ulfu in Q
u=0 on I}
d,u=0 on TIYj.

FIGURE 1. The regions A and B are related, respectively, with
the existence of global solutions and blow up phenomenon in finite

time.
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In fact (see Vitillaro [30] for details) d is equal to the number inf sup J(y(t)),

YE€A tef0,1]
where A = {y € C([0,1]; H}, ());7(0) =0, J(v(1)) < 0}. Furthermore, we have
1 1 2 P 2
= = -_ = . 2.

A= 100= (5= 4o ) M= 5,5 (26)

The energy associated to problem (P) is given by
1
E@t) = [+ J(ut); e Hr,(Q). (2.7)

It is important to observe that from inequality (2.2), we deduce that

B() > J(0) = IVu®lF = L, [w(OI}513 > F(I7ut)])

Now, if one considers ||Vu(t)||2 < A1, we arrive at

E(t) > J(u(t)) > ;HVU(%‘)H%—KoHVU(lﬁ)HSJF2

Y

IVuol |~ ko] = IFu@lE [y~ |-

Then,

2(p+2)
p

So, we are in a position to consider general hypotheses.

J(u(t)) > 0 (J((u(t)) = 0 iff u = 0) and ||[Vu(t)|2 < E(t).  (2.8)

(A.1) Assumptions on g.

Consider g : R — R a monotone nondecreasing continuous function such that
g(0) = 0 and satisfying the growth condition

(H.2) Cils| <lg(s)] < Colsl, [s| > 1,

where Cy, C are positive constants.
In order to obtain the global existence for regular solutions, the following
assumptions are made on the initial data.

(A.2) Assumptions on the Initial Data.

Assume that
(H.3) {u’,u'} € D(A)
where D(A) is defined by
D(A) = {(u,v) € H} (Q) x Hf (Q);u+ Ng(yov) € D(-=A)}

A( . ) = ( A Nolon) )

D(-A) ={ve H} (N NH*Q);0,v=0 on I},

and

Here,
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and N : H=Y/2(I'y) — H{, () is the Neumann map defined by
—Ag=0 in Q
Np =q << q= 0 on Fo
0,q=p on I'y.
Taking into account the operator A : D(A) C H — M, where H = H}, (Q) x L*(Q)

and considering U = < Z, > , we can rewrite problem (1.1) as

dUu 0
AU = .
dt AU ( |u|Pu )

Using nonlinear semigroup theory we will prove in section 3 that (A, D(A))
is maximal monotone in H. Moreover, since the operator defined by
F:H} (Q) x L*(Q) — H} () x L*(Q)
(u,v) = F(u,v) = (0, [ul"u)

is locally Lipschitz continuous we will show, making use of arguments due to [5],
that for (u®,u') € D(A) there exists a unique regular solution

(u,u) € L0, ¢, HE () N H?(2)) x [L=(0,¢, Hf, () N WHT2°(0,¢, L*(Q))]
(2.9)
for t € (0, tmax). Furthermore, since D(A) is dense in Hf () x L*(Q), for (u°,u') €
‘H we obtain a unique generalized solution

(u, 1g) € C((0, bmas ) ). (2.10)
In both cases, tyma.(< +00) depends on ||(u®, ul)||. Moreover,
if tmas < oo then . litm [ (w(t), ue(t)||1 = +o0. (2.11)

Let us define the following sets:
A={(\E)€[0,+00) xR; f(\) < E<d; A<M},
B={(\E)€0,400) xR; f(\) < E <d; A>A\},

according to the figure 1 above.
We recall that:

(i) If (||VuC||2, E(0)) € A, then weak solutions possess an extension to the whole
interval [0, +00).
(ii) If (||VuP||2, E(0)) € B, then weak solutions blow up in finite time.
We observe that, in both cases, the initial energy F(0) < d and it can also
be negative. So, one is not expected to obtain global solutions, even if E(0) < d,
in view of the item (ii) above. A natural question arises in this context: It would
be possible to obtain global solutions if F(0) > d? This question is very difficult
to be answered in a general setting. However, if we assume that: There exists
to € [0, tmaz) such that

(H4) E(u(to)) <d and HVu(to)Hg < )\1,
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the answer is positive.
However, under the assumption that there exists tg € [0, t;nqz) sSuch that

(H5) E(u(to)) <d and HVu(to)Hg > )\1,
solutions will blow up in finite time.

Lemma 2.1. Under the hypotheses given in (H.4) the regular and weak solutions
to problem (1.1) mentioned in (2.9) and (2.10) verify

IVu(®)||e < A1, for allt € [to, tmax)-
Proof. We observe that

E(u(t)) > ;HVH(L‘)II% — Kollu()llp 35 = f([Vu(®ll2), V€ [0,tmas).  (2.12)

We have that f is increasing for 0 < A < A, decreasing for A > A1, f(A1) = d,
f(A) — —o00 as A — +o00. Then, since d > E(u(to)) > f(||[Vu(to)|]2) > f(0) =0,
there exist A, < A; < Ag, which verify

f2) = f(Xy) = E(u(to)). (2.13)
Considering that E(t) is non-increasing, we have
E(u(t)) < E(u(to)), VYt € [to,tmaz)- (2.14)
From (2.12) and (2.13) we deduce
fIVulto)ll2) < E(u(to)) = f(X3). (2.15)

Since ||[Vu(to)|l2 < A1, Ay < A1 and f is increasing in [0, A1), from (2.15) it holds
that
IVu(to)ll2 < As. (2.16)
Next, we will prove that
IVu®)ll2 < X3, Yt € (to, tmaz)- (2.17)

In fact, suppose, by contradiction, that (2.17) does not hold. Then, there exists
t* € (to, tmax) which verifies
[[Vu(t™)|la > Ay. (2.18)
If [[Vu(t*)||2 < A1, from (2.12), (2.13) and (2.18) we can write
E(u(t")) = f(IIVu(t)l2) > f(X2) = E(u(to),
which contradicts (2.14) and proves (2.17).
If ||[Vu(t*)]]2 > A1, we have, in view of (2.17), that there exists A which
verifies
IVulto)ll < X < A < A < [[Vu(t)]lz. (2.19)
Consequently, from the continuity of the function ||Vu(+)||2 there exists ¢ € (to,t*)
verifying ||[Vu(t)|l2 = A
Then, from the last identity and taking (2.12), (2.13) and (2.19) into account
we deduce

E(u(t)) = f(|IVu(t)ll2) = F(A) > f(A3) = E(u(to)),
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which also contradicts (2.15) and proves (2.18). This completes the proof of
Lemma 2.1. ]

Considering Lemma 2.1 and the identity of energy (valid for regular and weak
solutions) we conclude that

o) [T+ W OIE < ) + W OIF < B0 (:20)
+/(g(u’(s)),u’(s))p1ds = E(tg) <d Vte€ [to, tmaz)-

The last identity yields that ¢,,4, = 400.

Now we are in a position to state our main results.

Theorem 2.1. Under assumptions (H.1)-(H.4), problem (1.1) possesses a unique
regular solution u in the class

u € LTS, (0,oo; H%O(Q)) , u € LS, (0,oo; H%O(Q)) , u” e LS, (0,oo; LQ(Q))

(2.21)
and ||Vu(t)||a < A1 for all t > to. Furthermore, the energy E(t) given by
1 ’ 2 1 2 1 p+2
B = 5 WO+, IVa@IE - 1, lIzS,  @22)
has the decay rate
E(t) < S ( b 1> E(0), (2.23)
Ty

for allt > Ty > 0, where S(t) is the solution of the differential equation
S'(t)+aq(S(t) =0,

and q is a positive strictly increasing function defined, in Lasiecka and Tataru [15],
as follows.

Let h: Ry — R be a concave, strictly increasing function verifying h(0) = 0
and, for some N > 0,

h(sg(s) > 8% + (g(s)), if |s| < N, (2.24)

Define

hz) =h <mea§(zl)> 220,

where ¥y =Ty x (0,7) and T is given constant. Setting

B 1 _ Co+Cit
K= C(T, E(0)) meas(X1) and - C':= meas(1)

where Cp and C; are given in (H.2), we define

p(z) := (CI 4+ h)" (Kz). (2.26)

(2.25)
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We observe that p is well defined since h is monotone increasing and, con-
sequently, CI + h is invertible. In addition, p is a positive, continuous, strictly
increasing function with p(0) = 0. In the sequel, let us define

q(z) =2 — (I +p) (). (2.27)
Then, ¢(0) = 0, g is strictly increasing and ¢g(z) > 0 if > 0.

As an example of a function g, we can consider g(s) = sP, p > 1 at the origin.

Since the function s”3  is convex for p > 1, then solving

Si+8"" =0, (2.28)

we obtain the following decay rate:

—p+1

E(t) < C(E(0))[E(0) >
If p = 1 we obtain the exponential decay.

Theorem 2.2. Let the initial data belong to Hy, (Q) x L*(2) satisfying (H.4) such
that the same hypotheses on g and p hold. Then, problem (1.1) possesses a unique
weak solution in the class

u € C%([0,00), Hy, () N CH([0,00); L*(92)), (2.29)

and ||[Vu(t)|la < A1 for all t > to. Besides, the weak solution has the same decay
given in (2.23).

+1(p = 1] -

3. Existence of Solutions

In this section we prove the existence and uniqueness of regular and weak solutions
to problem (1.1) by using nonlinear semigroup procedure following similar steps
introduced in [5] to our context.

Let —A be the operator defined by the triple {Hp (2), L*(2), a(u,v)} where
a(u,v) = [ Vu-Vodz; u,v € HE (). It is well known that the above operator
is an unbounded one whose domain, D(—A), is given by
0
0
This operator is densely defined, injective and self-adjoint. Moreover, it can be
isometrically extended to —A : H} (Q) — (Hp (), where (Hp (Q)) is the
topological dual of H} (Q2) and this extension is defined by

D(=A) = {v € HE (Q) N H(Q); Z =0 on T} (3.1)

_A — . 1
< Au,v>(H%O(Q))/,H%O(Q) (Vu,Vo)r2q);  for all u,v € Hp (). (3.2)

From now on, for simplicity, we will denote —A by —A. We observe that —A
is a positive operator, so that we can define the fractional powers of it. According
to Lions-Magenes [[21], page 12] we also have that

D(-AY?) = Hy, (9. (3:3)
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Using elliptic theory, see Lions-Magenes [[21] page 189], we deduce that the Neu-
mann map introduced before,
. s s+3/2
N HADY) — HEPP (@), (3.4)

is continuous for all s € R, which implies that A is closed and, consequently,
D(N™*) = (Hy*(9)' and

% s+3/2 —s
N (HEP2(Q)) — H(Iy) (3.5)
is continuous, verifying |‘./\/'H£(HS(F1)7H;:3/2(Q)) = ‘|N*|‘[,((H;:s/Q(Q))/7H_S(F1)).
Moreover, we have
<./\[*u)7 u>H—S(I‘1),H5(F1) = <’u),./V"u)(H;:3/2(Q)),7H;:3/2(Q) 5 (3.6)

for u € H*('1),w € (He **())'.
Next, we will prove that

N*(=Av) =v|p, =ov; for all v € H}, (Q). (3.7)

For this end, it is sufficient to prove the above identity for all v € D(—A), since
D(—A) is dense in Hf, (). So, let v € D(—A). Then, from (3.1) we have

~Av € L(Q) C (HE, () and gz —0onT}. (3.8)

Considering, particularly, s = —1/2 and w = —Aw in (3.6), we deduce, for all
q € H-'/2(I'y), that

<N*(—AU)»Q>H1/2(r1),H—1/2(r1) = <_AU7NQ>(HI£O(Q))’,HI{O(Q) : (3.9)

Let p be the solution of the elliptic problem

Ap=0 inQ (3.10)

p=0 only < Ng=p

Oyp=q onl}y.
Then, from (3.8), (3.9), (3.10) and making use of the generalized Green formula
into account, we prove (3.7). We recall that we are considering, from now on, the
operators N : H=Y/2(T}) — H} (Q) and N* = (HP () — H'?(T). Observe
that if v € Hp () and, therefore, yov € H'?(Ty) C L*(T'y), from the assumption
(H.2) on g, the map v € H} (Q) — g(yov) € L*(I'y) is well defined since

lg(vou)ll3.r, = / l9(you(2))]?dl < C | (1+|yo(v(@))[*)dl < +o0,
Fl l—‘1
where C' is a positive constant. Moreover, making use of [[1], Theorem IV.9], the
Lebesgue Dominate Convergence Theorem and considering the assumption (H.2)
we can prove that the map v — g(yov) is continuous from Hy, (Q) in L*(T'y).
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From the above considerations, let us introduce the nonlinear operator A,
whose domain is defined by

D(A) = {(u,v) S H%O(Q) X H%O ();u+ Ng(yv) € D(—A)} (3.11)

by setting
A<z>:<—0A —_iNg(vo-)>(Z)'

Setting U = ( Z, > € D(A), we can rewrite problem (1.1) as

dUu 0
AU = .
dt AU ( |u|Pu )

We shall prove that (A, D(A)) is maximal monotone in H = Hf (Q) x L*(Q2)
equipped with norm

u
| e, were 1l = [ [ofo)Pas
CPY O

According to Brézis[[2], Prop. 2.2], it is sufficient to prove that
(Au — Av,u —v)y > 0; for all u,v € D(A), (monotonicity condition) (3.12)
and
R(I+A) =H (maximality condition). (3.13)

The operator A is clearly monotone on H since g is monotonic increasing, which
proves (3.12).
In what follows we will prove (3.13), that is, A is maximal monotone. Indeed,

given a ] € H}, () x L*(€2) we have to prove the existence of [ 5 ] € D(A)

ha
such that

u—v=~h
{U—AwﬁA@ww»=h2 (3:14)

From (3.7), we can rewrite (3.14) as

u—v=~h
{ v—Au ﬂthgN*(—Av)) — hy (3.15)

or, substituting u = v + h; in the second equation of (3.15), we obtain

—Av+ v — ANgN*(—Av)) = h:= hy + Ahy € (H}, (). (3.16)
Having (3.16) in mind we define
B:=(—A)oNogoN*o(-A). (3.17)

Let us consider the duality application given by F : Hll (Q ) (HFO Q)
and the extension of the Laplacian operator —A : Hf () — ( 10 (©2))". Then,
given v € H} () there exists v' € (Hp, (€2))’ such that F(v) =v'.
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Moreover, from the above comments and taking (3.2) into account one has
<v,u >= ‘|U/H?HI£O(Q))/ = HvH?{%O(Q) = (Vu,Vv) = < —Aw,v > which im-
plies that —Av = v’ = F(v) for all v € H} (). Consequently —A : Hf, () —
(Hp, ()" is the duality application.

Then, considering (3.16), (3.17) and Barbu [[3], Theorem 1.2, Chap. II], the
mapping

—A+ I+ B): H} (Q) — (Hp () (3.18)
is onto if and only if (I + B) is maximal monotone in Hy, () x (Hf, (22))". So,
in order to prove that —A + (I + B) is onto, we are going to prove that [ + B is

maximal monotone. In fact, for this end, identifying L?(T'y) with its dual (L?(T))’,
let us introduce the operator G : H/?(I'y) — (L*(T'1))’ — H~'/?(T';), defined by

(Gu,v) 2,y = / g(u)vdl, for all v e L*(Ty). (3.19)

Iy

From the above identification we deduce that Gz = goz for all z € HY/?(T).
On the other hand, let us introduce the functional ¢ : H'/2(I';) — R defined by

u(x)
(u) = /F /0 g(7) dr dr. (3.20)

which, in view of the assumptions made on g, is continuous in H'/ 2(I'y). Conse-
quently we deduce that

< ¢'(u),v >:/ g(u)vdr. (3.21)

I'y

Then, from (3.19) and (3.21) it holds that
¢'(u) =Gu=gou, forallue HY*T). (3.22)

From the fact that ¢ is convex, taking (3.22) into account and employing Showalter
([28], Prop. 7.6, Chap. II] we have

¢ (u) = Gu = gou= d¢p(u), (3.23)

where 0¢(u) is the sub-differential of ¢ at u.
On the other hand, defining A := N* o (—A), it follows that A* = (—=A)* o
N** = —A o N. From this fact we can rewrite (3.17) as

B=A"ogoA. (3.24)

We observe that the linear operator A : Hf\ (Q) — H'/2(T';) is continuous as well

as the same occurs to the functional ¢ : HY?(I';) — R. Then, making use of
Showalter[[28], Prop. 7.8, Cap. II], we deduce from (3.23) and (3.24) that

B=08(¢oA) =d(@oN"o(-A)). (3.25)
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As the functional ¢ is convex and since N'* o (—A) is linear, then o A = poN* o
(—A) is convex. Now, observing that ¢ is continuous, from (3.25), according to
Barbu [[3], Theorem 2.1, Chap. II] we deduce that

d(poA) =B is maximal monotone. (3.26)
Since the identity I considered as a mapping from H} (Q) into (Hp (€)) is
bounded, continuous and monotone, the mapping
I+ B is maximal monotone, (3.27)
as well, see Barbu|[[3], Corollary 1.1, Chap. II].

Returning to (3.18), one has that —A+(I+B) : H} (Q) — (Hp, (€)' is onto.
Consequently as h = hy + Ahy € (H}, (), there exists v € H} () verifying the
equation given in (3.16). Then, from (3.14) and (3.15), we deduce that

u=v+hy € H}, (Q) + Hp (Q) C HE (Q),
and
—A(u+Ng(yv)) = hy —v € L*(Q) + H (Q) C L*(Q).

Having in mind that D(-A) = {w € H}, (Q); Aw € L*(Q)}, we have proved
that (u,v) € D(A), or, in other words, that the operator A defined in (3.11) and
(3. 12) is maximal monotone, as we desired to prove.

We observe that the operator defined by

F:HE (Q) x L*(Q) — Hp (Q) x L*(2)
(u,v) = F(u,v) = (0, [ulu)
is locally Lipschitz continuous.
To end this section it remains to prove that

D(A) is dense in Hf (€2) x L*(Q). (3.28)
Indeed, firstly we will prove that

D(—A) x H}(Q) € D(A). (3.29)

Let (u,v) € D(—A) x H}(Q) C D(A). Then,
u e HE (Q) N H(), g“ —0on Ty and v € HL(Q). (3.30)

v

Since g(0) = 0 and v € H}(Q) we conclude that g(yov) = 0 on I'y, and therefore,
N(g(yov)) =0 as a function of Hf (). (3.31)

So, from (3.30) and (3.31) we conclude (3.29). From this result and noting that
D(—A) is dense in Hf, (€2) and Hg(€2) is dense in L*(€), we have proved (3.28).

The equation
dUu U
AU =F
dt + AU < Uy )
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represents a locally Lipschitz perturbation of an evolution equation with a max-
imal monotone generator. Hence, according to Chueshov, Eller and Lasiecka [[5],
Theorem 7.2], for (u’,u') € D(A) there exists a unique regular solution

() € L0, 6, Hp () 0 HA(Q) x [L(0,8, HE, (Q)) 1 WH2(0,1, L2(Q)]

for t € (0, tmazx). Furthermore, since D(A) is dense in Hf (Q2)x L*(), for (u°,u') €
‘H we obtain a unique generalized solution

(u, us) € C([0, tmaz), H).
In both cases, tmqz (< 4+00) depends on ||(u®, ul)||. Moreover,

if tmap <+oo then  lim |[(u(t), us(t)|ln = +oo. O

4. Uniform Decay

In this section we prove decay rate estimates for regular solutions of (1.1) and,
assuming standard density arguments, we can also extend our results to weak
solutions.

Lemma 4.1. Assume that h(z) =z — 2°, 2° € R™ satisfies h-v <0 on Ty and let
u be the regular solution to problem (1.1) defined in Theorem 2.1. Then,

T—o
[ @B+ [vut|3a:

<C [HutH%w(O,T;H(Q)) + HVUH%OO(O,T;L2(Q))]

2
H%%/(mem>@+/ﬁmmml
1 31/ Q

+C/ u[P*2dQ + Cr0. [l 20,311 /248)(02)
Q

where the constants C,Cq g are independent of T; and 0 < p < 1/2, o > 0 are
arbitrarily small but fized.

Proof. Multiplying the equation uy — Au = |ulPu by 2(h - Vu) and (n — 1)u it
results that
Jo Jollue? + [Vul?da dt +2 [ [ ue(h - V) da] g + (n = 1) [ upnda]
— T f (hv)(ug)2dUdt — [ fu(h - v)| 322 de
+ [ Jolh - V)| VouPdl dt — (n— 1) [ [ J“udl dt
=(n-1) fOT Jo lulpt3de di + 2 fOT Jo lulPu(h - Vu)dz dt,

(4.1)

where V, u means the tangential gradient of .
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Taking into account that h-v < 0 on I'g and V,u = 0 on I'y, the above
identity yields

Jo Jolludl? + [Vul?ldz dt < Cxllul|p=(o.sz2()) + ColIVullF oo 0,122 (0))

+Cs [y fo luePdTdt + Cy [ [ 15220 dt + Cs [ i |Voul?dD dt

+Cs(e fo Jr, | S | dr dt—!—efo Jo IVuldz dt + Cr fo Jo lulP2dx dt

+Cs(e fo Jo lul?PtVda dt + €f0 Jo IVul|?d dt,

where ¢ is an arbitrary positive constant.
From the above inequality and considering e suitably small, we obtain

T

Jo Jollue® + | Vul?ldz dt < C{HutHL"O(O,T;H(Q)) +IVullZ e 07020
T T “ T

+Jo Jp, lwelPdUdt + [ [o [542d0 dt+ [ fn, [Voul?dD dt (4.2)
T w |2 T T

+ o Jo 1ou drdt+ [o fo lul"t2dedt + [ [ \u|2(/)+1)dxdt},

where C' is a positive constant.
On the other hand, observing Lasiecka and Triggiani [16] or Lasiecka and
Tataru [15] we have that for « > 0 and 0 < 8 < ; small enough, arbitrary, but

fixed, one has
T—a w2
S oy WoulPdUdt < Cos [ f, (5] + lwaf?) d=
+Crl|ull 20,11 7248 () + fQ |u|2(p+1) dQ} )

Considering in (4.2) the interval (o, T'— ) instead of (0,7") and applying the
last inequality we conclude the desired result. So, Lemma 4.1 is proved. O

Since uy — Au—|u|Pu = 0 we conclude, after multiplying by u; and integrating
over {2 that

1d 2 2 1 p+2 _
g a1+ VU@l + [ gtwuear— L Sl =
that is,
E'(t) = —/ g(ug)ug dl <0, t>0. (4.3)
I

Consequently E(t) is non-increasing. From the definition of E(t) given in (2.7) and
from (2.8), we get that

lus(®)1[3 + || Vu(®)]|3 < CE(t) < CE(0), t>0, (4.4)

where C' depends uniquely on p. Taking the essential supreme in (4.4) over [0, T,
it yields that

H“tH%oo(o,T;Lz(Q)) + Hvuﬂiw(o,:ﬁ;m(g)) < CE(0). (4.5)
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On the other hand, (4.3) implies that

/ / (up)ug dlds = E(0), > 0. (4.6)
1]
Replacing (4.6) in (4.5) with ¢ = T, we obtain

HutH%‘x’(O,T;L2(Q)) + HVUH%W(O,T;LQ(Q)) S O |: + fO fF ut Ut dF d8:|

< C[ET) + fy, (lg(u)l? + udf?) =]
(4.7)

From (4.7) and Lemma 4.1 we conclude that
T—a
S M@ + [ Vu(®)l3ldt < Cas [BT) + [y, (lg(uo)l? + uel?) o= .
+ Jo [uPetV dQ + f, ul?*2dQ| + Cra sllull 2o 7m0 e
Using again (4.4) and (4.6) with ¢t = T and « > 0 given before, we deduce

Jo Mwe@®) 113 + [[Va®3ldt + fr_, lue(®)]3 + [[Va@)|3dt
< CE(0)[(a=0) +(T = (T — a))] = 2aC E(0) (4.9)

< 2aC [E(T) + fy, (lgCuo) + ud]?) dz} .
Combining (4.8) and (4.9) it holds that
Jo W13 + [[Vu@|Bldt < Cayg [E(T) + Js, (l9(u)]? + uef?) d
+ fQ |u\2 7D dQ + fQ W’HQdQ} + CT,Oé,B|‘UHLQ(O,T;HU?‘*'B(Q))‘

We observe from Lions and Magenes [[21], Chapter 1, pag. 112, Theorem
16.3] that, for all £ > 0, the following inequality holds:

(4.10)

T T
O 5[] 20 g1 /200 ) < 267 / IVu(®)] 3t + 203, 5(c) / u(t) 3.

(4.11)
Replacing (4.11) in (4.10) with & > 0 sufficiently small, we obtain

Jo U (I3 + [[Vu@®|Bldt < Cas [E(T) + Js, (I9(u)? + uef?) d
+ Jo PO dQ + [, ul#+2dQ] + Cr s f lufPdQ
From the above inequality we conclude that
Jo U3 +11Vu@) = 2, llu@)1513)dt
< Co [B(D) + [y, (19l + w]?) 4=
+ fQ ‘u|2(p+1) dQ + fQ |u\p+2dQ] +Crap fQ |u/2dQ.

or, equivalently, we obtain the following result.
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Lemma 4.2. Under the same hypotheses as in Lemma 4.1 we obtain

/E dt<0[ (T) + / (lg(ue) 2 + |ue]?) 4
+C 2dQ+ [ [PtV dQ + | |utd ]
T/Qu|Q/Qu| Q/Qlu Q

Next, we are going to estimate the two last terms of the right hand side of
(4.12).
Estimate for I := fOT Jo, [ulpt? dadt.
Applying the interpolation inequality,

(4.12)

_ 1 a (1-a
e l—a. —
yllp < 1lylI3 1yl yoet a€[0,1] (4.13)
for LP spaces, with p = p+ 2 and o = 1/p 4 2, we obtain for all ¢ > 0
[u®llp+2 < [lu@)[[5/ 2 @]/, where g =2(p+1).

Then, considering p the imbedding constant of the immersion H%O Q) —
L2PHD(Q), we get

+1)
+2 I 2, ¢ 2(p+1)
@z <C7 o Ilu®llz + , NIVu@I",

foralle > 0 and C = (p+1) [2(p + 2)p~1E(0)]?. Considering inequality (2.8), and
integrating over (0,7"), we obtain

T T
L ga/ E(t) dt+C(a,E(O))/ lu(t)|2dt, for all & > 0. (4.14)
0 0

Estimate for I := 2f0 [Ju(t) ||§E218dt

2 ,if n > 3, we are going to consider a positive constant s in

Since 0 < p < 7,
order to have 0 < s < 2", —2(p+ 1) and the interpolation inequality (4.13) with
p=2(p+1)and ¢ =2(p+ 1) + s, verifying, for all t > 0,

lu(®)la(p+1y < @™ )5 ps1) 450 (4.15)

where 0 <a < lisgiven by a =1+ 1y 50,01y -

Observing the choice of s we have that 2(p + 1) + s < n2f2, which implies
that Hp (Q) — L2145 1f B is the imbedding constant of this immersion, we
obtain from (4.15)

u@IEED < flu(e) [0 @ ) gl 0] |7 ()| 20+, (4.16)

From Young’s inequality we have, for all € > 0 and k > 0, that

P W (e /k 11
ab < @ [=/k] where p,p’>1land +  =1.
p

= [e/kP/Pp p

/
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Applying the above inequality with a = Bza(”l)Hu(t)Hg(l_O‘)(pH), b =

[Vu@) 3 = e
(4.15), we obtain

and p’ = where « is given in

1
1-(1=a)(p+1)

2(p+1
a6 .
20(1—a)™ a 2a(p+1)|[1-(1—a n—t .
< P L )|+ g V(g0
ple/k] - (p+D)
. 2a(p+1 2 .
Since 1_(1_(2)(p)+1) =2+ 1_(1_(5)@4_1), it follows from (4.17) that
2(p+1)
[u(®)lI5553) < Cle EO)I[ut)| 3 +2E(2), (4.18)
where )
Fre=07 (1~ a)(p+ 1)
C({:‘,E(O)) = 1—(1=a)(p+1)
[E/k] (1—a)(p+1)
and
2 [2(p+2) 203 (1 (p )
k="" [ p E(O)] .
pp p
Integrating (4.18) over (0,T), we have
T T
I < 25/ E(t) dt+C(5,E(O))/ [u(t)||3dt, Ve > 0. (4.19)
0 0

Replacing (4.14) and (4.19) in (4.12) and considering ¢ > 0 sufficiently small we
conclude that

T
/0 E(t)dt < C(E(0)) [E(T) +/El(|g(ut)2 + |ug|*)dl dt—i—CT/Q u|2dxdt} .

(4.20)
The next result presents an inequality where the lower order terms on the
right hand side of (4.20) will be absorbed.

Lemma 4.3. Under the hypotheses of Theorem 2.1 and considering (u,u’) the so-
lution of (1.1)) with regular initial data {u®,u'}, we have

//\U|2dacdt<0 {//F dth+/ : |/ |2dth} (4.21)

where T > Ty and Ty is sufficiently large.

Proof. We will argue by contradiction. Let us suppose that (4.21) is not verified
and let {uy(0),u}(0)} be a sequence of initial data where the corresponding solu-
tions {ug}ren of () with Ej(0) uniformly bounded in k, verifies

fo Jo |ug|? dedt

fim (4.22)
koo [T [ g(ul)2dUdt + [T [ fuf2dTdt
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Consequently, there exists M > 0 such that Ex(t) < M, Vk e N, Vt > 0; since
E) is a non-increasing function.
Then, we obtain a subsequence, still denoted by {uy} which verifies

ur, — u weakly in H1(Q) and (4.23)
up — u weak star in L°°(0,T; Hf (),
u), — o’ weak star in L>°(0,T; L3(Q)) and (4.24)

u), — v’ weakly in L?(0,T; L*(T)).
Applying compactness results we deduce that
ug — w strongly in L?(0,T; L*(Q)) and (4.25)
ug — u strongly in L?(0, T; L*(T)).
In what follows we are going to use the ideas contained in Lasiecka and Tataru

[15], applied to our context. Let us assume that u # 0. According to (4.25) we
have that

|ug|Pur, — |ulfu ae. in Qx]0,T7.
We conclude by Lions’ Lemma that
lug|Pup — |ulPu weakly in L2(0,T; L*(Q)). (4.26)
The term fOT Jo [uk]? dzdt is bounded since Ey(t) < M; Vk € N, V¢ > 0 and

[luk(t)||3 < CEg(t), where C is a positive constant independent of k and t. Con-
sequently, from (4.22) the term

T T
/ / (g(uh))? dth+/ Wl [2dTdt — 0 as k — +oo.
0 Iy 0 Iy

Particularly, it comes that

g(u}.) — 0 strongly in L2(0,T; L*(T'y)). (4.27)
Using analogous arguments we obtain from (4.22) that
u), — 0 strongly in L?(0,T; L*(T';)). (4.28)
Passing to the limit in the equation, when k — +o00, we get for u,
uge — Au = |u|Pu in Qx]0, T (4.29)
Ou=0,u = 0 onTix]0,T]
u = 0 onlyx]0,T];
and for u; = v,
v —Av = (p+Dulfv in Qx]0,T][
dv=0,v = 0 onIy1x]0,T]
v = 0 onTyx]0,T7].
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We observe that (p+ 1)[ul” € L>(0,T; L™(Q)), since u € L>(0,T’; Hf, ().
Then, using the results of [15] (based on Ruiz arguments [25]) adapted to our case,
we conclude that v = 0, that is u; = 0, for T suitably big.

Returning to (4.29) we obtain the following elliptic equation for u

—Au = |ul/fu in Q
u=0 only
d,u=0 onl}y.

Multiplying by u the above equation, we have a contradiction from the defi-
nition of J given in (2.3).
Let us assume that u = 0. Defining

1/2

T
1
cL = [/ / ug |2 dxdt] and up = uyg, (4.30)
0o Jo Ck
we obtain,

T T ‘uk‘|2 1 T
/0 /Q|Uk|2 dzdt :/0 L2 e /0 /Q|uk|2 drdt = 1. (4.31)
i i

Besides, from (2.7) we deduce that

: C(p)Ex(t), where C(p) = p+2

Ey(t) <
i p

> 1. (4.32)

Also,
1
2

Ei(t) >
k()_ck

C(p) ™ Ex(t). (4.33)

In addition, as u = 0, we have that ¢, — 0 as k — +oo.
On the other hand, integrating (4.3) over [0, 7], we obtain

/ BE(t)dt > E(0)T — T/ / W) drdt. (4.34)
I
From (4.34) and (4.20) we conclude

TE(T) < TE©) < C(EO) {f; [, lg@)[>drdt + [ [ u'[>arat
+E(T) + fy fQ \u|2dacdt}+Tf0 S, g /| dTdt,

which implies for T" sufficiently large that

E(t) < Cr(E {/ lg(u |2drdt+/ |’ Pdrdt+/ /|u2dxdt}
Fl I‘1

(4.35)
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Applying inequality (4.35) to the solution uy and dividing both sides by
fOT Jo luk|? dzdt, we have, for every ¢ € [0, T,

Ey(t) Js Jo, la(ui)l? dTdt + [ [y, [ drdt
T <C(T) ! T ! +1
o Jo luxl? dadt Jo Jq lul? dzdt
(4.36)
From (4.22) we deduce that
Jo Jr, o) P drdt + [y fi i P drde

(4.37)

k—+4o0 foT Sy lug|? daedt

and, consequently, there exists M > 0 such that
IVur(@)|13 + [Jui, (][5 < 2C(p)C(T)(M + 1), (4.38)

for all t € [0,T] and k € N.
Then, in particular, for a subsequence {uy}, we obtain

up — u  weak star in L>(0,T; Hf,(2)), (4.39)
uf, —u'  weak star in L>(0,T; L*()), (4.40)
up — u strongly in L?(0,T; L*(Q)). (4.41)

In addition, u satisfies the equation

uy — Aup = |ug|Pur  in 2x]0, T (4.42)
ug, = 0 onTIyx]0,T]
dyuy +cptg(ul) = 0 onTyx]0,T].
From (4.37) we obtain
9(u) T2 )
— 0 in L°(0,T;L*(T"1)) as k — +o0. (4.43)

Ck

According to the fact that the function F(s) = |s|? is continuous in R and M, =
Sup|, < [F(7)] is well defined, we obtain

T
2 2 2 2 2p+2
| sl dsd < 32l + e sl 522 o

From (4.38) {uy} is bounded in L>(0,T; H{ (€)) — L*(0,T; L***2(Q)) and,
consequently, there exists A > 0 such that

T
/ / |Jug|Pug|® dedt < A {Mf + ci”] .
0o Ja
Then, taking e — 0 and £ — +o0o we conclude that

lug|Pur, — 0 in L*(0,T;L*(Q)) as k — +o0. (4.44)
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Passing to the limit in (4.42) as k — 400, taking (4.43) and (4.44) into
account, and considering v = u’ we deduce

V" —Av = 0 in Qx]0,T|
v = 0 onTx]0,T]
v = 0 onIyx]0,T].

Applying standard uniqueness results ( see Ruiz [25]) it comes that v = v’ =
0. Then, we obtain

Au=0 1in
u=0 only
O,u=0 onljy.

Multiplying the above equation by u, we obtain a contradiction. So, Lemma
4.3 is proved. O

Combining (4.20) with Lemma 4.3 we obtain the following result.

Lemma 4.4. For a suitably large T > 0, the regular solutions of problem (1.1)
verifies

E(T) < O(T, E(0)) / (lg(usl? + [ue[?) a5, (4.45)

P

where E(t) is the energy associated to problem (1.1).

Proof. From (4.20) and (4.21) we conclude that

T B(T) < C(E(0)) [E<T>+OT [ gl + 1) as]

3
Then,
[T — C(E(0)]E(T) < C(T’E(O))/ (lg(ue|* + ue]?) dx
P
and for T' > 0 big enough we get the desired result. O

From the above lemma we complete the proof of Theorem 2.1 following the
same steps contained in the work of Lasiecka and Tataru [15].
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Multiscale Asymptotic Behavior of
a Solution of the Heat Equation on R”

Thierry Cazenave, Flavio Dickstein and Fred B. Weissler

Abstract. In this paper, we construct solutions e*“u of the heat equation
on RY, where u € C’O(RN)7 which have nontrivial asymptotic properties on
different time scales. More precisely, for all 0 < ¢ < N, we consider the set
w?(u) of limit points in Co(RYN) as t — oo of t2e'“u(z\/t). In particular
we show that, given an arbitrary countable set S C (0, N), there exists u €
Co(R™) such that w(u) = Co(R") whenever o € S.

Mathematics Subject Classification (2000). 35K05, 35B40.
Keywords. Heat equation, asymptotic behavior, decay rate.

1. Introduction

The purpose of this paper is to investigate the long-time asymptotic behavior of
et®u, where u € Co(RY) and (e2);>¢ is the heat semigroup. It is a continuation
of our previous article [1], where we consider initial values u such that

[ |7u(-) € L2 (RY), (1.1)
for a fixed 0 < o < N. Since (1.1) implies sup, 2 ||e!®ul|L= < oo, it is natural
to study the long-time asymptotic behavior of e!®u after a rescaling, i.e. we study

the set of limit points of ¢2e*®u(x/t) as t — co. This notion is formalized by
defining, for u € Co(R™) and 0 < 0 < N,

W (u) = {f € Co(RY); 3t, — 00 8.t. DY, e"Pu — fin LXRY)},  (1.2)
where the dilation DY is given by
DSu(x) = ANu(Ax). (1.3)

In [1], for initial values satisfying (1.1), we characterize w’(u) in terms of the
asymptotic structure of v under the group (Df)a>o. (See section 2 below for a
summary of some of the results from [1].) Our present goal is to study u € Cp(RY)
for which w?(u) is nontrivial for more than one value of o. This requires that,
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unlike in [1], we specifically do not impose the condition (1.1) in order to define
w7 (u). Indeed, if u € Co(RY) satisfies (1.1), then wH(u) = {0} for all 0 < p < 0.
Thus u cannot satisfy the condition (1.1) for both 0 = 01 and o = o9 if W' (u)
and w?2(u) are both nontrivial. Clearly, then, we need to study w?(u) without
assuming the condition (1.1).

Our long term goal is to characterize for arbitrary u € Co(RY) the collection
of sets w?(u) for all 0 < ¢ < N in terms of spatial asymptotic properties of w.
Unfortunately, at the current stage of our research, we have not obtained general
results of this nature. On the other hand, we have been able to construct specific
examples of u € Co(RY) for which the collection of sets w”(u) has a surprising
structure. In this paper, we present two closely related examples of this type.
See [2] and [3] for two other examples.

Theorem 1.1. Fiz 0 < o < N. For any sequence (fim)m>0 C (0, N), there exists a
function u with the following properties.

(i) u € Co(RY)NC>®RYN) and |- |u € L=(RY).

(if) wh(u) = {0} for all 0 < p < o. (This property is vacuous if o = 0.)

(iii) wHm (u) = Co(RN) for every m > 0.

Theorem 1.2. Fiz M > 0 and 0 < o < N. For any sequence (ftm)m>0 C (0, N),
there exists a function u with the following properties.

(i) u € Co(RY)NC>®RYN) and |u(z)| < M|z|~° for all z € RV.

(i) wh(u) = {0}f0rallO<,u<a

(iii) w7 (u) = e*{v € L, (RY); ||| |7v]| = < M}

(iv) whm(u) = Co(RN) for every m > 0.

In order to describe the construction used in the proofs of Theorems 1.1
and 1.2, we first observe that for 0 < o < N,

w7 (u) = Y >t{D etAul, (1.4)

where the closure in (1.4) is in the L norm. In particular, w?(u) is a (possibly
empty) closed subset of Co(RY). Thus, to show that w(u) = Co(RY) for a given
value of o, it suffices to prove that w?(u) contains a dense subset of Co(R™). Fur-
thermore, since Di’/tetA = eADi’/t (which can be verified by an easy calculation),
it follows that

w7 (u) = {f € Co(RN); I\, — 0 s.t. eADinunjO;f in L>°(RM)}. (1.5)
This suggests that the conclusions of Theorem 1.1 or 1.2 can be achieved by
constructing u for which the set of possible limits of Df{:‘u along sequences \,, — 00
is sufficiently large. We are thus led to define, for 0 < 0 < N and u € Co(RY),

Q% (u) = {z € LL(RY); I\, — 00 s.t. DS u — z in D'(RY \ {0})}. (1.6)
The basic idea of the proofs of Theorems 1.1 and 1.2 is to let u be an infinite

sum of functions whose supports are disjoint spherical shells around the origin
increasingly far away. These functions are rescaled versions of functions z; which
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we explicitly exhibit as limits in (1.6). Since the zj constitute a countable set, a
density argument is then needed.

The functions used to prove Theorems 1.1 and 1.2, while clearly not the same,
are closely related. It turns out to be convenient to define two auxiliary functions
U and V such that in Theorem 1.1 v = U and in Theorem 1.2 u = M (U + V).

As mentioned above, in the papers [2] and [3], we also construct functions
u € Co(RY) for which the sets w? (u) have a prescribed structure similar to that in
Theorems 1.1 and 1.2. On the other hand, the constructions in those papers differ
fundamentally from the current paper. More precisely, in [2] and [3], we construct
u such that the limits of Dﬁn (u) are distributions supported at the origin rather
than functions on RY.

The paper is organized as follows. In the next section, we recall some of
the results from [1] which are essential to the proofs of Theorems 1.1 and 1.2.
In Section 3, we define the auxiliary functions U and V. In Section 4, we study
the action of the dilations D on the functions U and V and prove Theorems 1.1
and 1.2.

2. Basic facts about w’(u) and Q7 (u)

In this section, we recall the results from [1] which we use in the proofs of Theo-
rems 1.1 and 1.2. The rest of this paper is self-contained, i.e. no further reference
to [1] is made.

Lemma 2.1. Let 0 < o0 < N and let (uy)n>0 C L, (RY) satisfy

sup ||| - [7un||pe < o0. (2.1)
n>0

If up, — u in D'(RN \ {0}) for some u € LL _(RYN), then |- |u € L>®(RY) and
- 17ull Lo < limsup, o [+ |7tn|[L~.

Proof. Since u,, — uin D'(RY \ {0}), we deduce that |- |"u,, — |-|7u in the sense
of D'(RY \ {0}). The result follows from the weak* compactness of the unit closed
ball of L>(RY). O

Proposition 2.2. Let0 < o < N and let (up)n>0 C Co(RY) satisfy (2.1). If up, — u
in D' (RN \ {0}) for some u € L, (RN), then |- |7u € L®(RY) and e®u, — ePu
m Co(RN)

Proof. Tt follows from Lemma 2.1 that |- [“u € L°°(RY). The result is then an
application of Propositions 2.1 (i) and 3.8 (i) in [1]. O

Proposition 2.3. Let 0 < 0 < N, let u € Co(RY) be such that |- |u € L=(RYN),
and let Q% (u) be defined by (1.6).
(i) If z € Q7 (u), then ||[-|72]|p <[] -|7u] L.
(ii) If (zn)n>0 C Q°(u) and z, — z in D'(RN \ {0}) for some z € L} (RY),
then z € Q7 (u).
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(iii) w?(u) = e2Q%(u), where w’(u) is defined by (1.4).
)

Proof. Since ||| - |7DSullpe = ||| - |7ul||ze, property (i) follows from Lemma 2.1.
Next, we deduce from property (i) and Proposition 2.1 (i) in [1] that Q7 (u) defined
by (1.6) coincides with 27 (u) defined by formula (2.5) in [1]. Property (ii) is then a
consequence of the closedness of Q7 (u) (see Remark 2.4 (iii) and Proposition 2.1 (i)
in [1]); and property (iii) follows from Theorem 1.1 in [1]. O

3. The auxiliary functions U and V

In this section we construct two auxiliary functions U and V' which will be used in
the definitions of the functions described in Theorems 1.1 and 1.2. The notation
we establish below will also be used in the next section.

Let the sequence (¢y,)n>0 C C°(RY) be weak* dense in the closed unit ball
of L>=(RY). (Recall that the closed unit ball of L>(R¥) with the weak* topology
is compact and metrizable.) In particular,

[énllpe= <1. (3.1)

Let (¥n)n>0 C C°(RY) be a weak* sequentially dense sequence in L>°(RY) (i.e.,
for each f € L% (RY) there exists a sequence ny such that 1, — f weak*).
Without loss of generality, we may assume that

[¥nllLe < n. (3.2)
Let the sequence (ay),>1 be defined by induction by
a1 =1, apy1 =e", (3.3)
for all n > 1. It follows easily that
ap, >N, Gpy1 > ap, (3.4)

for all n > 1. We deduce in particular that

Apy1 — Qp > 2, (3.5)
for all n > 2. Next, let (pn)n>1 C C(RY) satisfy

supp pn, C {agn+1 < |z] < agni2},
pn(z) =1 on {agnt1 +1 < |z] < agnsz — 1},
for all n > 1. (Note that (3.8) is possible by (3.5).) Fix
0<o<N. (3.9)

Consider a sequence (fm)m>0 as in Theorem 1.1 or 1.2. Clearly, it suffices to
prove Theorem 1.1 (or Theorem 1.2) for a sequence (i), )m>0 which includes every
element of the sequence (fiy,)m>0. Thus we may assume that the sequence

(:u’m)mZO C (07 N)7 (310)
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is dense in (o, N) and we may re-order and repeat elements of the sequence i, if

necessary. In particular, we may assume without loss of generality that

1
m_UZ )
: vVm 42
for all m > 0.

(3.11)

Next, we observe that any integer p > 0 can be uniquely written in the form

p=Ll+1)/24+m with 0<m </

We define the functions [,m : NU {0} — NU {0} by

I(p) =¢, wm(p)=m with ¢ and m given by (3.12).
Also, we define the function p : (NU{0})? — NU {0} by

pim,0) =Ll +1)/24+m,

so that

(p(m,0)) =€, wm(p(m,f))=m forall 0<m</,
by (3.13)-(3.14). We now set

Brn = /G2n+102n+2

for all n > 1 and

) P22

Y x
O () = |2[77 Pr(m(r)) (ﬁ2k+1)p2k+1($),

or(r) = \x\f’i‘"(‘"(’“”%(m(k))(

for all k£ > 1.

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Lemma 3.1. Assume (3.9) and (3.11). If (pr)k>1 and (0x)k>1 are given by (3.17)

and (3.18), then the following properties hold.
(i) o, 0k € CE(RY).

(i) supp ¢ C {aap+1 < |z] < aggs2}, supp b C {aar+3 < |z| < agptalt-
(i) ] 17kl < age®, || 70kl < 1.

. —_ k —

(1) lloelle < aie’™, [Bell < ails

Proof. (i) and (ii) are immediate. To prove (iii), we note that on supp ¢y,

— B 1 4k
o — i _(le(m(k))_a') Vm(m(k))+2 T V42 VE+2 —2vVk
|1'| |x| m(m(k)) S a4k+1 S a4k+1 S a S a4k S a4k ,

4k+1
by (ii), (3.11) and (3.4); and so,

- 17kllz= < ag2*im(k)) < ka;2Y* < ag’™,

where we used (3.2), (3.4) and (3.6). This proves the first statement in (iii). The
second statement in (iii) is an immediate consequence of (3.1) and (3.6). Finally,

property (iv) follows from (ii) and (iii).

O
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Lemma 3.2. Assume (3.9) and (3.11). If

U=> or V=) 0, (3.19)
k=1 k=1

then the following properties hold.
(i) U,V € C=(RN).
(ii) suppU Nsupp V = 0.
(iii) |-]°U € Co(RN) and ||| - |°U]| =~ < 1.
(iv) |- |7V € L=®RN) and ||| - |°V |~ < 1.

Proof. By property (ii) of Lemma 3.1, the ¢x’s and 6’s have disjoint supports.
In particular, the definition (3.19) makes sense and properties (i) and (ii) are
immediate. Properties (iii) and (iv) follow from property (iii) of Lemma 3.1. [

4. Proof of Theorems 1.1 and 1.2

In this section we prove Theorems 1.1 and 1.2. First, however, we need several
lemmas concerning the action of dilations on the functions U and V' defined in the
previous section.

Lemma 4.1. Let ()\;);>1 be a sequence such that

J—00
Let n'(j),n"(j) € N satisfy
Aan'()+3 S Aj < Qanr (), (4.2)

for all sufficiently large j and set
U= > e+ >, ox=Uj+Uj.
k<n/(5) k>n' (5)

It follows that
e D, sl — 0, (4.3)

for every 0 < u < N.

Proof. By Lemma, 3.1, UJ’. is supported in {1 < |z| < @y (j)42} and HUJ’.HLOO <1.
Thus
_(N— _(N—
D% Ul = A5 U7 < 00 el ), — 0, (4.4)

Jj—o0

by (4.1), (4.2) and (3.4). Next, it follows from Lemma 3.1 that

1D UY e = MUYl < N a9 — 0, (4.5)

a .
4n'’(4) j—o0

by (4.1), (4.2) and (3.4). The estimate (4.3) follows from (4.4)—(4.5). O
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Lemma 4.2. Let 0 < 0 < N and suppose (X\;);>1 satisfies (4.1). Let m/(j), m"(j) €
N satisfy

At ()45 < Aj < Qamr ()42 (4.6)
for all sufficiently large j and set
Vi= D Gt D b=V
k<m/(j) k>m"(j)
It follows that
€204 Villze — 0, @)
for every 0 < u < N.

Proof. By Lemma 3.1, V/ is supported in {1 < [z| < agp(j)1a} and [[V]|[Le < 1.
Thus

_(N— _(N—
105, Vil =25 1Vl < O Pl =2 00 (48)
by (4.1), (4.6) and (3.4). Next, it follows from Lemma 3.1 that
||D§] ‘/j//HLOO = )\;HX/J/HLOO S C)\?azni//(j)+3 j—>_o>o 0, (49)
by (4.1), (4.6) and (3.4). The estimate (4.7) follows from (4.8)-(4.9). O

Fix 0 < m < ¢ and set
k) = plptm.0).5) =Y 7V 4 pm.0), (4.10)
for all j > 0. Note that if j > p(m, £), then
(m(k(5)) = Up(m, 0) = £, m(m(k()))) = m(p(m,{)) = m, (4.11)
by (3.13) and (3.15).
Lemma 4.3. Fiz 0 <m </ and let k(j) be defined by (4.10). If
Aj = Bak(j)s (4.12)
with By, given by (3.16), then
eADLMU — (] [T mae), (4.13)

in Co(RY), where U is defined by (3.19).
Proof. Tt follows from (4.11) and (3.17) that for j > p(m, £),

_ X
i) (2) = || me<ﬂzk< ) )p%(”(x);
J

and so,
Dy i) (@) = [z e(@) par(y) (A 2).- (4.14)
In particular, we see that

sup ||| - [ DA™ pr I < [[¥el| Lo < o0 (4.15)
j=p(m,f)
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Moreover, it follows from (4.14) and (3.8) that
D pu () = fal (),

on
Aar(j)+1 +1 2] Aag(j)+2 — 1
Bariiy  — T P
Since
Aak(j)+1 +1 o GakG)t2 1 e
Bong) — d—oe Borgy — d—oe

by (3.4), we see that Di™ oy — | - |74 in D'(RV \ {0}). We deduce from
Proposition 2.2 and formula (4.15) that

(|- |7 ahe),

A m
e= DA™ i(j)

'—)
J—00
in Co(RY). Property (4.13) now follows from Lemma 4.1 applied with 1 = p,,
n'(j) = k(j) — L and n”(j) = k(j) + 1. 0

Lemma 4.4. Fiz 0 < m < /{ and let k(j) be defined by (4.10). If 0 > 0 and
Aj = Bak(j)+1s
with B, given by (3.16), then
ngvjj0>0| |77, (4.16)
in D'(RN \ {0}), where V is defined by (3.19).
Proof. Tt follows from (4.11) and (3.18) that for j > p(m, (),

e T
Qk(j)(l') = ‘x‘ ¢£<52k(j)+1 )pgk(j)+1 (Z‘),

and so,
nggk(j)(x) = ‘x‘fa(;%(x)p%(j”l ()\jx),
Using (3.8), we deduce that

DS, 0k(i) () = [x]77 e (),

and
DS 0,(x) =0, i#k(j),
on
an(i)+s H1 2] < Aak(j)+4 — 1. (4.17)
Bory+1 — T B+

Therefore, DY V(x) = |z|~7¢¢(x) on the set (4.17). The result follows, since

Aak(j)+3 +1 o GakG)t T 1 e
= N
by (3.4). O
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Proof of Theorem 1.1. We let w = U, where U is defined by (3.19).

(i) This is an immediate consequence of Lemma 3.2.

(i) By Lemma 3.2 (iii), | - [fu € Co(RY) if 0 < pu < o. It follows that
O (u) = {0}, where Q#(u) is defined by (1.6). Therefore, w*(u) = {0} by Propo-
sition 2.3 (iif).

(iii) Given any 0 < m < ¢, we deduce from Lemma 4.3 that e®(|-|7#m1),) €
whm (u). Since whm (u) is a closed subset of Co(RY), property (iii) follows from
Lemma 4.5 below. |

Lemma 4.5. Let 0 < u < N and ng € N. It follows that the set E = e® Upsp,{| -
| ~Habg} is dense in Co(RY).

Proof. We claim that

eAS(RY) C E, (4.18)
where the closure is in Co(RY). To see this, consider f € S(RY) and let g =
|- |#f € L=(RY). By the choice of the 1, there exists a sequence nj such that
Pp, — g in L®(RY) weak*. In particular, v,, — ¢ in D'(RV\ {0}), so that
[, = |- [T = f in D'(RY \{0}). Since supyo ||| - [#(| - |74, )| L= =
SUPy>g ||¥n, | L= < 00, it follows from Proposition 2.2 that e®(| - | " 4y, ) — e f
in CO_(RN ). Thus e f € E, which proves the claim (4.18). The lemma follows since
eAS(RY) is dense in Co(RY). (This last property is clear since 6*4”2|5|28(RN) is
dense in S(RY); and so by applying the Fourier transform, e2S(RY) is dense in
S(RYM) and therefore in Co(RY).) O

Proof of Theorem 1.2. Fix 0 < 0 < N and M > 0. We let u = M (U + V'), where
U and V are defined by (3.19).

(i) This is an immediate consequence of Lemma 3.2.

(ii) By Lemma 3.2 (iii) and (iv), | - [*u € Co(RY) if 0 < p < o. It follows
that Q#(u) = {0}, where Q*(u) is defined by (1.6). Therefore, w*(u) = {0} by
Proposition 2.3 (iii).

(iii) Since |- |°U € Cp(RY) by Lemma 3.2 (iii), we see that D{U — 0 in
D'(RY \ {0}) as A — oco. Therefore,

Q7(w) = MO(V) > U {M]-|n},

where the last inclusion follows from Lemma 4.4. We deduce from Lemma 4.6
below that Q7 (u) = {v € LL (RY); |||-|7v||L= < M}, and the result follows from
Proposition 2.3 (iii).

(iv) Given any 0 < m </, let the sequence (\;);>0 be defined by (4.12). It
follows from Lemma 4.3 that eADf\L;”U — e2(] - |T*mahy) in Co(RY). In addition,
it follows from Lemma 4.2 (applied with m/(j) = k(j) — 1 and m” (j) = k(j)) that
eADQZ”V — 0 in Cp(RY). Thus Me?(| - |#m1by) € whn(u). Property (iv) now
follows from Lemma 4.5. |
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Lemma 4.6. Let0 < o < N and set F = {v € L] (RY); |||-|°v||z~ < 1}. Consider
u € Co(RN)NF and let Q°(u) be defined by (1.6). If

07(w) > U (117 om),
then Q%(u) = F.

Proof. Let E = Up>0{|*|"7¢m}. It follows from Proposition 2.3 (i) that Q7 (u) C
F. To see the reverse inclusion, consider z € F and let w = |-|7z so that ||w| g~ < 1.
By the choice of the ¢, there exists a sequence ny such that ¢,, — w weak* in
L (RY). In particular, ¢,,, — w in D'(RY \ {0}), so that |-|=7¢,, — || "w =2
in D'(RY \ {0}). Proposition 2.3 (ii) now implies that z € Q7 (u). O
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Positive Solutions for a Class of Nonlocal
Elliptic Problems

F.J.S.A. Corréa and S.D.B. Menezes

Dedicated to Prof. Djairo G. de Figueiredo on occasion of his 7T0t" birthday.

1. Introduction

During the past several decades, many authors have studied some physical phe-
nomena formulated in nonlocal mathematical models derived from applications
such as mathematical biology, chemical reactions and nonlinear vibrations, among
others. See, for example, [1, 3, 4, 5] and the references therein, for more details on
motivation for studying nonlocal problems.

In this work we study the elliptic nonlocal problem

—Au = a(z,u)llullf in Q
u > 0 in (1.1)
u = 0 on 0,

where Q C RY is a bounded smooth domain, a € C(2xR), whose properties will be
timely introduced, 1 < ¢ < oo and p > 0. The solutions u of this problem represent
steady-state solutions of the degenerate parabolic equation with a nonlocal source:

ug = f(u)(Au+allulh) in  Qx(0,00),
u(z,t) = 0 on 90 x (0,00), (1.2)
u(z,0) = wo(x),

where a is a positive real constant and Q ¢ R¥ is a bounded smooth domain. We
remark that ||ul|, is the usual L9-norm in .

Such a problem has been studied by Chen [6], Deng-Duan-Xie [9] and Deng-
Li-Xie [10] and others, always supposing that a is a constant and by considering
functions f € C([0,00)) N C*((0,00)), with f > 0 and f’ > 0 on (0, 00) and so the
search of its stationary solutions leads naturally to the study of (1.1). In particular,
the authors in Chen [6], Deng-Duan-Xie [9] and Deng-Li-Xie [10] show that p = 1
is the blow-up critical exponent of the evolution problem (1.2). That is to say, if
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p < 1, the solutions are global for all initial data while if p > 1, the solutions blow
up for sufficiently large initial data.

Our goal in this paper is to prove existence results for positive solutions of
problem (1.1) in cases 0 < p<lorp>1land 1<gqg< fivz (N>3),1<¢g<
oo (N = 2), and ¢ = oo in case N = 1. Another situation, when p = ¢ = 1,
leads to a linear eigenvalue problem which will not be studied here because the
techniques are quite similar to those used in the local case. We have to point
out that we permit that a depends on x € € and on u € R which is a rather
general assumption, at least in the stationary case, than those considered by the
aforementioned authors.

This work is organized as follows:

e In section 2 we use a Galerkin method to show existence of a solution for
problem (1.1) when 0 < p <1, 1 <g< 1\2[1112 (N>3)and 1 <g< oo (N =
1,2), among other assumptions on the behavior of a(z,t).

e In section 3 we use the method of sub- and supersolution to show the existence
of a solution of (1.1) when a = a(t) is a nondecreasing function.

e In section 4 we use a result on fixed points in a cone in order to show existence
of solution in cases N > 1, 0 < p # 1, ¢ = oo or ¢ large enough.

To conclude this introduction we have to point out that problem (1.1) has
no variational structure and in view of this we had to seek other techniques. In
the present case we believe that the Galerkin method and the fixed point results
in cones are more appropriate to study problem (1.1).

2. First Existence Result: The Galerkin Method

In this section we will prove the following result by using the Galerkin method
because, as remarked above, problem (1.1) has no variational structure and, besides
of this, we do not need a-priori bounds for solutions of (1.1).

Theorem 2.1. Problem (1.1) possesses a solution provide either (a) or (b) below is
satisfied.

(@) 0<p<l 1<g< g%(n=3), ¢>B+1 B+p<1, 0<ao(r) < a(z,u) <
A(z)ul|? + B(z), 0 # ap € L*(Q)(s > N), 0< B e L1 (Q),0 < A e L1
and q1 = ﬂj_l.

(b) 0<p<1l,1<g<oo, N=1,2.

Proof. Before attacking problem (1.1) let us focus our attention on problem

—Au = a(z,u)ullf + X in  Q,
u > 0 in (2.1)
u = 0 on 0%,

where 0 < A < 1 is a fixed parameter and ¢ > 0 is a given function in C3(Q).
In order to use the Galerkin Method let us consider the orthonormal Hilbertian
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basis B = {1, ¢2,...} in H}(2) and the finite dimensional vector space V,, =
span{@i,...,om}. So, if u € V,,, there exists € = (&1,...,&n) € R™ such that

m
u = Z&'%‘
j=1

and we have an isometric linear isomorphism

V), «— R™
u — &

with [|ul|? = [, [Vul* = [£]> =< & & > where < -, > is the usual Euclidian inner
product in R™ and | - | its corresponding norm. Our approach is motivated by
that performed by Alves-Figueiredo [2] which relies heavily on the following result
whose proof may be found in Lions [12] and is a consequence of Brouwer’s Fixed
Point Theorem.

Proposition 2.1. Let F' : R™ — R™ be a continuous function such that < F(§),& >
>0 on |[§| = r, for some positive r > 0. Then, there exists & € B, (0) such that
F(&) =0.

In view of the above isomorphism we make, with no additional comment, the
identification u < £ as above.
Let

F:R™ +«— R™
£ — F() =), Fnld),
where

Fi(¢) = /Vuw - ||u||g/a<x,u>soi —A/Wi, i—l...m

where [ stands for the integral on all over ©, unless we state the contrary. Thus,
in view of the orthonormality of B, one has

Fi() =& — ||u||§/a(x,u)<pi - A/qs%-, i=1,....m.
and so
< F(©. >= lull = Jully [ ate.wyu - [ ou
We now begin to distinguish the several possibilities related to the values of p and
q.
Case (a). 1 < g < ]317\72’ N>3, B+1<q,0<A<landl0<p<]1

Because a(z,u) < A(z)u|? + B(z) one has

Jatwwus [awwl < [A@u*+ [ Bald
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where j + ;= LHj(Q) C L7(Q), (B +1) =¢q, 1 < a1 < ¢ < gV, in case

N >3, and [ ¢u < C||¢2]|ul|. Since

, 1/q} 1/q1
[ @i < ( / A‘h) ( / u|<ﬁ+1>%) = [ Ally Jul8+
d

/ B(a)u < / B(@)lul < By llull,

an

we have
< F(),6>> |ull® = Cl|Allg [[ul P+ = CIBllg ullP* = Cligll2l|ul-

In view of 0 < p < 1 and p + 3 < 1 there is a sufficiently large > 0, r does not
depend on m, such that

<F(),6>> 0, if|¢]=r
By virtue of this there exists (£(™) € R™ «— u,, € V), [€0)] = |jun| < r
satisfying

/Vungoi = ||um||§/a(x,um(x))g0i + )\/qﬁcpi, i=1,...,m. (2.2)

We have to point out that such an approximating solution u,, depends on A,
too. From (2.2),

/VumV<p = ||um||§/a(x,um(x))<p + A/¢<p, for all p € V,,. (2.3)
Let us fix k <m,V, C V,,. For a fixed ¢ € Vi, we may take m — oo in equation

(2.3) and so, in view of the boundedness of (||um]]),

Um  — u  in HYQ),

Uy  — U inL9(Q), 1<qg< J\z,ivz
um(z) — wu(z) a.e inf,
lumlle — llullg-

Thus
/Vquo = ||u||g/a(x,u(x))<p + /\/qbgp, for all p € V. (2.4)

Since k is arbitrary,
/Vquo = ||u||§/a(x,u(x))g0 + A/q&gm for all p € Hy (). (2.5)

As we pointed out before u = u) and so

—Auy a(z,ux(@))Jurllh + A¢  in Q (2.6)
uy = 0 on Of2.

Since A > 0 and ¢ > 0 in 2 one has

—AUA
Ux

a(z,ux(@))llually  in €Q,
0 on Of).

v
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In view of the maximum principle uy > 0 in € and so [Jux|[f > 0 which yields

“A(jy) 2 w@ W
”;3”5 =0 on ON.

Let w be the only positive solution of

{—Aw = ao(x) in Q

w = 0 on Of.
Because

—A( “*;;) > —Aw in Q

lluxllg ’

HJAAHQ =w = 0 on 0N,
and thanks to the maximum principle

U
A p = win

[[uxllg

which implies
[uallg > [lwllg™? > 0, for all A € (0,1).

Since 0 < p < 1 one has that [Juxl|, is bounded from below by ||w]|3~? which is a
constant that does not depend on A € (0, 1).
Take A=1/n, n=1,2,... and set u: = u, to obtain

/Vuanp = Hun”g/a(x,un(x))ap + i /¢<p, for all p € Hy(Q). (2.7)

For ¢ = uy,
1
|t ||? = Huanl’/a(aﬁ,un) + /qﬁum foralln =1,2,...
n

4
[unll* < Cllun|P** + Clil2llunll, for all n € N

and so (]luy]|) is a bounded sequence. Reasoning as before
Up — win Hy(Q), u, — uin L9(Q)

which yields
/Vquo = ||u||§/a(x,u(x))g0, for all p € Hy (D).

Since [Junllq > [Jw][;™" we have |lullq > [Jw]|;™ > 0 and so we get a nontrivial

solution of problem (1.1).

The case (b) is proved analogously and in view of this we will omit its proof. O
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Remark 2.1. If p = 1 the only solution of problem (1.1) is the trivial one, provided
a is sufficiently small. Indeed, let u be a solution of (1.1). So

1
/IWI2 = IIUIIq/a(x)u < lalloo[[ullg€2]« flullq

which implies
lul® < CIQIM ||af oo lul*

- 1

Consequently, u = 0 if ||a]|s < clajua -

Remark 2.2. We remark that problem (1.1) possesses at most one nontrivial solu-
tion if a does not depend on wu. Indeed, suppose that both v and v are nontrivial
solutions of

—Au = a(@)|ulf in Q
{ u = 0 on 09, (2:8)
Consequently, ||u|lq = ||v||q and so
—Au = —Av in
u = 0 on 09,

which yields, by uniqueness, that u = v.

Remark 2.3. If the function a depends only on z € €, problem (1.1)may be
easily solved. Indeed, suppose that 0 Z a = a(x) € L1(Q),1 < ¢ < oo, and let
v € W29(Q) be the only solution of
—Av = a(z) in Q
v = 0 on 0f,

p
and set u = ||v||q " v, with p # 1. So

—Au = a(z,u)llullf in Q
u > 0 in
u = 0 on O0NQ.

In this case we also have uniqueness.

3. The Second Existence Result: The Subsolution and
Supersolution Method

In this section we study problem (1.1) by using the sub- and supersolutin method.
We will continue supposing that a € C(Q2 x R) and we have the following result.

Theorem 3.1. Suppose that a(x,t1) < a(x,ta) if t1 < ty and x € Q. Furthermore
suppose that there are functions u,u € C(2), u,u which are, respectively, sub and
supersolution of (1.1), with u(z) < u(z),Yx € Q. Then problem (1.1) possesses a
solution u satisfying u < u < u.
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Proof. Let us begin by remarking that u, u satisfy

—Au < a(z,u)llulf  in Q
{ u = 0 on 0R, (3.1)
and
—Au < a(z,u)|ullf  in Q
{ u = 0 on Of. (3.2)

As usual we define up = u and inductively we define a sequence of functions (u,,)
belonging to C(Q) as

{—Aunﬂ = a(z,up)|unllf in Q,

Up+1 = 0 on (3.3)

A standard calculation shows that ug < u, < up41 < w and so there is a function
u(z) = nan;O un(z). It is clear that u; is continuous for all j € N and [[u; |5 < ||ul[?.
In view of (3.3) one has
al un () llunll§ € LU(R),1 < ¢ < o0,
0 < a(@, un(@))llun||§ < alz, u(@))|ullf < C,Va €,

and so
H“n—H”q < C,V1 << Ho0.

Taking ¢ > N we have u,, — u in C'(Q) and because of (3.3) we obtain

/ Vit - Vo = [[unl? / ol un)p, Yo € CH(Q).
Q Q

and so
[ vu Vo= lull; [ atwwpeve e Cho.
Q Q
which implies that u € C§(Q) is a weak solution of problem (1.1) which completes
the proof of our theorem. O

Example 3.1. We now give an example in which the above result applies. Let
w1 > 0, |¢1]lg = 1 be an eigenfunction of the Laplacian, under Dirichlet boundary
conditions, associated to the first eigenvalue A1, that is,

—Ap; = My in
Y1 = 0 in 00Q.

We now suppose that a = a(t) > Ait, for all ¢ > 0. In this case
—Apr < alg)lleally in Q,

®1 0 in O0.
which implies that © = ¢ is a subsolution for the problem
—Au = a(u)|ullf n Q,
v > 0 in Q, (3.4)
u = 0 on Of.
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Let us construct a supersolution. In this way, let us consider an operator S :
C%(Q) — C°(Q) which, for each u € C°(Q2) associates a function v € Su € C°(),
the unique solution of the problem

—Av = a@ulz+ e i 9,
v > 0 in Q (3.5)
v = 0 on ON.

It is a standard matter to show that this operator is well defined and compact and
we may use the Schaefer Fixed Point Theorem — see [8] — to show that S’ possesses
a fixed point w which is a solution of

—Au = a(u)|lullh +Ap1r in Q,
u > 0 in (3.6)
u = 0 on Of2.
Furthermore,
—Au > a(u)lull  in Q
u > 0 in €, (3.7)
u = 0 on 09,
because \; and (; are positive. The same reason leads us to
—AU Z Al ®1 in Q,
u > 0 in Q (3.8)
u = 0 on 09,

and the maximum principle implies that u > ¢; = u. Consequently, in view of the
above result, problem (3.4) possesses a solution u satisfying u = p1 < u < w.

4. The Third Existence Result: A Fixed Point in a Cone

In this section we will consider the cases in which ¢ = oo or ¢ is large enough,
N >1and 0 < p # 1. At first we consider the unidimensional case and, after that,
we study the case N > 2 by searching for radial solutions. We use the fixed point
theorem below, due to Guo-Lakshmikantham [11]:

Theorem 4.1. Let E be a Banach space, and let P C E be a cone in E. Let
Q1 and Qo be two bounded open sets in E such that 0 € Qq and 1 C Qy. Let
S: PN (Q2/Q1) — P be a completely continuous operator. Suppose that one of
the conditions

(C1) ||Sz|| < ||| for all x € PNOQy and ||Sz|| > ||z|| for all x € PN OQ,

(Co) ||Sz|| > ||z|| for all x € PNOQ; and ||Sz|| < ||z|| for all x € PN OQ,

is satisfied. Then S has at least one fized point in PN (/).

We prove an existence result for the problem

{ —u'(t) = a(t,u)|ulb, 0<t<1,
u'(0) = wu(l)=0,
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where a € C([0,1] xR), a >0, a Z0in [0,1] x R and ¢ = co or ¢ is large enough.
We observe that if u is a solution of (4.1), we may extend it, by symmetry, on
the whole interval [—1,1] to obtain a solution of the two point boundary value
problem

{ —u'(t) = a(t,u)lulh, -1 <t <1,
u(-1) = wu(l)=0.

Theorem 4.2. Ifa € C([0,1] xR), 0 < ag < a(t,u) <as n [0,1]] xR, 0<p<1
or p>1 and g = oo, then problem (4.1) possesses a positive solution.

Proof. First of all we remark that the Green function of the problem

{ —u’(t) = g),0<t<1,
u'(0) = wu(l)=0,

where g € C([0,1]) is given by

1—t 0<s<t<lI,
G(S’t)_{ l—s, 0<t<s<l.

First suppose that ¢ = co. Thus, ¢ € C([0,1]) is a solution of (4.1) if, and
only if,

1
() = Se(t) = llllZ, / a(s,0())G(t, s)ds.
0
Let E = C([0,1]) endowed with the sup-norm. If
ET = { € C([0,1]);o > 01in [0,1]},

it is a standard matter to show that S : E* — E7T is a completely continuous
operator. In E' we consider the cone

P = {cp €E:9p>0and min ¢(t) > (1 —b)woo},

t€(0,b]

where b is a given number in the open interval (0, 1).

Let us show that S(P) C P. Indeed, we will prove that ¢ > 0 implies S¢ € P.
For, we adapt to our case a device which is explored in Stanczy [14]. If ¢ > 0 we
have
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mino<s<p [y elZa(s, ¢(s)G(t, 5)ds
= ming<r< 9% (Jo(1 = als, o(s))ds + [(1 = s)als, o(s))ds)
> minosi<s )% (Jy (1= Bals, o())ds + [ (1 = s)als, o(s))ds)
> ming<i<p [lpl% (fy (1= 0)(1 — s)a(s, (s))ds + [ 1—b><1 s)als, (s))ds)
= (1 — b) ming<¢<p || ¢l|% (fot( — 8)a(s, @(s) ds—|—ft 1—sa(s,gp(s))ds)
1-b m1n0<t<bH<pHoof0 (1 —s)a(s,p(s))ds
1= b)llollZ fy (1= s)a(s, o(s))ds

t

=(1-1)
= (1-1)
(1= by maxocres el (01— s)als. p(s))ds + (1~ (s, p(9)ds)
> (1-1)
= (1-1)

1= b)max )%, (f5 (1= als, o(s)ds + [, (1 = s)als, p(s))ds )
1— b) maxo<i<t [[@]2, [y als, ¢(s))G(t, s)ds = (1 - b)[|S¢]ls
and so

qin, Se(t) > (1 - )|l = Sp € P.

Hence, the solution operator S is well defined from P into itself. Let us first consider
the case 0 < p < 1. Note that

1
Se(t) = gl / a(s, 0())G (¢, 5)ds < ane|llZ.

Since 0 < p < 1 one has t'™? — oo as t — oo which implies that there exists
R > 0, Ry large enough, such that

lolloe = ae if [lplloo = Ra

I
[@lloe = aoollllEs if [|@llco = Re
4
Se(t) < llelloo if fl¢llo = Ro
4

15¢llse < l[ellos if flplloc = Ro.
Furthermore,

56(0) = gl [ G0, 5)ats, o)),
which implies that
56(0) = aolgll [ G0.9as,
where 0 < ap = ming<s<i a(s). Consequently

S¢(0) = agb(1 = b/2)[|pl[%-
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Since 1 — p > 0 it follows that t177 < agh(1 — b/2) if t = Ry, for some small
Ry < Ry. Hence t < agb(1 — b/2)t? and so

[elloo < aob(1 —b/2)|lpll% if [lellec = Ra
and it follows that Sp(0) > [|¢|| if [|¢]|cc = R1 and then
[S¢lloc > el if ll@lloe = Ra.
In order to use (C2) of theorem 4.1 we take
Ql = BRl(O) C QQ = BRz(O) CcFE

and so S has one fixed point in P N (Q3/82).
Let us consider p > 1. In this case tP~1 — 0 if ¢ — 0, and because Sp(t) <
Gso||¢||%,, there is Ry > 0, small enough, such that

lallcollelZot <1 if flpllo = Ra
and it follows of this that

”S@”oo < ||90||oo if H‘/)Hoo =R
In view of p > 1 there is Ry > Ry, Ry large enough, so that

1
p—1 > if —
||<p||oc = aob(l _ b/2) 1 HSOHOO R2
I
[llZeaob(1 = b/2) = [|@lloc if [[¢llec = Ro
4

”S@”oo > ||90||oo if H‘/)Hoo = Rs.

Reasoning as before, at this time using (C7), we find a fixed point u of S in
Pn(Q2/0). O
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On a Class of Critical Elliptic Equations of
Caffarelli-Kohn-Nirenberg Type
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Abstract. In this work we consider a class of critical elliptic equations of
Calffarelli-Kohn-Nirenberg type

—div(\x|72“Vu) — ,u‘z‘g(“ua) = f(z,u) in Q\{0}
u=0 on 090 (Pr)
u >0 in  Q\{0},

where Q@ c RY (N > 4) is a smooth domain containing the origin,
—o00 < pu < o= (N_zgza)2,—oo<a< N;2 and f: QxR — R
is a non negative measurable function with critical growth. By using a
variant of the concentration compactness principle of P.L. Lions together with
standard arguments by Brezis and Nirenberg, we obtain some existence and
nonexistence results when Q is a bounded domain, the whole space RY or an
infinite cylinder.

Keywords. Caffarelli-Kohn-Nirenberg inequality, critical Sobolev exponent,
positive solution.

Introduction

In this work we consider the following class of critical elliptic equations of Caffarelli-
Kohn-Nirenberg type

—div(|z|2*Vu) — M‘I‘Qﬁﬂ) = f(z,u) in Q\ {0}

u=0 on o0 (Pf)
u>0 in Q\ {0},
where Q C RV (N > 4) is a smooth domain containing the origin, —oo < p <
2
o= (N72472a) , —00 < a < N2_2 and f: QxR — R is anon negative measurable

function with critical growth.
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This kind of equation models several phenomena of interest in astrophysics,
e.g. Wheeler-De Witt’s, Eddington’s and Matukuma’s equations (see [4, 2]).

First of all, we would like to remark that if u is a smooth function satisfying
(Pf) with g = 0, then, multiplying the equation by (1 — N/2)u — « - Vu and
integrating by parts, gives the following Pohozaev type inequality (cf. [15]).

/(|Vu|2(div(\x\*2“x) +2(1 — N/2)|z| ) dx — / 2|z 72| Vu|2dx
Q Q
= 2/((1 — N/2)uf(z,u) + F(z,u)N + -V, F(z,u))dx
Q

—/ 2| 2| Vul?z - vds,
o0

where F(z, s) fo z,t)dt and v denotes the outward normal to 9S2. In the above
identity, by taking f(z,u) = ,ulmlg(ua) + v mbp, with p = p(a,b) = ,_ 2(1+a by @ <
b<a+1, we get
/ |z| 72|Vl - vds = p(—=2(1 +a) + 2 + Qa)/ 2|20+ 2 dg,
e} Q

which is impossible if u # 0 and € is, say, a star-shaped domain. On the other
hand, if f(z,u) = I pgpp(ia T A ga + T;;; then, from the above Pohozaev identity,
we have

/ 2| 72| Vul|?z - vds = A(2 + a) / ||~ u?da.
o0 Q

Therefore, if €2 is a star-shaped domain and a > —2, it follows that the problem

—div(|2|7?*Vu) — N|$|2(1+a) )‘\wu\a + I\f\bp in 0\ {0}
u=0 on o0 (P)
u>0 in Q\ {0}

has no nontrivial solution when \ < 0.

In this paper we are concerned with existence results for the above class of
problems when A > 0 and  is either a bounded domain, the whole space R or
an infinite cylinder. We remark that the radial version of problem (Py) in a ball
Bpr(0) has been studied in [16, 17].

We start with the pioneering paper by Brezis and Nirenberg [7] where the
case a = b=y =0 in a bounded domain was treated. In their paper, compactness
was recovered by establishing the inequality

S)\(Q) < SO(Q) = Sy
where
Jo(IVul* = Au?)dz
ueH;I?Q)\{o} (fq lu|pda)2/P
and S is the best constant for the embedding of H}(Q) into LP(Q), p = 2N,
(see [28]). It was proved that the inequality holds when A € (0, A1), N > 4, where
A1 is the first eigenvalue of —A under Dirichlet boundary condition. In [15] Chou

Sx(2) =
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and Geng extended this result by considering the case =0 and a # 0 (see also
[31]). Recently Ruiz and Willem in [27] studied the case when a = b = 0 (see also
[4, 21, 22, 24, 29]). Still for this case, Cao and Peng [10] obtained a changing sign
solution for (P). We also refer to the paper of Ghoussoub and Yan [23] for other
related results when a = p = 0.

In order to state our result, we now define

2
o —2a 2 _ u . - —ay 2y —
M= it /Q (a7 1Vl = 1) oy 3 f2a = /Q 2 ude = 1},

where —oco < p < ji, a > —2 and E = D!2(Q) denotes the Sobolev space obtained
as the completion of C5°(£2) with respect to the norm

ulla = ( / 2|20 |Vu[2da) /2,
Q

This norm is equivalent to the norm

2
o —2a 2 u 1/2
ol = (2219 = D)2

for all p € (—oo, 1), where i = (N72724)2 is the best constant in the Hardy-
Sobolev inequality (see [8, 11, 20]). Hereafter L"(,|z|~7) denotes the weighted

L"(Q) space with the norm

iy = [ o]l da) .
Q
and by a weak solution of (P) we mean a u € E satisfying

uv uv uP~ly

—2a _ _ _ —
/Q(|x| VuVu ,u|x|2(1+a) )\|x|“ e Ydx =0 Yv € E.
Our first result is the following

Theorem 0.1. Let Q C RN (N > 4) be a smooth bounded domain with 0 € Q, a <
b<a+1, p=p(a,b) and —2 < a < V2. Then problem (P) has at least one weak
solution, provided one of the conditions below holds:

i) —co<pu<p—(a+1)?and X€ (0, \(n))
i) g—(a+1)2<p<pand X (N (), \1(p)) where
o Jo 2722 |Vl de _ ~
A* = = — b
(1) N eSS Vi+ Vi —p
In addition, if i— (a+1)?> < p <, Q= Br(0) and X\ < X*(u), then problem
(P) has no solution.

Remark 0.1. Our weak solution u is a regular solution u € L> (2, |z|~*)NC%(Q\
{0}) for some 6 > 0 (see [30]).
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Now, when 2 = R¥  arguing as in [5] one obtains the following Pohozaev
type equality in RY:

0=pu(-2(1+a)+2+ 2a)/ 2|2 "u?dx + (2 + a) / Nz| " u?d.
RN RN
So, problem (P) has no nontrivial solution if \ is different from 0. Recently, Felli
and Schneider studied the case A = 0 in [20]. Actually, they found the following
explicit family of solutions for (P):

N—-2—2a
2

Ue=USPH(2) = e UstH(z/e), €>0, (0.1)

where

N(N —2—2a)/(N — 2 —2a)? — 4y ~-20+a-1)
yobe = a(1+a=b) 0.2
1 (@) ( N—2(1+4a-b) ) (0.2)

(N—-2-2a)2-4 N—2-2a)(14a—b
x(\x\(l_\/ N—2—a2a M)(( N72(Z)+(afz) ))

2(14a—b)\/(N—2-2a)2 —4p _(N—2(1+a—b))
><(1 + |l‘| N—2(14a—b) )) 2(14+a-b) /|

Taking 0 < A € L" (RN),7 = ,2 | 1 <r <2 2* = 2N Chen and Li
1

[13] studied problem (Py) with f(z,u) = )\"L;‘fa + ‘;ﬁp and a = g = 0. See some
extensions in [1].

For a class of unbounded domains defined below, Del Pino and Felmer [18]
studied a subcritical problem when ¢ = b = p = 0 and A > 0. It was observed
that some compactness results are recovered in this special class of the domains.
This result was extended by Ramos, Wang and Willem [26] for the problem
involving critical Sobolev exponents. In [27] Ruiz and Willem treated the case
when a = b = 0, whereas problem (P) with y = a = b = 0 in a cylinder was
considered in [25].

In order to state our next result, let us introduce the class of unbounded
domains considered in [18] (comsisting of cylinders or domains between two
cylinders which are asymptotically cylinder-like). For F ¢ RN=¢ (1 </ < N —1)
and € > 0, denote F. = {y € RN~¢ : dist(y, F) < e}, F = F xR, RN = RN ~¢xR*
and z = (y,2) € RY = R¥=¢ x R’. Then, we consider the following condition on
Q.

(H) There exist two non-empty bounded open sets F' C G C RVN~¢ such that F
is a Lipschitz domain, F' C 2 C G and, for each € > 0 there is M > 0 such
that 0, C F. for all |z| > M, where Q, = {y e RN~ : (y,2) € Q}, z € R-.

We now state our next result.
Theorem 0.2.  a) Suppose that Q satisfies (H) with 0 € Q. Assume that —oo <

w<p, A€ (0, \(p), p=p(a,0) and =2 < a < b= 0. Then problem (P)
has a solution.



Critical Elliptic Equations of Caffarelli-Kohn-Nirenberg Type 211

b) Suppose that @ = RN, —0co < p < fi, a < b < a+1, p = pla,b),
0<Ae LV RN, |z"=%) (1/p+1/p' =1) and =2 < a < N2 Then problem
(P) has a solution.

1. Preliminaries

Let us start with the Caffarelli-Kohn-Nirenberg type inequality (see [8])
(/ ||~ |u|Pdz)?/P < S(a,b)_l/ 2| 72| Vul?dz, u e CP(RY),
RN RN

which implies that the embedding £ C LP(RY,|z|~%) is continuous. The best
constant ) )
24 Vul*d
S(a,p)= it S Jal ™[ Vulde
weDi?®@N\(0} (Jpu |2]70P[ulpdz)?/P

is such that (see [9, 11, 14])

i) S(a,a+1)=(""572)2,

ii) S(a,a) is not achieved,

iii) S(a,b) is always achieved when a < b < a + 1.

Recently, Xuan [30] proved the following Rellich-Kondrachov type

compactness result:

Theorem 1.1. (Xuan) Let Q C RN(N > 3) be a smooth bounded domain with
0€Qand —00 < a < V2. Then the embedding E C L"(Q,|x|~*) is compact if
1<r< N, anda<(l+a)r+N(1-r/2).

We remark that when  is a bounded smooth domain, taking into account
Theorem 1.1 together with some arguments used in [30] we can assume that
A1(p) > 0 and it is attained by a positive function ¢;. Now, multiplying equation
(P) by ¢1 and integrating by parts, we conclude that (P) has a nontrivial solution
when A € (0, A1(i)). Also, when Q is a unbounded domain, we remark that it
follows from (H) that A;(u) > 0 ( see e.g. [19]).

We will prove our results by applying a variant of the concentration
compactness lemma of P.L. Lions [25] proved in Wang and Willem [32] for the
present singular situation (see also the recent paper [31], as well as [3, 6, 12] for
earlier nonsingular cases). We write n,, — n in M (Q) if, for all f € C,(2), one has
Jo fdnn — [, fdn, where M (£2) denotes the set of finite measures on Q. We also
define the operator

v v
Lya(v) = (—diV(\x\’Q‘IW) - N|x|2(a+1) - ma)

L,(v)—M(v) .

Lemma 1.1. Suppose —oco < a < N2—27 a<b<a+l. Letu, € E = DL?(Q) be

such that u, — u in E, u, — u a.e. in Q. Suppose also that
(up — U)2

—2a _ 2
(‘.’IJ‘ |v(un ’U,)‘ w ‘LL“Q(G+1)

) —mnin M(Q) ,
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\x\qu|un —ul? = v in M(Q),

and define
Noo = lim limsupnﬁoc/ Un Ly (un)da
R—o0 lz|>R
Voo = lim limsupnﬁoc/ |2~ |, [Pd.
R—o0 |z|>R
Then
1117 < (S5() " Inl| and V2P < (SE(Q) ™ nee
and
lim [ w,Ly(uy)de = / uL, A (w)dz 4+ neo + |I7]]
lim / |x|’bq|un\pdx:/ 2|~ ulPdr + veo + ||| -
2. Proofs

The proofs of Theorem 0.1 and Theorem 0.2 will be accomplished by arguing as
in [7] (cf. also [24]). Define

2 2
((Q) = inf 20 gy —p 4 A" Ydwy we DLA(Q =1}
$5(@) = int{ [ (el Vu =) =X )de e DIAQ@), [alyan = 1)

We recall that Felli and Schneider proved in [20] that S#(RY) is attained by
the functions U, given in (0.1) (see [29] for the case a = 0). Therefore, we have to
prove the inequality

SL(Q) < SH(Q) = SERY). (2.1)
Proof of Theorem 0.1 — Q a bounded domain. We first prove (2.1) following the
arguments used in [24]. Let U, be the function given in (0.1), so that
f]RN UeL,(Ue)dx
(Jan |2|~tPUEdx)?/P”
We will show that there exists a function u € E = D12(Q) such that

S wLy A (uw)dz
Q/\(U) = (fRi ‘x‘—:pupdx)Q/p

In view of (0.1), (0.2) we can write U, = C.U., where
C.=e VAt1A, U, = (¢l)? + |z|°tP) 79,
and the exponents 3, ¢ and d are such that
(B+c)d=r.
From the definition of U, it follows that
Lu(Ue) = CE2[a| U

SERY) =

< SHRYN).
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and
UL, (U.) = CP~2|z|7P0P — Az| U2
Next, notice that

—/ wodiv(|z|*V (uv))dz
Q

= - / (w?vdiv(|z|°Vv) + 2|z|*uVu vV + v2udiv(|z|*Vu))de
Q

- / (w?vdiv(|z|*Vv) + ;|x|CVu2Vv2 + v2udiv(|z|*Vu))de
Q

- / (w?vdiv(|z|*Vv) — ;vzdiv(|x|CVu2) + v2udiv(|z|*Vu))dz
Q

= —/(uQUdiV(\x\CVv)dx—i—/ 2] Vul*v?de.
Q Q

Then, letting in the above identity ¢ = —2a, u = ¢, where ¢ € C°(Q) is such that
¢ =1 in a neighborhood of x = 0, and v = U,, we obtain

/ UL, (¢U.)dx
Q
_ / $U.L () e + / (2|2 [V — Ad?|a| )0 de
Q Q

—cr? /Q 2| P 207 e + / (2729 Vof — Ag? |2~ 2de,

hence
. CP=2 [on |22 UPdx + [on (J2|729|Vo|? — A¢?|2| ) Udx
QA(¢U6) = ~p
(fan @P|x|~PUEdx)?/P
Jan 1217PUPdz + C2 [, (|2| 22|V $|2 — Ap?|z|~*)U2dx + o, €)
B (Jun |2 ~tPUEdz + B(9, €))2/P

(2.2)
where

(¢, €) = = Jpng [2]"PUPdz + [, |27 (¢* — 1)UPdx = O(eN/?) 23)

B(6:€) = — fymrg [21"7UPdz + [,y la| =7 (¢7 — 1)UPdz = O(V/?).
On the other hand, we recall that (6 + ¢)d = v = /i + /it — i, and notice
that
U — G0,z) =|z|77, as e — 0,
where G(0, ) is the generalized fundamental solution of

u

'“|x|2(a+1) =0.

~div(|z|"2*Vu) —
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We also notice that G(0,z) ¢ L?(B(0)) if and only if v > N/2, equivalently,
p < i — (a + 1)%. Therefore, from the choice of ¢, we get

/(|x|72“\v¢|2 — \?|z|"*)U2dx < 0 when e is sufficiently small. (2.4)
Q

Finally, combining (2.2),(2.3) and (2.4), we infer that
Qx(oU.) < SH(RYN) for e small enough.
We have proved (2.1) under hypothesis i).

Proof of (2.1) under hypothesis ii). Arguing as in [24], we can show that A*(u) > 0
and it is attained by a positive function. Now let ¢ satisfy

2
a9 = e = MG [ ol

Then we claim that ¢ = |z|7y verifies
Jolzl 727>V dx
Jolzl=*=27|¢|?dx
In fact, notice that div(zv) = ny+ Vi -z and div(z |m|‘§(’ﬁa) ) = V( Irljzir“) ) (xzd)+
2 .
m;fl“) div(z¢), so that

= Ai(p) > A ().

‘V¢|2 _ 2 —2a wZ
|x|2(a+,\/) - (‘VW ‘Jf‘ _M‘x‘2(1+a))
P? 2 P?
+ 2 20+) (v* = v(N —2a — 2) + p) + div(yz 2[20+) ).

The claim is proved by integrating over Q and recalling that v2—~(N —2a—2)+u =
0.
Next, when € — 0 we have

/Q (229 V ]2 — N[22 =) 2de

- /Q (222 V 62 — N[ |2~ |2] > da.

Moreover, |z| =7 € L?(B(0)) since ji — (a + 1)?> < p < fi. Therefore, by taking ¢ a
minimizer of A*(p1) and recalling that A > A\*(u), we obtain

/g“x"z“‘w — N@Pz| =) 2] dx <0,

so that (2.4) holds true. By combining (2.4) and (2.2) with (2.3) we obtain (2.1)
under hypothesis ii).

Now, let (u,) C E be a minimizing sequence for S{(2), that is,

/ Un L\ (un)de — SY(Q) and  |up|ppp = 1. (2.5)
Q
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Since 0 < A < A1 (p), we infer that S§(€2) > 0 for all u < fi. Also, we may assume
that w, is bounded in E. Therefore, for some subsequence (still denoted by wu,,)
and some u € E, we have

U, — u weakly in E, wu, — u a.e. on {2,

and, by Theorem 1.1,

2N

up — w strongly in L"(Q, |z|7%), a< (1+a)r+ N(1—-7r/2), 1<r< N9

with |u|ppp < 1. In order to complete the proof it suffices to show that

/ 2| ~PuPde = 1.
Q

Now, we note that
luall? = [ (o219 = ot o > SERY).

and, from (2.5) we infer that

u?

A dr > SH(RY) — S{(Q) > 0,
o |zl
so that u # 0.
Let v, = u,, — u. Since v, — 0 weakly in E, we obtain from (2.5) that

[Tl l* + [lonl* = Aul3 o = S§(Q) + o(1). (2.6)

Therefore, since |u,[} ,, = 1, we conclude by a result of Brezis and Lieb (cf [33])
that

1 = ‘u|z,bp + |’Un|z,bp + 0(1)7
hence

1 < ‘u|12),bp + |U’ﬂ|12),bp + 0(1)
Now, by definition of S#(R¥) we have
1< Julj b, + SERY) " Hoal* + o(1),
so that
S3(Q) < SY(Q)[uly 4y, + SK(Q)SERY) " HJwal* + o(1).
Combining (2.6) with the above inequality gives
llall® = Mul3 o < SY(Q)[ul} pps

which shows that S{(Q) is attained at w.

Proof of Theorem 0.1 iii). It follows by arguing as in [16]. O
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Proof of Theorem 0.2 — Q a cylinder. Let Q = F be an infinite cylinder and
up, € E a minimizing sequence for S{(F'), that is,

/ tn Ly (un)da — S(E) and Junly = 1 (with b= 0).
P

Since 0 < A < Ai(y), we infer that S¥(F) > 0 for all 4 < fi. Consider the
concentration function

Qn(N\) = sup/ ub dx,
yeRt J Fx B(y,\)

where ¢ = (t,y) and B(a,r) denotes the ball of radius r centered at a. Since
limy_, o+ Qn(\) =0 (for all n) and limy_ ;oo @Qn()\) = 1, there exists \,, such that
Qn(An) = 1/2. Moreover, since

lim ubdr =0,
lyl=o0 JFxB(y.\n)

there exists y, € R such that

1
/ ubdr = Qn(An) = _.
FxB(Yn,An) 2

After translation and rescaling we may assume that

1
/ ubde = _. (2.7)
FxB(0,1) 2

Also, we may assume that u, — u weakly in D%2(F). To finish the proof we must

show that
/ uPdx = 1.
b

From Lemma 1.1 with b = 0, we obtain

1 :/updx+ym+\|v\| (2.8)
and '
S{F) = [ ulyau)de s+
Therefore,
SY(F) > sf(ﬁ)(/ﬁupdxy/p + SE(EW2LP + SK(F)||v|]*>. (2.9)

On the other hand, we get from (2.1) that
SA(F) < S(F) = S§(R™).
Then it follows from (2.8) that

/updx, llv]| and v are equal to 0 or 1.
P
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But, by (2.7), we have vo < 1/2 and, so, v = 0. Assume by contradiction that
u = 0. Then, from (2.8) we get ||v|| = 1, and we conclude from (2.9) that

SN(E) = SE(F),

which is a contradiction. Therefore,

/ uPdx = 1. O
b

Proof of Theorem 0.2 — Q werifying (H). Let u,, € E be a minimizing sequence
for S§(€2), that is,

/ tn Ly (un)da — SP(Q) and  Junly = 1 (with b= 0).
Q

Since 0 < A < Ai(p), we infer that S§'(£2) > 0 for all u < fi. Also, we may assume
that u,, — u weakly in D}2(2). Therefore, it suffices to prove that

/ uPdx = 1.
Q

From Lemma 1.1 with b = 0 we obtain
1:/updx+1/oo+\|1/\| (2.10)
Q

and
$4@) = [ uliau)de + e+l (2.11)
Since S¥(F) is attained (cf. the first part), we choose F C Q such that
SH(Q) < SE(F).
Now, arguing as in [26, Lemma 2.4], there exists 6 > 0 (small enough) such that
SK(Q) < S¥(F). (2.12)
Given 7 > 1, let 9, € C®(RY) be such that 0 < v, < 1, ¥,.(x) = 1 for

|z| > r 4+ 1 and ¢, (z) = 0 for |x| < r. Since u,, — u weakly in E, we have

Noo = lim limsup ¢runL;L,>\(¢Tun)dx )

r—=00 n_e0 || >

Voo = lim limsup/ [¢hrun [Pde.
|z|>r

Using (H) we can assume ¢,u, € DL2(Fs) for all 7 large. Lemma 1.1 gives
Too > SK(E5)V2LP, (2.13)
and from (2.11), (2.12) and (2.13) we obtain
[ abuatids < $5@) = =

SNQ)(L — V|7 = v27) (2.14)

N
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Assume by contradiction that either ||v|| # 0 or v # 0. By convexity we get

(1= [[||P? — 2Py < (1= [|v]] — veo)?? = ( / uPdz)*/P. (2.15)
Q

Combining (2.14) and (2.15) we have
0< / ul,, \(u)dz < S§(Q)( / uPdz)?/P
Q Q
so that u # 0. Letting v = u/( [, uPdz)'/? we have

/vpdle
Q

which, from the above, yields the contradiction

/ uL, A(v)dx < S§(Q).
Q

/updle. O
Q

Proof of Theorem 0.2 — Q = R™. The proof is accomplished by arguing as in the
proof of Theorem 0.2 when Q is a cylinder. However, by the assumption on A,
the operator u — [y )‘Ixula dz is weakly continuous in our case. Thus S§(RY) is
attained. O

Thus, ||v|] = Veo = 0 and
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Existence and Number of Solutions for a Class
of Semilinear Schrodinger Equations

Yanheng Ding and Andrzej Szulkin

Dedicated to Djairo G. de Figueiredo on the occasion of his 70th birthday

Abstract. Using an argument of concentration-compactness type we study
the problem —Au+ AV (x)u = |u|P~%u, € RV, where 2 < p < 2* and the set
{z € RY : V(x) < b} is nonempty and has finite measure for some b > 0. In
particular, we show that if V"(0) has nonempty interior, then the number
of solutions increases with A. We also study concentration of solutions on the
set V1(0) as A — oo.

1. Introduction

The purpose of this paper is to present simple proofs of some results concerning
the existence and the number of decaying solutions for the Schrédinger equation

~Au+V(x)u = [uP"?u, xRN, (1.1)
and for the related equations
—Au+ NV (2)u = |uP"?u, xRV, (1.2)
and
—e?Au+V(2)u = |uf"?u, xRN, (1.3)

respectively as A — oo and € — 0. In a concluding section we shall also consider

concentration of solutions as A — oo or € — 0. We shall assume throughout that

V and p satisfy the following assumptions:

(V1) V € C(RN) and V is bounded below.

(Vo) There exists b > 0 such that the set {x € RV : V(x) < b} is nonempty and
has finite measure.

(P) p€(2,2%), where 2* :== 2N/(N —2) if N >3 and 2* := 400 if N =1 or 2.
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Assumption (V1) is only for simplicity. In Sections 2 and 3 it can be replaced by
(V) Ve Ly, (RY) and V™~ := max{—V,0} € LYRY), where ¢ = N/2 if N > 3,

loc

g>1if N=2andg=1if N=1
while in Section 4 we also need V € L (R™). Such an extension requires nothing
more than a simple modification of our arguments.

Note that if 2 = A™!, then u is a solution of (1.2) if and only if v = A=/ (P=2)y
is a solution of (1.3), hence as far as the existence and the number of solutions are
concerned, these two problems are equivalent.

Problem (1.3) with V' > 0 and a more general right-hand side has been stud-
ied extensively by several authors, see e.g. [5, 10, 11] and the references therein.
For a problem similar to (1.2), again with V' > 0 and a more general right-hand
side, see [2]. In a recent work [6] it has been shown that for a certain class of
functions V' which may change sign, (1.1) has infinitely many solutions, see Re-
mark 3.6 below. The results of the present paper extend and complement those
mentioned above. In particular, our assumptions on V' are rather weak, but per-
haps more important, our proofs seem to be new and simpler. On the other hand,
contrary to [5, 10, 11], we do not study single- or multispike solutions of (1.3) as
e — 0. In a forthcoming paper we shall consider (1.2) for a much more general
class of nonlinearities. However, this will be done at the expense of the simplicity
of arguments.

Below ||ul|, will denote the usual LP (RN )-norm and V*(z) :=max{+V (x),0}.
B, and S, will respectively denote the open ball and the sphere of radius p and
center at the origin.

It is well known that the functional

1 1
O(u) = / (|Vu|* + V(2)u?) dx — / |u|P dx
2 Jrw D JrN
is of class C! in the Sobolev space
E={ueH®R"): |u]? = / (Va2 + V@) de < oo} (1.4)
RN

and critical points of ® correspond to solutions u of (1.1). Moreover, u(z) — 0 as
|x| — oo. It is easy to see that if

Vo i Jex(Vul +Vi(z)u?)de (1.5)

ueE\{0} [ull3

is attained at some @ and M is positive, then u = M/ ®P=2)g /| a|, is a solution of
(1.1) and u(z) — 0 as |x| — oo. Such u is called a ground state. We note for further
reference that (V4), (V2) and the Poincaré inequality imply E is continuously
embedded in H'(R™). For basic critical point theory in a setting suitable for our
purposes the reader is referred e.g. to [7, 14]. That u(z) — 0 as |z| — oo can be
seen as follows. If N = 1 and u € H!(R), then u(x) — 0 as |x| — oo. Suppose
N > 2, let u be a solution of (1.1) and set W(z) = V(x) — |u(x)|P~2. Since V is
continuous, bounded below and |u[P~2? € L"(RY) for some r > N/2, it is easy to
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verify that W+ € K¢ and W~ € Ky, where Ky and K¢ are the Kato classes
as defined in Section A2 of [13]. Since —Au + W(z)u = 0, u(z) — 0 according
to Theorem C.3.1 in [13]. An alternative proof, for a much more general class of
Schrodinger equations including those with V' satisfying (V) instead of (V1), may
be found in [8].

2. Compactness

In this section we study the compactness of minimizing sequences and of Palais-
Smale sequences. We adapt well known arguments (see e.g. [7, 14]) to our situation.
Let

Vi(z) := max{V (z), b},
and

2

My = inf . 2.1

$= Bl Jul >

Denote the spectrum of —A+V in L2(RY) by o(—A+V) and recall the definition
(1.5) of M.

Theorem 2.1. Suppose (V1), (Va), (P) are satisfied and o(—A + V) C (0,00). If
M < My, then each minimizing sequence for M has a convergent subsequence. So
in particular, M is attained at some u € E'\ {0}.

Proof. Let (u,) be a minimizing sequence. We may assume ||un,|l, = 1. Since
V < 0 on a set of finite measure, (u,,) is bounded in the norm of E given by (1.4).
Passing to a subsequence we may assume u,, — v in F and by the continuity of
the embedding E — H'(RY), u,, — uwin L? (RY), L7 (RM) and a.e. in RY. Let
Uy, = Uy, + u. Then

/ (Vi |? + V(2)u2)) dx
RN

:/ (| Vo |? +V(x)v,2n)dx+/RN(\Vu\2 + V(x)u?) dx + o(1)

RN

(2.2)

and by the Brézis-Lieb lemma [4], [14, Lemma 1.32],

/ [tt | da :/ |vm|pdx+/ |ul? dz + o(1). (2.3)
RN RN RN

Moreover, by (V2) and since vy, — 0,

/RN (V(2) — Vo)), da — 0. (2.4)
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Using (2.2)—(2.4) and the definitions of M, M, we obtain
/ (IVul® + V(z)u?) dr + / (|Vom|? + V(z)v2) dr +o(1) = M
RN RN
= Mlumlly = M(|[ullh + [oml[5)*? + o(1) < M(||ull} + [|vm]7) + o(1)

< /RN(\VU\Q + V(2)u?) dz + MM, /RN(|va|2 + Vi (x)v2,)) dz + o(1)
< /RN(|VU|2 + V(x)u?)dz + MM, ! /RqumF + V(x)v2) dx + o(1).

Since MM, ' < 1 and Jan V™ (2)03, dz — 0, it follows that v, — 0 and therefore
Um, — u. It is clear that u # 0. ]

Remark 2.2. If M = M, then all inequalities in the last formula above become
equalities after passing to the limit. Therefore either u = 0 or u,, — u in LP(RY).
In the latter case M is attained.

From the above theorem it follows that if o(—A+ V) C (0,00) and M < My,
then there exists a ground state solution of (1.1).

We shall also need to work with the functional ®. Recall that (u,,) is called
a Palais-Smale sequence at the level ¢ (a (PS).-sequence) if ®(u,,) — 0 and
®(um) — c. If each (PS).-sequence has a convergent subsequence, then ® is said
to satisty the (P.S).-condition.

Theorem 2.3. If (V1), (Va) and (P) hold, then ® satisfies (PS). for all
1 1 3
e (1) g

Proof. Let (unm,) be a (PS).-sequence with ¢ satisfying the inequality above. First
we show that (u,,) is bounded. We have

1 1 1
dy + dalum || = @(um) = (2 (um),um) = { 5 — | lumll} (2.5)
2 2 p
and
1
dy + da[uml] = ®(um) — p<‘1>'(um)7um> (2.6)
11 , (1 1 I
= — mll® — — v d
(5= )= (5-0) [ v @niiae
for some constants dy,ds > 0. Suppose |[un,| — oo and let wy, = upm/||uml|-

Dividing (2.5) by ||um||P we see that w,, — 0 in LP(RY) and therefore w,, — 0
in E after passing to a subsequence. Hence [,y V™ (z)w2, dz — 0 (recall V™~ is
bounded; in fact it suffices that V= € LY(RY), where ¢ is as in (V7)). So dividing
(2.6) by |lum|?, it follows that w, — 0 in E, a contradiction. Thus (u,,) is
bounded.
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As in the preceding proof, we may assume u,, — u in F and w,, — u in
L (RY), LP (RM) and a.e. in RYN. Set u,, = v, + u. Since ®'(u) = 0 and

P(u) = P(u) — (P (u),u) = (5 — ;)Hqu >0, it follows from (2.2), (2.3) that
0 )

p

= (@' (um), um) + (1) = (D" (vim), vm) +(P"(u), u) + 0(1) = (¥’ (i), vm) + 0o(1)
2.7)

¢ =P(up) +0(1) = P(vm) + ®(u) + 0(1) > P(vs,) + o(1). (2.8)

lim (|Vm|? + V(z)v?) de = lim [ P d =: 7, (2.9)

m—oo JpN m—oo JpN

possibly after passing to a subsequence, and therefore it follows from (2.8) that

1 1
> — . 2.1
e (2 p) ! (210)
By (2.4),
lim (IVvm|* + Vi(2)v2,) dz = lim (|[Vom|? + V(z)d) do = .
m—00 RN m—00 RN

On the other hand,
omll? < M,;l/ (IVom|? + Vi (2)02, ) dr
RN

by the definition (2.1) of My; therefore v/ < M, '~. Combining this with (2.10)

we see that either v =0 or
1 1 9
c> <2 . p> Ml?/(p )7
hence v must be 0 by the assumption on c. So according to (2.9),
lim (|Vom|? + VT (z)?) dr = lim (|IVvm|? + V(z)v?) de = 0.
m—oo JpN m—oo JpN

Therefore v,, — 0 and u,, — u in F. O

3. Existence of solutions

Theorem 3.1. Suppose (V1) and (P) are satisfied, o(—A+V)C(0,00), sup V(z)=
z€RN
b > 0 and the measure of the set {x € RY : V(z) < b— ¢} is finite for all ¢ > 0.

Then the infimum in (1.5) is attained at some uw > 0. If V>0, then u > 0 in RY.

Proof. Since V7 is bounded, E = H*(RY) here. Let u; be the radially symmetric
positive solution of the equation

—Au+bu = |[uP?u, xcRVN.
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It is well known that such w;, exists, is unique and minimizes

Vul? + bu?) d
Ny := inf Jo (10l 42_ w) de (3.1)
ue E\{0} ]2

(see e.g. [7, Section 8.4] or [14, Section 1.7]). So if V = b, we are done. Otherwise
we may assume without loss of generality that V(0) < b. Then

Jan (IVul? + V (2)u?) dx - Jan (IVup|? + V(2)up) de
ueB\{0} lull} - [usll3
S~ (IVup|? + bui) da

a1

M =

< = Ny = My,

where the last equality follows from the fact that V3, = b. In order to apply Theorem
2.1 we need to show that M < M,_. for some ¢ > 0 (M < M, does not suffice
because the set {x € RY : V(z) < b} may have infinite measure). A simple
computation shows that if A > 0, then Ny, is attained at uyy(z) = Al/(p’z)ub(\/)\x)

and
N N
Nypy = A"Ny, wherer =1 — 5 + > 0. (3.2)
p
Choosing A = (b —¢)/b we see that N < Np and Np_. — N, as e — 0. So for €
small enough we have

fRN(‘VUP +(b— 6)u2) dx

M < Ny_. = 1
bmE T LeB\{0} ul2
Jan (IVul? + Ve (2)u?) da
< 2 = Mb—s~
u€E\{0} ]2

Hence M is attained at some u. Since the expression on the right-hand side of (1.5)
does not change if u is replaced by |u|, we may assume u > 0. By the maximum
principle, if V' > 0, then « > 0 in RY. |

Theorem 3.2. Suppose V' > 0 and (V1), (Va), (P) are satisfied. Then there exists
A > 0 such that for each X > A the infimum in (1.5) (with V(z) replaced by
AV (x)) is attained at some uy > 0.

Proof. Here V.= V™. Let b be as in (V2) and

M fRN(|Vu|2 + AV (z)u?) dz

o e | (3.3)
M) = fRN(|VU|2 + AVp(z)u?) do :
P ueB\o) Jul

It suffices to show that M* < Ml;\ for all A large enough. We may assume V(0) < b
and choose €,d > 0 so that V(x) < b—¢e whenever |z| < 2§. Let ¢ € C5°(RY, [0, 1])
be a function such that ¢(z) = 1 for || < ¢ and ¢(z) = 0 for |z] > 2§. Set
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wap(z) = p(@)uny(x) = NPy (VAz)p(z), where up is as in the proof of
Theorem 3.1. Then for all sufficiently large A and some ¢y > 0,

Jaw (Vwxo? + AV (@)uwiy) dr - fon (Vwnol? + A = e)u},) d
[[was |2 - [[was I
Vup|? + bu?) dx — 2d
o (J Vel b e = fon o de ) o e = eoe)
lJusll3
(Np is defined in (3.1) and 7 in (3.2)). Using (3.2) and (3.3) we also see that
e fRN(\VU\Q—i-/\buz)dx
T uer\(o) lull?

MA

= Ny, = \'N,, (3.4)

hence M* < Ml;\ (the infimum above is equal to Ny, also when E is a proper
subspace of HY(RY) because C§°(RY), and hence also E, is dense in H'(RY)).
By the argument at the end of the proof of Theorem 3.1, the infimum is attained
at some uy > 0. O

Remark 3.3. If (V7) is replaced by (VY), then we need to assume that the set
{x € RN : V() < b— ¢} appearing in Theorem 3.1 has nonempty interior for
each € > 0. Likewise, in Theorem 3.2 the set {x € RV : V(z) < b} should have
nonempty interior.

Next we shall consider the existence of multiple solutions under the hypoth-
esis that V~1(0) has nonempty interior.

Theorem 3.4. Suppose V >0, V=1(0) has nonempty interior and (V1), (Va), (P)
are satisfied. For each k > 1 there exists Ay, > 0 such that if A > Ay, then (1.2)
has at least k pairs of nontrivial solutions in E.

Proof. For a fixed k we can find 1, ..., ¢ € C5°(RY) such that supp p;, 1 < j <
k, is contained in the interior of V' ~1(0) and supp ¢; Nsupp ¢; = () whenever i # j.
Let

Fy :=span{p1,..., 0ok}
Since V > 0, ®(u) = J||ul? — IIJHqu and therefore there exist «, p > 0 such that

®|s, > a. Denote the set of all symmetric (in the sense that —A = A) and closed
subsets of E by X, for each A € X let y(A) be the Krasnoselski genus and

i(4) = miny(h(4) N S,),

where T is the set of all odd homeomorphisms h € C(E, E). Then ¢ is a version of
Benci’s pseudoindex [1, 3]. Let

1

D) (u) = N /RN(|VU|2 + AV (2)u?) dz — 117 /RN lulPdz, A>1

and

ci:= inf sup®y(u), 1<j<k.
7T iA)2) uea ()
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Since ®(u) > ®(u) > « for all u € S, and since i(F)) = dim Fj, = k (see [1, 3]),

a<c <...<c¢ < sup Py(u) =:C.
u€e Fy,

It is clear that C' depends on k but not on A. As in (3.4), we have
M} > Nxp = ANy,

where 7 > 0, and therefore M; — co. Hence C' < (5 — ;)(Mb)\)p/(p72) whenever A
is large enough and it follows from Theorem 2.3 that for such A the Palais-Smale
condition is satisfied at all levels ¢ < C'. By the usual critical point theory, all c;
are critical levels and ® has at least k& pairs of nontrivial critical points. O

Next we extend the above result to the case of V'~ % 0. As in [9], we consider
the eigenvalue problem
—Au+ AV (2)u = p\V~ (z)u, ueEFE (3.5)

(here A > 1 is fixed). An equivalent norm |ju||) in E is given by the inner product
(u,v)y = / (Vu - Vo + AV T (z)uv) dz.
RN

Since V'~ > 0 on a set of finite measure, the linear operator u — [ox AV ™ (z)u-dzx
is compact. It follows that there are finitely many eigenvalues p < 1 and the
quadratic form

U (IVul? + \V (z)u?) dx
RN

is negative semidefinite on the space £~ spanned by the corresponding eigenfunc-
tions. It is easy to see that dim E~ — oo as A — oo.

Theorem 3.5. Suppose V= # 0, V=1(0) has nonempty interior and (V1), (V2), (P)
are satisfied. For each k > 1 there exists Ay > 0 such that if A > Ay, then (1.2)
has at least k pairs of nontrivial solutions in E.

Proof. We need to modify the argument of Theorem 3.4. Let ¢; and Fj, be as
before. If e is an eigenfunction of (3.5) and u a corresponding eigenvalue, then

o= [ V- (@ep;do=0 (3.6)

because supp p; C V~1(0). Hence Ey, := E~ + Fy, = E~ & Fy,.. Let | = dim E~ and

ci:= inf sup®yr(u), 1<j<k.
7T i A2i4 wen ) J

Write u = e+ f, e € E~, f € Fj. By (3.6) and since there exists a continuous
projection LP(RN) — Fy,

. -
®x(u) < 2/ VfI?dz - C/ |f17 dz
RN D JrwN



Solutions for a Class of Semilinear Schrédinger Equations 229

for some C < 1. Thus

cr < sup ®x(u) =C,
ueFEy

where C' is independent of A. If i(A) > [ + 1, then y(h(A) N S,) > I + 1 for
each h € T' and therefore h(A) N S, intersects any subspace of codimension < I.
The space E has an orthogonal decomposition E = E* & E~ @ F (with respect
to the inner product (.,.))), where ET corresponds to the eigenvalues p > 1 of
(3.5) and F is the subspace of functions v € F whose support is contained in
V=1([0,00)). It is clear that the quadratic part of ®, is positive definite on E™T,
and it is also positive definite on F because V~1(0) has finite measure. Hence
there exist a, p > 0 (possibly depending on A) such that ®|g ~(p+gr) > a. Since
codim(E* & F) =1, it follows that h(A) NS, N (ET @ F) # 0 and ¢; > a. Now it
remains to repeat the argument at the end of the preceding proof. O

Remark 3.6. (i) If V() — oo as |x| — oo, then it is well known that the
embedding E — LI(RM), 2 < ¢ < 2* is compact, see e.g. [2]. Therefore the
Palais-Smale condition holds at all levels and (1.1) has infinitely many solutions.

(ii) It has been shown in [6] that if V € C1(RY) and satisfies certain growth
conditions at infinity (which are much weaker than the requirement that V(z) —
00 as |x| — 00), then (1.1) has infinitely many solutions.

4. Concentration of solutions

Theorem 4.1. Suppose (V1), (Va), (P) are satisfied and V~1(0) has nonempty
interior . Let u,, € E be a solution of the equation

—Au+ N\, V(2)u = [uP~2u, xeRY. (4.1)

If A\, — 00 and ||um||x,, < C for some C > 0, then, up to a subsequence, Uy, — U
in LP(RN), where u is a weak solution of the equation

—Au = |[ulPu, x€Q, (4.2)
and @ =0 a.e. in RN \ V=1(0). If moreover V> 0, then u;, — @ in E.

We note that @ € Hg(Q) if V=1(0) = Q and 99 is locally Lipschitz continuous
(cf. [2]). Before proving the above theorem we point out some of its consequences.

Corollary 4.2. Suppose (V1), (Va), (P) are satisfied, V—1(0) has nonempty interior,
V >0, un € E is a solution of (4.1), Ay, — 00 and @, (um) is bounded and
bounded away from 0. Then the conclusion of Theorem 4.1 is satisfied and @ # 0.

Proof. We have ®y,, (um) = 3 [lumlX — } l[umll) and

2

Hence ||t ||, and therefore also ||t ||, is bounded. So the conclusion of Theorem
4.1 holds. Moreover, as ||tp||, is bounded away from 0, @ # 0. O

1 1 1
B () = 1) = (85, (). = (5 = )
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Note that as a consequence of this corollary, if k is fixed, then any sequence
of solutions w,, of (1.2) with A = X,, — oo obtained in Theorem 3.4 contains
a subsequence concentrating at some @ # 0. Moreover, it is possible to obtain
a positive solution for each A, either via Theorem 3.1 or by the mountain pass
theorem. It follows that each sequence (u.,) of such solutions with \,, — oo has
a subsequence concentrating at some @ which is positive in 2. Corresponding to
U, are solutions vy, = e PPy, of (1.3), where €2, = A\.;1. Then v, — 0 and
em2/ P~y — &, This should be compared with (iii) of Theorem 1 in [5] where it
was shown that lim,, o, e/ ®~2 |vmm ||oo > 0.

It will become clear from the proof of Theorem 4.1 that if V' =1(0) has empty
interior, then @ = 0 which is impossible under the assumptions of Corollary 4.2.
Since o(—A 4+ AV) C (a,00) for some a > 0 (independent of A if A is bounded
away from 0), u = 0 is the only critical point of ® in B, for some r > 0. Hence
in this case @, (u,) — 00 and ||uy,|| — oo if uy, is a nontrivial solution of (1.2)
with A = \,,, — .

If V= # 0, we do not know whether u,, — @ in E or whether a result
corresponding to Corollary 4.2 is true. However, if V~1(0) has empty interior,
then it follows from Theorem 4.1 that either u,, — 0 in LP(RY) or ||um, ||, — oo.

Proof of Theorem 4.1. We modify the argument in [2]. Since A\, > 1, [Jup| <
ltmll,, < C. Passing to a subsequence, u,, — @ in E and u,, — @ in L (RV).
Since (@) (um), ) = 0, we see that [y V(2)umpdr — 0and [px V(z)updr =0
for all ¢ € C$°(RY). Therefore 4 = 0 a.e. in RY \ V=1(0).

We claim that u,, — @ in LP(RY). Assuming the contrary, it follows from
P.L. Lions’ vanishing lemma (see [12, Lemma I.1] or [14, Lemma 1.21]) that

/ (U — @) dx > 7y
By (Tm)

for some (z,,) C RY, p,v > 0 and almost all m (B,(z) denotes the open ball
of radius p and center ). Since u,, — @ in L} _(R"), |z,,| — oc. Therefore the

measure of the set B,(z,,) N {z € RY : V(z) < b} tends to 0 and

umll3, > Amb u? dr = \pb (/ (U, — @)% d + 0(1)) — 00,
By (zm)N{V2b} Bp(zm)
a contradiction.
Let now V' > 0. Since u,, satisfies (4.1), (®} (um),4) = 0 and u(x) = 0
whenever V(z) > 0, it follows that

luml® < llumll3,, = |}

and
lal)* = llalX,, = llal.

m

Hence limsup,, ., |lum||* < [|al|} = [|a]|* and therefore u, — u in E. O
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1. Introduction

We establish existence, non-existence, and multiplicity of positive solutions for the
second-order ordinary differential equation

—u" = Ag(t,u(t),a,b) in (0,1),
w0) = u(l)=0, (Pa.2)

where a, b and \ are non-negative parameters, and g € C([0, 1] x [0, +00)3, [0, +00))
is a non-decreasing function in the last three variables.

Our first result treats the case where A = 1 and the function g has a local
superlinear growth at infinity. The behavior at zero of the function g may change
according to the parameters a,b considered. (See assumptions (H;) and (Hs)
below.) We show that there exists a continuous curve I' which splits the positive
quadrant of the (a,b)—plane into two disjoint sets, say S and R, so that (P, 1)
has at least two positive solutions in S; at least one positive solution on the
boundary of S; and no positive solutions in R . (See Theorem 1.1 below.)

Our second result treats the case where the function g has sublinear growth at
infinity. Again, the behavior at zero of the function g may change according to the
parameters a, b considered. We show that (P, ) has at least one positive solution,
for all a,b, A > 0. Further, we show that there exists p > 0 such that (P, ) has
at least three positive solutions, for all 0 < |(a,b)|] < p and A sufficiently large.
(See Theorem 1.2 below.)

We subsequently give applications of our main results to semilinear elliptic
equations in annular domains.

The approach taken to prove our main results is based on a well known fixed
point theorem of cone expansion and compression type, the upper-lower solutions
method and some topological degree arguments.

We will assume the following six basic hypotheses:

(Ho) g € C(]0,1] x [0,400)3,[0,+00)) is a non-decreasing function in the
last three variables. In other words,

g(t7 Uy, ai, bg) S g(ty u2,az, b2)
whenever (ui,a1,b1) < (ug,as,b2). The above inequality is understood inside

every component. Furthermore, there exist constants 0 < §p < g9 < 1 such that,
for all t € [do,e0], we have ¢(t,0,a,b) > 0 whenever a+b> 0.

(H;p) There exist constants 0 < d; < &1 < 1 such that, for all (a,b) €
[0, +00)2\ {(0,0)}, we have
t b
lirrb g(tu,ab) +o0o uniformly in ¢ € [1,e1].
g(t7 u’ a7 b)
H. i
H2) B0 s, b)

notation |(21, 22, 23)| = (27 + 23 + 23)

= 0 uniformly in ¢ € [0,1]. Here we use the

/2
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(H3) There exist constants 0 < dy < €5 < 1 such that
t,u,0,0
lim g( ) u’ ) )

= 400 uniformly in ¢ € [d2, 2]
Uu——+00 u

(Hy4) There exist constants 0 < d3 < €3 < 1 such that
lim  ¢(¢,0,a,b) = +oo uniformly in ¢ € [3, 3] .

[(a,b)]—+o00
(H3) For all (a,b) € [0, +0)?, we have
t b
lim gt w,a,b) _ 0 uniformly in ¢ € [0,1].

u——+oo u
(Hg) There exist constants R >0 and 0 < d4 < €4 < 1 such that
0<g(t,u,0,0), forall 0 <u < R and t € [d4,24].

The following are our main results, which will be proved in Sections 2 and 3.

Theorem 1.1 (Superlinear case at +00). Suppose that A = 1 and that g(t,u,a,b)
satisfies assumptions (Ho) through (Ha). Then there exist a > 0 and a non-
increasing continuous function T' : [0,a] — [0,+00) so that, for all a € [0,a],
we have:

(1) (Pap,1) has at least one positive solution if 0 <b<T(a).

(i) (Pap,1) has no solution if b>T(a).

(iii) (Pap,1) has a second positive solution if 0 < b <T'(a).

Theorem 1.2 (Sublinear case at +00). Suppose that g(t,u,a,b) satisfies assump-
tions (Hy) through (Hz), as well as assumptions (Hs) and (Hg). Then:

(1) (Pap,a) has at least one positive solution for all a,b,A> 0.

(ii) There exists a positive constant p sufficiently small such that, for all 0 <
[(a,b)] < p, (Papr) has at least three positive solutions for X sufficiently
large.

Remark 1.3. Observe the local character of assumptions (H;), (Hs), (Hy), and
(Hg) on the nonlinearity g in the variable t. More precisely, in this paper some
sort of sublinearity and some sort of superlinearity is required to hold uniformly
in ¢ only on open sub-intervals of (0, 1) which may be small and possibly disjoints.

Our main results may be applied to several classes of elliptic problems. For
example, we may apply our results to the semilinear elliptic equation

—Au = )\f(|:1c|7u) in o <lz| <ra,
u(z) = a on |z| =71, (Qab.n)
u(z) = b on |z| = ra,

where 0 < r; <7y and N > 3. For instance, in the case f(|z],u) = c(|z|)f(u),
where ¢ : [r1,72] — [0, +00) is a non-negative, non-trivial continuous function and
the nonlinearity f is a superlinear continuous function both at zero and infinity,
we may apply Theorem 1.1. Note that a simpler model is given by f(u) = uP,
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with p > 1. The case f(u) =u™M*t2/N=2) =1 and a =0 was studied by C.
Bandle and L. A. Peletier [1]. This result was subsequently improved by M. G. Lee
and S. S. Lin [8]. In fact, using Shooting Methods, the results of [1] were extended
by Lee and Lin to nonlinearities f that are convex and superlinear at both zero
and infinity. Using degree arguments and the upper-lower solutions method, D.
D. Hai extends and complements some of the results of [1, 8] to locally Lipschitz
continuous nonlinearities. (See [5, Theorem 3.7].)

Our multiplicity result is an improvement because (P, ) is not necessarily
autonomous, and we do not impose either local Lipschitz continuity assumptions
or convexity on the nonlinearity f. In addition, by Theorem 1.2, we obtain the
existence of three positive solutions of (Qq.,x), & type of result not yet found
in the literature. As an application of Theorem 1.2, a simple model is given by
flu)=uP/(1+u?), with max{l,q} <p<q+1.

The paper is organized as follows. Section 2 contains preliminary results.
Sections 3, 4 are devoted to proving Theorems 1.1, 1.2, respectively. Finally, in
Section 5 we give more examples and remarks.

Notation. Here is a brief summary of the notation we make use of.

We denote the closed ball of radius R centered at the point p € X by Blp, R] =
{z € X : |z| < R}, and denote the open ball with radius R centered at the point
p € X by B(p,R). The mapping degree for the equation F'(x) =y, for z € A, is
denoted by deg(F,A,y).

2. Preliminary results

In the next section using the lower and upper solution method and fixed point
techniques we will prove Theorem 1.1. For this purpose we observe that if u is a
solution of (P, ), then for all ¢ € [0, 1],

1 1
u(t) = (1— t))\/o Tg(T,u(7),a,b) dr + )\/t (t —7m)g(T,u(r),a,b) dr,
or, equivalently,
u(t) = )\/0 K(t,7)g(t,u(r),a,b) dr

where
| A=-tr, T<L,
K(t,7) = { (1—7)t, 7>t

Thus, solutions of (P, ) correspond to the fixed points of the operator
1
Tu(t) = )\/ K(t,7)g(r,u(r),a,b) dr (2.1)
0

defined on the Banach space X = C([0,1],R) endowed with the usual norm
[ulloc = sup;epo,1) [u(t)]-
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The following fixed point theorem in cones is due to Krasnoselskii (see [2, 3,
4, 7).

Lemma 2.1. Let X be a Banach space with norm |- |, and let C C X be a cone
in X. For R > 0, define Crp = C N B[0,R]. Assume that F : Cp — C is a
completely continuous map and that there exists 0 < r < R such that

|Fa| <|z|, z € 0C, and |Fz|>|z|, x € OCRr, or
|Fa| > |z|, = € 8C, and |Fz|<|z|, x € IC,
where 0Cgr = {x € C : |x| = R}. Then F has a fized point u € C' withr < |u| < R.
Let C be the cone defined by
C ={ueC]0,1] : uis concave and u(0) = u(1) = 0}.

Using the concavity of the function u € C' it is not difficult to obtain the following
result.

Lemma 2.2. For each u € C and «, 5 € (0,1) with o < 3, we have

inf u(t) > a(l — Ul oo -
nt u(t) = a(1 = B)]u]

Remark 2.3. In this work we mainly use fixed points in Cones and Topological
Degree. In this context Lemma 2.2 is crucial in order to obtain estimates of ex-
pansion/compression type as well as when we want to establish a priori bounds.

Lemma 2.4. The operator T : X — X is completely continuous and T(C) C C.

Proof. The proof of this lemma is standard and we include here only the main
ideas for completeness. The complete continuity of T follows from The Arzela-
Ascoli theorem. It is easy to see that T'u is twice differentiable on (0,1) with the
second derivative negative. This implies that T'(C) C C. O

3. Proof of Theorem 1.1 (Superlinear case at +0o0)

In this section we combine the fixed point theorem, upper-lower solutions method
and degree arguments to prove Theorem 1.1. We recall that through this section
A=1

3.1. The first positive solution for Problem (P, 1)

Lemma 3.1. If g(t,u,a,b) satisfies (Ho), (H1) and (Hz), then there exist positive
parameters ag and by such that (Py, p,,1) has at least one positive solution.

Proof. Let u € C with ||u]|oc = R > 0. In view of assumption (Hy), for all ¢ € [0, 1]
we have

1
Tu(t) = /0 K(t,7)g(r,u(r),a,b)dr < (t’TI)neth}){’l]2 K(t,7) Trél[%’)i]g(ﬁ R,a,b).
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Hence, using condition (Hs), we can take ag, bg, R > 0 sufficiently small such that
| Tulloe < [[ulloe if [[ulloc = R. (3.2)

Next, using assumption (Hy), given M > 0 there exist r € (0, R) such that,
g(t,u,ap,bg) > Mu, for all (1,u) € [61,e1] x [0,71]. (3.3)

From Lemma 2.2, for all u € C' we have

u(t) > (1 —e1)01 ||ul|oo, for all t € [d1,€1]. (3.4)
This estimate in combination with (3.3), and taking M sufficiently large we have
Tulloo > fulloo i [fulloc = r1. (3.5)

Therefore, in view of estimates (3.2) and (3.5), we can apply Lemma 2.1 to get a
fixed point u € C with r; < |Ju|| < R. Finally, using the maximum principle we
obtain that u is positive. O

The following is a non-existence result.

Lemma 3.2. If g(t,u,a,b) satisfies (Hs) and (Hy), then there exists co > 0 such
that for all (a,b) € [0,+00)? with |(a,b)| > co, (Pap1) has no positive solutions.

Proof. Assume by contradiction that there exists a sequence (ay,b,) with
|(an,bn)| — +oo such that for each n (P, p, 1) possesses a positive solution
(up) € C. By assumption (Hy), given M > 0, there exists ¢y > 0 such that for all
(a,b) € [0,+00)? with |(a,b)| > co, we have

g(t,u,a,b) > M, for all t € [d3,e3] and u > 0. (3.6)
Thus,

1
) = [ K9 un)anb,) dr
053
Z K(t77—)g(7—7 Un(T),an,bn) dT)
03
which implies that, for n sufficiently large,
€3
un(t) > M K(t,7) dr.
o3

Hence
1>

3
[|un]|oo = M max K(t,7) dr.
t€[0,1] 53

Since in (3.6) we may choose an arbitrary constant M, we have that (u,) is an
unbounded sequence in X.

On the other hand, by using assumption (Hs), we have that given M > 0
there exits R > 0 such that for all ¢ € [0z, 3] and a,b > 0,

g(t,u,a,b) > Mu, for all u> R. (3.7)
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Using Lemma 2.2, for n sufficiently large, we get

€2
Un(t) > M(1 — &3)d2]|tn]|oo K(t,7) dr.
O

Hence
€2

1 Z M(l — 62)52 max K(t,T) dT’
t€[0,1] Js,

which is a contradiction with the fact that M can be chosen arbitrarily large. The
proof of Lemma 3.2 is now complete. O

Remark 3.3. As an immediate consequence of Lemma 3.2, we have a priori estimate
for positive solutions of (P, 1), more precisely, there exists kg > 0 independent
of (a,b) such that ||u||s < ko, for all u € X positive solutions of (P, p.1).

Next, using the upper-lower solutions method we may establish the following
result.

Lemma 3.4. If g(t,u, a,b) satisfies (Ho) and (P, 1) has a positive solution, then
for all (0,0) < (¢,d) < (a,b), (Ps,q,1) has a positive solution provided that c+d > 0.

Proof. Since the function g(t,u,a,b) is nondecreasing in the last two variables we
have that the solution u of (P p.1) is a upper-solution of (P, 1), while the null
function is a lower solution for this problem. Therefore, using the classical lower
and upper solution method we have that (P; 4) has a positive solution. O

Let us define
a:=sup{a > 0: (FPap1) has a positive solution for some b > 0}.

From Lemma 3.2 it follows immediately that 0 < a < +oo. It is easy to see,
using the lower and upper solution method that for all a € (0,a) there exists
b > 0 such that (P,,1) has a positive solution. Thus we may define the function
I':[0,a] — [0,+00) given by

I'(a) :=sup{b>0 : (P,;,1) has a positive solution}.

As a consequence of Lemma 3.4, we obtain that I is a continuous and nonincreasing
function. Therefore, it is easy to see by the definition of the function I' that (Pgp.1)
has at least one positive solution if 0 < b < I'(a) and it has no positive solutions
when b > T'(a).

3.2. The second positive solution for Problem (P, 1)

Now, we are working to prove the existence of a second positive solution of (P p 1)
when 0 < b < I'(a). In this case, according to conclusions above we have positive
solutions u; and u of (P, 1) and (P, r(q),1) respectively. Using a combination of
maximum principle and the monotonicity of the function g(¢,u, a,b) in the second
variable we may suppose that

0<wu; <u, 0<uj(0)<u(0) and uj(l)<u'(1)<O.
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Now we consider the Banach space X7 given by
Xy :={uec C0,1] : u(0) =u(l) =0},
endowed with the norm ||u||; := ||ul|so + ||#||co. Moreover, we consider the fol-
lowing open subset of X7 given by
A={ueX;: 0<u<u, 0<u'(0)<u(0), v(1) <u'(1) <0 and ||ul|; < Ri},

where R; is chosen such that ||ui]]1 < Rj.

Let us consider the operator S, ) : X1 — X1 given by

1
Sta,pyu(t) 2/0 K(t,7)g(r,u(r),a,b) dr.

We notice that if there exists a fixed point of S, ) on d.A, then we have a second
positive solution of (P, 1), otherwise we will obtain the existence of our second
positive solution as a consequence of the following result.

Lemma 3.5. Suppose that S, ) has no fized point on A and assume that 0 < b <
['(a). By using the notation above, we have:

(i) deg(fd — S(a,b)>A7 0) =1
(ii) There exists R > Ry such that deg(Id — S, 1), Bx, (0, R),0) =0 .
Proof. Let us define
gt u(t),a,b) if wu(t) <v,
g(t,v,a,b) :=< g(t,v,a,b) if 0<wv<u(t),
0 if v<0,

and S(a’b) : X1 — X; given by

(S(a,pyu)(t /KtT (1,u(7),a,b) dr.

It is easy to see that this operator S(, ) satisfies the following properties:

(a) S(a,p) is a completely continuous operator;

(b) if u is a fixed point of S, p), then u is a fixed point of S(4 ) with 0 < u < u;

(c) If u= AS(pu with 0 < A <1 then [ul|; < C3, where C3 does not depend

on A and u € X;.
According to the a priori estimate property of assertion (c), there exists Ry > Ry
so that
deg(Id — S(a ), Bx, (0, R2),0) = 1. (3.8)

By the Maximum Principle, the operator S, ) has no fixed points in B(0, Rz) \ A.
By hypothesis, S, has no fixed points on d.A. Thus the topological degree of

Leray-Schauder is defined for the equation (Id — S(p))(x) = 0, for 2 € A. It
follows from (3.8) and the excision property of mapping degree that

deg(Id — S ), A,0) = 1.
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Since S(q,5) (1) = S(ap)(u), for u € A, we obtain part (i).
Next, using (3.4) and assumption (Hs) (see also (3.7)) we obtain an a priori
estimate R which can be taken larger than R; for solutions of the equation

u=Sunu, uec Xy (3.9)

which does not depend on the parameters a and b. Let (a, b) be such that |(a,b)| is
sufficiently large so that (P, 1) has no positive solutions (see Lemma 3.2). Thus

deg(Id — Slab): B(0,R),0) =0.
Hence, by the homotopy invariance property of the mapping degree,
deg(Id — S(a), B(0, R),0) = 0.

The proof of Lemma 3.5 is now complete. ]

Finally, Lemma 3.5 and the excision property of the topological degree imply

deg(Id — S5y, B0, R) \ A,0) = —1,

hence we have a second solution of (P, 3 1). The proof of Theorem 1.1 is complete.

4. Proof of Theorem 1.2

In this section, we apply Lemma 2.1 to obtain three solutions of Problem (P 5 1)
when ¢(t,u, a,b) is sublinear at infinity.
We now present two lemmas which lead to the proof of Theorem 1.2.

Lemma 4.1. Assume that hypothesis (Hy) holds. Then given (a,b) € [0,+00)?\
{(0,0)}, there exists Ry > 0 sufficiently small so that, for all u € ICg,, we have

[Tulloo > [[ulloo-

Proof. According to hypothesis (Hy), for each M > 0, there exists R > 0 so that,
for all t € [61, 1], we have

g(t,u,a,b) > Mu, for each u € [0, Ryq].

Therefore, for all u € Cg,

ITul|oo > /\/0 K(1/2,7)g(1,u(1),a,b) dr

€1
> M K(1/2,7)u(r) dr
o1

B1
A1 (1 —e1)M||ul| oo K(1/2,7) dr.

(631

Y

Taking M > 0 sufficiently large completes the proof of Lemma 4.1. O
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Lemma 4.2. Assume condition (Hg). Then given (a,b) € [0,4+00)? and Ry > 0,
there exists Ro > Ry such that, for all uw € 0Cg,,
[Tulloo < flufloo-

Proof. Let (a,b) € [0,+00)2. According to assumption (Hs), given € > 0, there
exists Ry > Ry such that, for all u > Ry, we have

g(t,u,a,b) < eu.

Thus
1
Tu©) = A Kty u(r)ab) dr
0
1
< )\/ K(t,7)g(T, ||u| 0, a,b) dr
0
1
< AEHuHOO/ K(t,7) dr.
0
Taking € > 0 sufficiently small completes the proof. |

Proof of Theorem 1.2. Part (i) of Theorem 1.2 results from Lemmas 4.1, 4.2 and
Lemma 2.1. For Part (ii), according to assumption (Hz), there exist positive con-
stants sufficiently small p, R3 so that, for all 0 < |(a,b)| < p, we have

ITulloe < ||tt]|oo, for u € OCR,.

Now it follows from assumptions (Hp) and (Hg) that, for all u € OCR, we have

(Tu)(t)

1
/\/0 K(t,7)g(r,u(r),a,b)dr

A K ()T [[ulloo(1 — £4)d4, a,b)dr

04
€4

> ) K(t,7)g(1, R(1 — £4)04,0,0)dr.
04

> (1.

where Cy depends only on R. Thus, there exists A; > 0 sufficiently large such that,
for all A > Ay, we have

ITu|l oo > ||t]loc, for all u € OCR and a,b>0.

We may choose the constants Ri, R and R3 so that Ry < Rs < R < Rs.
Applying Lemma 2.1 we obtain three fixed points of the operator F' in C satisfying

R < ||U1HOO <R3 < ||UQ||OO < R< HU3||OO < RQ,

whence the Theorem. O
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5. Applications

In this section we will state some applications of Theorems 1.1 and 1.2 . Indeed,
let us consider the following examples in annular domains. Through this section,
we assume that N > 3.

Example 5.1. We consider the problem

—Au = aci(|z|) + c2(|2])(B 4+ uP) exp(Cu?) in 1 < |x| < ro,
u(z) = 0 on |z| =71, (5.10)
u(([;) = 0 on ‘.’IJ‘ =T,

where c¢1, co are nonnegative continuous functions, 0 < r; < 72, o, 3 > 0; p >
1; ¢ > 0 and ¢ > 0. Moreover, we suppose that there exists ty € (r1,7r2) such
that ¢1(t9) and ca(to) are positive real numbers. Performing the change of variable
t = a(r) with

A
a(r) = ~ N-2 + B,
where Voo N
(Tl’f‘g) - ro T
A= réV_Q N T{V_z and B = rév_2 B riV_Q’

we obtain the equivalent problem

—u" = g(t,u(t),a,b) in (0,1)

w(0) = u(1)=0 (5.11)
where g(t,u,a,b) = aPdy (t) + do(t)(BP + uP) exp(Cu?), a = aP, § = bP and

AQ/(N—Z) A 1/(N—2)
) — (1 N2 , . _
di(t)=(1—-N) (B — )2N-1)/(N-2) cl((B - t> ), fori=1,2.

It is not difficult to verify that (5.11) satisfies the hypotheses of Theorem 1.1.
Hence, we may conclude that there exists @ > 0 and a function I' : [0, a] — [0, +00)
satisfying

(i) fB=0or 8 =TI(), (5.11) has at least one positive solution.

(ii) If 0 < B8 < T'(«), (5.11) has at least two positive solutions.

(iii) If 6 > I'(«), (5.11) has no positive solutions.

Example 5.2. We consider the problem

—Au = Ac(lz|)f(u) in r <|z|<re,
ulz) = a on |z| =71, (5.12)
u(z) = b on |z| = ro,

where a,b are nonnegative parameters, 0 < r1 < rg, ¢ : [0,400) — [0,+00) is
continuous function and the nonlinearity f is a nondecreasing continuous function
satisfying

(i) lim, o /™ =0.

(ii) Timy oo 7" = +o00.
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Then the conclusions of Theorem 1.1 are true. Indeed, coming from a similar way
to the previous example, it is possible to verify that equation (5.12) is equivalent
to

—u dit) flu+ (1 —t)a+tb) in (0,1)
u(0) = wu(l)=0

where g(t,u,a,b) = d(t) f(u+ (1 —t)a+tb) verifies the hypothesis of Theorem 1.1

with

(5.13)

A2/(N-2) A
(B — t)2(N=1)/(N=2) C((B _y
We observe that Theorem 1.2 may be applied in Equation (5.12) assuming the

hypothesis (i) above and moreover assuming the following sub-linear hypothesis
at infinity

d(t) = (1 - N)? ),

(iii) Timy—joo 7" =0

Finally, we notice that Theorem 1.2 may be applied to establish the existence
and multiplicity (three) of solutions for the following two equations below.

Example 5.3. We consider the problem

—Au = Aea(Jz])uPr + D)P(ca(|z))uP?) in r < |z] < re,
u(z) = a on |z = r1, (5.14)
u@w) = b on o=

wherep; < 1 <pa, ¢ :[r1,r2] — [0,400) for i = 1,2 are nontrivial and nonnega-
tive continuous functions. Furthermore, it is assumed that @ : [0, +00) — [0, +00)
is a nondecreasing continuous function satisfying

o
im T 26 >0 and  lim ®(u)=é > 0.

u—0 U u——+o00

Example 5.4. We consider the problem

~Au = A 15:;!8%23,,4 in 7 <|z| <re,
u(r) = a on |z| = r1, (5.15)
u(xr) = b on |z| = ra,

where 1 < p3 < 1+ ps and the function ¢;(|z|) are like in the example above,
verifying in addition that the intersection of its supports is not empty.

Remark 5.1. We note that 5.12 belongs to the frame of autonomous elliptic equa-
tions perturbed by a weight ¢(]z|). When the weight is nonnegative and nontrivial
on any compact subinterval in (0,1), this type of problems has been considered
in the literature by several authors (see for example [6] and [9]). We note that
here the weight may vanish in parts of the annulus. In addition, Equations (5.10),
(5.14) and (5.15) correspond to elliptic equations strongly non-autonomous. Fi-
nally, we notice that another novelty here is the multiplicity result of three positive
solutions for the semi-linear elliptic equations in bounded annular domains with
nonhomogeneous boundary conditions.
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Abstract. Originally, the Seiberg-Witten equations were described to be dual
to the Yang—Mills equation. The aim of this article is to present a Varia-
tional Principle for the SW-equation and some of their analytical properties,
including the Palais-Smale Condition.
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1. Introduction

In november of 1994, Edward Witten gave a lecture at MIT about N = 2 Super-
symmetric Quantum Field Theory and the ideas concerning the S-duality devel-
oped in a joint work with Seiberg in [15]. In order to please the mathematicians in
the audience, he applied the new ideas to the Yang—Mills Theory to show them a
new pair of 1%*-order PDE, named ST -monopole equation, and conjectured that
the SW-theory is dual to the Yang—Mills theory; the duality being at the quan-
tum level. A necessary condition for the duality is the equality of the expectation
values of both theories. In topology, this means that for a fixed 4-manifold X there
is a formula, conjectured by Witten in [20], where its Seiberg—Witten invariants
are equal to the Donaldson invariants up to the factor 22+ (TxCGO+1IT(X) - After
10 years, it is believed that the conjecture is true, some tour the force has been
done in [11] to prove it, but in its generality it is still an open question. This new
pair of equations has a simpler analytical nature than the Yang—Mills equations.
Even though the open question, and the fact that the physical meaning of the
Seiberg-Witten equations (SW,-eq.) is yet to be discovered, the mathematical
usefulness of the equations is rather deep and efficient to understand one of the
most basic phenomenon of differential topology in four dimension, namely, the
existence of non-equivalent differential smooth structures on the same underlying
topological manifold. It has not been efficient enough to solve either the smooth
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Poincaré conjecture in dimension 4 or the 11/8-conjecture, but they have been
very useful to improve the understanding of the relation between 2"%-homology
classes and smooth structures, the symplectic structures on 4-manifolds and to
give a construction of a large number of non-equivalent smooth structures on a
compact smooth 4-manifold based on the isotopic classes of knots in S? [5]. Also,
using the SW-theory, the Thom conjecture was proved in [9] and some results
in [13] were obtained in a much easier way than the one using Y M-theory. Most
of the simplicity coming from the SW-theory, as compared with the Y M-theory,
came from the fact that the structural group in SW-theory is the abelian Uq,
whereas in Y M-theory the group is the non-abelian SUs.

During the 80’s and early 90’s, the Yang—Mills Theory was used to define a
set of smooth invariants on 4-manifolds known as Donaldson invariants [2]. The
Donaldson invariants shed new light on the theory of smooth 4-manifolds, e.g., the
existence of a non enumerable set of exotics R*. However, the Donaldson Theory
relies on a difficult analysis mostly carried out in the work of Karen Uhlenbeck [19]
and also of Clifford Taubes [7]. Late in the 80’s, Witten, in [21], showed that the
Donaldson invariants could be described as the expectation values of a Topological
Quantum Field Theory. The Yang—Mills functional was first described in 1954, by
Yang and Mills [22], aiming to give a general framework in which the most basic
nature’s interactions would fit in. The configuration space of the Yang—Mills theory
is the space of connections associated to a principal G-bundle (G=strutural group)
P over a 4-manifold X. The Yang—Mills functional is invariant by a conformal
diffeomorphism of X and by the Gauge Group, the group of automorphism of
P. The Euler-Lagrange equation of the Yang—Mills functional is known as Yang-
Mills equation and written as d*Fa = 0 (2"%-order PDE). Whenever the theory is
on a principal SUs-bundle, the stable critical points of the Yang—Mills functional
are named Instantons and satisfies the anti-self dual equations (asd) Fi =0, a
1%t-order PDE. Thanks to the conformal invariance of the Y M-functional, any
instanton in R* can be lifted to a solution on S%. Once P is fixed, the set of
instantons in S* is a smooth manifold of dimension d = 8k — 3, where k = co(P)
is the 2"¢-Chern class of P. The asd-equation has some analogy with the Cauchy-
Riemann equations for the Harmonic equation.

As mentioned before, the Seiberg—Witten equations came out of a duality
principle and not of a variational one. However, in [20] Witten introduced a func-
tional without making any use of it in order to derive the equations or understand
their analytical properties. It turns out that the stable critical points of this func-
tional are the solutions of the SW-monopole equation; it is an open question to find
on a smooth manifold a sufficient condition to the existence of a STW-monopole.

An outstanding difference between the Yang—Mills and SW-functional is the
fact that the SW-functional is not invariant by conformal diffeomorphism of the
4-manifold and the only solution in R* is the trivial one (0,0), as proved in 5.1.

The SW-equations and the Y M-equation become elliptic by considering them
modulo the gauge invariance. In fact, the analytical properties depend on a special
slice of the action defined in 3.15.
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The variational setting of the Seiberg—Witten equation were explored in [8]
and [4]. The main purpose of these notes is to introduce and describe the Varia-
tional Principle and some of its analytical consequences to the SW-equations. A
interesting feature for the variational setting would be an interpretation, in terms
of the geometry of the configuration space, to the SW-invariants. The article is
organised as follows;

section 1 — Introduction

section 2 — Background

section 3 — Variational Principle

section 4 — Main Estimate

section 5 — H-Condition and Palais-Smale Condition

section 6 — Homotopy Type of the Configuration Space

section 7 — Dirichlet and Neumann Problems associated to the SW-equation.

It is a great pleasure to contribute to the volume in honour of the 70" birth-
day of Professor Djairo Figueiredo, whose contribution to the Brazilian mathe-
matical community has been outstanding.

2. Background

2.1. Spin® Structure
A Spin® structure in dimension 4 is related to a lift of Spin§ ~ (SUs x SUs3) xz, Uy
to SpZ"I’L4 X U1 >~ SUQ X SU2 X Ul.

Let X be a smooth, compact 4-manifold with boundary unless the bound-
aryless condition is mentioned. The space of Spin® structures on X is identified
with

Spin(X) ={a=08+v€ H*(X,Z)® HY(X,Z3) | we(X) = B mod 2}.

For each a € Spin®(X), there are the representations p, : SOy — SUs x SUs,
induced by the irreductable Cly-representation, and det(«) : SO4 — C. These rep-
resentations allow the construction of a pair of associated vector bundles (S, ™, £,)
over X as follows [10]: let Pso, be the frame bundle of X; so
e S, = Pso, Xpo, V = SaJr D So .
V ~ C? @ C? is the irreductable Cls-module split by the volume form of the
Clifford Algebra Cly ~ My(C). The bundles ST are the positive and the
negative complex spinors bundle whose fibers are isomorphic to C2.
o Lo= PSO4 Xdet(c) C.
It is called the determinant line bundle associated to the Spin®-structure o
(c1(La) = ).

Thus, for each a € Spin®(X) we associate a pair of bundles
a € Spin(X)  ~ (Lo Sa™).

From now on, we consider fixed a riemannian metric g on X and an hermitian
structure h on S,.
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Let P, be the U;-principal bundle over X obtained as the frame bundle of
Lo (c1(Py) = «). Also, we consider the adjoint bundles
Ad(U1) = PU1 X Ad Ul ad(ul) = .PU1 Xad W1,

where Ad(Uy) is a bundle with fiber Uy, and ad(u;) is a vector bundle with fiber
isomorphic to the Lie Algebra u;.

Let A, be (formally) the space of connections (covariant derivative) on L,
I'(S1) the space of sections of S and G, = I'(Ad(U;)) the gauge group acting
on A, x I'(S1) as follows:

9-(A,0) = (A+ g 'dg.g7"9). (2.1)

A, is an affine space whose vector space structure, after fixing an origin, is iso-
morphic to the space £2'(ad(u;)) of ad(u;)-valued 1-forms. Once a connection
v € A, is fixed, a bijection A, < 2'(ad(uy)) is made explicit by V4 « A,
where V4 = v° + A. G, = Map(X,U,), since Ad(U;) ~ X x U;. The curvature of
a 1-connection form A € 2! (ad(uy)) is the 2-form Fy = dA € 2%(ad(uy)).
2.2. Seiberg—Witten Monopole Equation
Since we are in dimension 4, the vector bundle 22?(ad(u;)) splits as
23 (ad(w1)) & 22 (ad(wy)), (2.2)

here (4) is the self-dual component and (-) the anti-self-dual.

The 1%t-order SW-monopole equations are defined over the configuration

space Co = Ay x I'(S,T) as
Di(¢) =0,
2.3

{FX = a(9), (23)

where
e D7 is the Spinc®-Dirac operator defined on I'(S),

e The quadratic form o : I'(S}) — End®(S}) given by
_ . Lol
o(¢) =¢®¢"— I (2.4)

performs the coupling of the ASD-equation with the Dirac® operator. Locally,
for ¢ = (¢1, P2), the quadratic form takes the value

lf11%—|2|? Iy
U(¢) _ ! 272 ¢21.¢2 , )
b1 [¢2] ;|¢1|
The set of solutions of (2.3), known as SW-monopoles space, is the space

F~10), where Fo : Cq — 23 (X) & I'(S, ) is a map defined by
fa(Av¢) = (FX - J(¢)7Dj4r(¢))

The SW,-equations are G,-invariant and the map F is a Fredholm map up
to the gauge equivalence.
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Definition 2.1. A SW,,-monopole is a solution (A, ) of the SW,-monopole equa-
tion such that ¢ # 0. Solutions of type (A,0) come from an anti-self-dual connec-
tion A.

3. Variational Principle

3.1. Sobolev Spaces
As a vector bundle E over (X,g) is endowed with a metric and a covariant derivative
v, we define the Sobolev norm of a section ¢ € 2°(F) as
k _ )
16 lseo= Yo ([ 1% )5

— Jx

|i]=0
In this way, the L¥P-Sobolev Spaces of sections of E are defined as

L*P(E)={¢pc 2°(E)| || ¢ |lLrr< oo}.

In our context, in which we fixed a connection v° on £, a metric g on X and an
hermitian structure on S,, the Sobolev Spaces on which the basic setting is made
are the following;

Ao = L2 (Q (ad(u1))));

[(Sa™) = LW (2°(X, Sa™));

Ca = Aoc X F(Sa+);

Go = L*%(X,Uy) = L?*(Map(X,Uy)).

(G4 is an co-dimensional Lie Group which Lie algebra is g = LY2(X,u)).

The Dirichlet (D) and Neumann (A') problems require their own configuration
spaces CP and Cé\[ , respectively. From now on, both the configuration spaces will
be denoted by C, by ignoring the superscripts, unless they are needed.

The most basic analytical results are the Gauge Fizing Lemma (Uhlenbeck
[19]) and the estimate 3.1, both extended by Marini [12] to manifolds with bound-
ary; it gives a clue to define a suitable slice of the G,-action.

Lemma 3.1 (Gauge Fixing Lemma). Fvery connection A € A, is gauge equivalent,
by a gauge transformation g € G, named Coulomb (€) gauge, to a connection
A€ A, satisfying

1. df A =0 on 08X,

2. d*A=0on X.

3. In the N -problem, the connection A satisfies A, =0 (v L 0X).

Corollary 3.2. Under the hypothesis of 3.1, there exists a constant K > 0 such
that the connection A, gauge equivalent to A by the Coulomb gauge, satisfies the
estimate

[ AllLrr< K[| Fallze - (3.1)

Notation: *; is the Hodge operator in the flat metric and the index 7 denotes
tangential components.
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3.2. Variational Formulation

The most natural functional to be considered is
1
SWA.0) = 5 [ I FL=o0) P+ D5(0) Yo, (32)

Clearly, the SWW,-monopoles are the stable critical points. The next set of identities
are applied to expand the functional 3.2.

Proposition 3.3. For each a € Spin®(X), let L, be the determinant line bundle
associated to o and (A,p) € Cqo. Also, assume that ky=scalar curvature of (X,g).
Then,

1. <Fi,0(¢)>=1<F{.¢,0>.

2. <o(¢),0(¢) >=; | |".

3. Weitzenbick formula
Fa

k
D2 — * g
1) vv¢+4¢>+ 9

&,
_ ¢l
4. (@) =1"9.
5. The intersection form of X Qx : H*(X,R) x H*(X,R) — R is given by

Q)= [ win a*=Qla.a)
X
6. [x | Fi [Pdvg= [y 5| Fal?dvg+ 2m%a?.
As a consequence, a new functional turns up into the scenario;

Definition 3.4. For each a € Spin®(X), the Seiberg—Witten Functional is the func-
tional SW, : Co — R given by

1 1 1
SWa(A o) = [ (1 Pa P+ 190+ 101 + b |6 Pho, + 7% (33

where kq is the scalar curvature of (X,g).

Remark 3.5.

1. Since X is compact and || ¢ ||p4<|| ¢ ||p1.2, the functional is well defined on
Ca.

2. The SW,-functional (3.3) being Gauge invariant induces a functional SW,, :
Aa Xg, F(S;t) — R.

3. The SW,-functional is bounded below by 0, and it is equal to 0 if and only
if either there exists a SW,-monopole or a anti-self-dual U;-connection.

It is an open question to find a sufficient condition to prove that there exists
a SW,-monopole on a 4-manifold X. If X is symplectic, Taubes [16] proved that
whenever « is the canonical class then there is a SW,-monopole. As a consequence
of the main estimate 4.1, there is a non-existence result for SW,-monopoles on
manifolds whose scalar curvature is non-negative. A necessary condition for the
existence of a SW,-monopole is the following estimate;
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Proposition 3.6. Let o € Spin®(X) and (A, ¢) be a SW,-monopole. Then

2 _
a? < WQUX~(kg,X)4~ (3.4)

Proof. We have
1 1
SWa(4,8) = [ ky |0 P= Il Fallts + 11 946 I3+ [l 011k,

therefore, taking k y = mingex kq(2),

SWalA,0) + (=ky x) |l ¢ 172> i | Fallze + 114 |17 +é 161174,
and,
16 1|74< 8SWalA, 6) +8(k; x)* | ¢ 1172,
where ky = \/ max{0, —ky ,}. It follows from inequality (7.1) that

| ¢ 1172< 8uxSWa(A, ¢) +8ux.(ky x)* || ¢ |[72 -
So,
161122 —8vx.(ky x)* | 6 |I72 —8uxSWal(4, ) < 0. (3.5)
Let us consider the quadratic function f: R — R
flz) =2% - 8vX.(k';X)2x — 8uxSWy (A, ¢).

If the inequality f(z) < 0 is not satisfied by any « € R, then we would have ¢ = 0.
The discriminant of f is

A = 320y (2vx.(k;X);},X + SWa(A, ¢)) .
The inequality (3.5) admits solution if and only if A > 0, since f" (z) > 0 and
mingeg f(z) = —f. Therefore,
SWa(A, ¢) > —2vx.(k, x)*.
Since SW, (A, ¢) = —m2a?, the lower upper bound of the SW,-functional is
SW, (A, ¢) > max{—n?a?, —QUX.(k;X)4}.

In this way, if (A, ¢) is a SW,-monopole satisfying the 1%¢-order SW,-equation
then SW,, (A, ¢) = —m%a?, where
2 _
a? < WQUX~(kg,X)4~
The L2-norm of a spinor field turns out to be bounded, as shown in the identity
below;

dvx.(ky x)* - 2\/4vx [2ux(ky )+ SWal40)| <l 013 (3.6)

< dux.(k; x)* + 2\/ vy [QUX.(k;X)4 + SWa(A, (;S)] (1)



254 C.M. Doria

The Euler-Lagrange equations of the SW,-functional (3.3) are

|¢5\2

Aad+ ¢+ g¢>_0 (3.8)

d*Fa+ 4<1>*(vA¢) =0, (3.9)

where ® : 2'(u;) — 2'(S,1). The dual operator ®* : 2%(S, ") — 2(u) is
locally, in a orthonormal basis {n’}1<;<4 of T*X, written as

4
o1 (vAg) =D < Vip,¢>n', where V=V (n(X;)=6;). (3.10)
=1

The equations above are referred as the SW,-equations.

Remark 3.7. The G,-action on C, has the following properties;

1. the SW,-functional is G,-invariant.
2. the G,-action on C, induces on TC, a G,-action as follows:
let (A, V) € T(a,4)Co and g € Gy, then

g-(AV)=(Ag7'V) € Ty (4,6)Ca-
Consequently, d(SWa)g.(4,6)(9-(A, V) = d(SEWa) (a,¢) (A, V).
The tangent bundle TC,, decomposes as
TCo = Q (ad(wy)) ® I'(S)).
In this way, the 1-form dSW,, € Q!(C,) can be decomposed as
dSWo = diSWy + daSW,,, where
d1(SWa)(a,e) - ' (ad(ur)) = R, di(SWa)(a,6)-A = d(SWa)(4,6)-(A,0)

da(SW,, )(A¢ rSH —R, dz(SWa)(A’qg).VZd(SWa)(A@).(O, V).
By performing the computations, we get

1. for every A € A,,
1
d1(SWa)(a,4)-A = 4/ Re{< Fa,daA > 4+4 < v4(¢), ®(A) >}dz,  (3.11)
X

where ® : 2'(u;) — 2'(S,T) is the linear operator ®(A) = A(¢), whose
dual is defined in 3.10,
2. for every V € I'(S),

e ‘Z“Lkg(;s,v >tdr.  (3.12)

d2(SWa)(a,6).V = / Re{< V¢, vV > + <
X

Therefore, by taking supp(A) C int(X) and supp(V) C int(X), we restrict
to the interior of X, and so, the gradient of the SW,-functional at (A, ¢) € C, is

|¢>|2+k

grad(SW,) (A, ¢) = (d3Fa + 4% (VA¢), A s + 99). (3.13)
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It follows from the G,-action on TC, that

2
rad W) 04,00 = (43Ea + 40710, 57 (Bag+ | O o))
(3.14)

3.3. Coercivity of the SW,-Functional

An important analytical aspect of the SW,-functional is the Coercivity Lemma
proved in [8].

Lemma 3.8 (Coercivity). For each (A, ¢) € Cq, there exists g € G, and a constant
KéA’@ > 0, where KéA’@ depends on (X, g) and SWy (A, §), such that
19-(A,9) llna< K.

Proof. Lemma 2.3 in [8]. The gauge transform is the Coulomb one given in the
Gauge Fixing Lemma 3.1. O

Considering the gauge invariance of the SW,-theory, and the fact that the
gauge group G, is a infinite dimensional Lie Group, we can’t hope to handle any
analytical question in general, we need to work on a slice for the action. So forth,
we restrict the problem to the space, named Coulomb subspace,

CS = {(A,9) € Cas || (4,9) ||pr2< K™Y, (3.15)

4. Main Estimate

In order to pursue the strong L2-convergence for the sequence {(A.,dn)}nez,
given by condition 5.1, next we obtain an upper bound for || ¢ ||L~, whenever
(A, ¢) is a weak solution. Due to its fundamental importance, it is named the
Main Estimate.

Lemma 4.1. Let (A, ¢) be a solution of either D or N in 7.1. Then:

1. If o = 0, then there exists a constant kx4, depending on the Riemannian
metric on X, such that

16l hxgn g = | fmae{0, —ky (o). (a.1)
2. If o # 0, then there exist constants ¢c; = ¢1(X, g) and ca = c2(X, g) such that
o llr<eitellollzsm- (4.2)

In particular, if o € L*> then ¢ € L™

Proof. Fix v € R and suppose that there is a ball B.-1(x), around the point
o € X, such that

| &(x) |>r, Va € B,-i(xo).
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Define
_ < ‘¢‘>¢a if l‘EBT—l(Z'O),
0, if z€ X —B,-1(xo).
So,
Inl<l¢| (4.3)
2 2
S P S GLT er TRT  fpriee
s 2|l VO or(1— " | vo 2 1- Ty 2
S P I PIL PR Il
Since r <| ¢ |,
| vnP<4|ve . (4.4)

Hence, by 4.3 and 4.4, n € L12.
The directional derivative of SW,, in direction 7 is given by

2 4k
d(SWa)(A,¢)(0,77)=/X[< w6, 74>+ 2T 6161 )
By 3.12),
2
/[<vA¢,vAn>+‘¢' +k9|¢\<|¢|—r>]=/ <o(= >
X X
However,
A, oA < ¢, VA >2
/X<v¢7v{’7>_/x[r ‘¢|3 +( ‘¢‘)|V¢|}
So,

612+, . s T (6] —r
[ et0e1n < [ <aa= o< [ faiqol-n,

Hence, ,
k
/X<|¢—r>(¢' o g - a|)<o.

Since r <| ¢(x) |, whenever x € B,-1(x¢), it follows that

(| o +ky) | ¢ |< 4| 0|, almost everywherein B,-1(z0). (4.5)
There are two cases to be analysed independently.
1. 0 =0.
In this case, we get

(| ¢ | +kg) | ¢ |< 0, almost everywhere. (4.6)

The scalar curvature plays a central role here: if k; > 0 then ¢ = 0; otherwise,

| ¢ |< max{0, (—kg)*/?}.
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Since X is compact, we let kx g = \/mameX{O, —kg(z)}, and so,

16 [loo< kx.g-
2. Let o0 # 0.
The inequality 4.5 implies that
o P +ky | ¢ —4]0|<0 ae.
Consider the polynomial
Qo(z)(w) = w? + kgw —4 | o(x) | .

A estimate for | ¢ | is obtained by estimating the largest real number w
satisfying Qq () (w) < 0. Qu(5) being monic implies that limy, oo Qu(z)(w) =
+00. So, either Q,(,) > 0, whenever w > 0, or there exist a root p € (0, o).
The first case would imply that

Qo) (| ¢(2) [) >0, ae,

contradicting 4.5. By the same argument, there exists a root p € (0, 00) such
that Q,(,)(w) chances its sign in a neighborhood of p. Let p be the largest
root in (0, 0c0) with this property. There exist constants ¢; = ¢1(X, g) and ¢

such that
lpl<ertesla@) P
Consequently,
| p(z) |[< c1+co|o(x) [}, ae in B.i(x) (4.7
and
| ¢ ||lLe< C1+Ca || o |[3s,, restricted to B,-1(zg) (4.8)

where C1,Cs are constants depending on vol(B,-1(z¢)). The inequality 4.8
can be extended over X by using a C'*° partition of unity. Moreover, if 0 € L,
then

16 lle< C1+C2 [ o [I%, (4.9)

where C7, Cy are constants depending on vol(X). O

5. H-Condition and Palais-Smale Condition

In the variational formulation, the problems D and N (7.1) are written as

grad(SWy) (4, ¢) = (0,0), grad(SWea)(4,¢) = (0,0),
(D) = gauge (N) = sk _ Ay
(A7¢) |6X ~ (A07¢0)7 1 (*FA) _Oyvn¢_0
(5.1)
The equations in 5.1 may not admit a solution for any pair (0,0) € 2 (ad(u;)) ®
I'(8}). In finite dimension, if we consider a function f : X — R, the analo-
gous question would be to find a point p € X such that, for a fixed vector

u, grad(f)(p) = wu. This question is more subtle if f is invariant under a Lie
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group action on X. Therefore, we need the hypothesis below on the pair (©,0) €
2'(ad(u1)) ® I'(S);

Condition 5.1 (H). Let (©,0) € LY?(2 (ad(wy))) & (LY2(I(SH)) N L>=(I(SH)))
be a pair such that there evists a sequence {(An, dn)tnez C CE (3.15) with the
following properties;
1. {(An, ¢n)tnez C LY2(AL) x (LY2(I(SF)) U L®(I(SF))) and there exists a
constant coo > 0 such that, for alln € Z, || ¢n ||oo< Coo-
2. there exists ¢ € R such that, for allm € Z, SWu(An, o) < ¢,
3. the sequence {d(SWa)(a,.on)tnez C (L2 (2% (ad(w))) & Ll’Q(F(SC‘f)))*, of
linear functionals, converges weakly to
Lo+ Ly : TCo — R,
where

L@(A):/ <O,A >, LU(V):/ <oV >.
X X

As a consequence of 3.8, the sequence {(Ay,, ¢n) }nez given by the H-condition
has the following properties;
1. Tt converges to a pair (A, ¢) weakly in C,.
2. It converges to a pair (A, ¢) weakly in L*(A, x I'(ST)).
3. It converges to a pair (4, ¢) strongly in LP(A, x I'(ST)), for every p < 4.
4. The limit (A, ¢) € L?*(A, x ['(SF)), obtained as a limit of the sequence
{(An, Pn)}nez, is a weak solution of 7.1 ([4]).

It turns out that the sequence {(Ay, ®n)}nez, given by the H-condition 5.1,
converges strongly. The proof in [4] uses the main estimate 4.1 and the fact that

lim [ < ®*(VA¢,), A, — A>=0.

n—0o0 X

Theorem 5.2. [4] Let (©,0) be a pair satisfying the H-condition 5.1. Then, the
sequence {(An, dn)}nez, given by 5.1, converges strongly to (A, ¢) € Cq.

Corollary 5.3. [8] The SW,,-functional satisfies the Palais-Smale Condition.
SW,-Monopoles in X = R*

It comes out of the Main Estimate that in R* the only solution, up to gauge
equivalence, to the SW,-equations is (0,0). The scalar curvature of R* being
kg = 0 implies, by the Main Estimate,, that any solution has type (A4,0), where
d*F4 = 0. However, by Hodge theory F4 = 0, so the only solution, up to gauge
equivalence, is (0,0).

6. Homotopy Type of the Configuration Space

In this section, let’s consider X a boundaryless smooth 4-manifold. Considering
that the SW,-functional satisfies the Palais-Smale condition it is natural to ask
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about the existence of non-stable critical points. This is achieved once we know
the homotopy type of C,. The embedding of the Jacobian Torus

7: :Tbl(X) _ Hl(X7R)

. 1
= m(x.2) — A, xg, T(ST), b (X) =dimpH"'(X,R),

defined in 6.1, and the variational formulation of the SW,-equations together give
us a interpretation to the topology of A, xg, I'(ST).

Proposition 6.1. Let X be a closed, smooth 4-manifold. The solutions of d*Fy4 = 0,
module the G -action, define the Jacobian Torus

H'(X,R)
TH ) = ’ b (X) = dimgH (X, 7).

Hl (X, Z) ) 1( ) ZmR ( ) )
Proof. Let us recall that a = 2; f F4. The equation d*F4 = 0 implies that Fs
is an harmonic 2-form, and by Hodge theory, it is the only one. Let A and B be
solutions and consider B = A + b, so,

d*Fg+d"Fa+ddb=0 = db=0,

from where we can associate B ~ b € H(X,R) (and Fp = Fy).

If a connection Bj is gauge equivalent to By, then there exists g € G, such
that B = A+ g~ 'dg and Fg = F4. However, the 1-form g~'dg € H'(X,Z).
Consequently, if by, by are the respective elements in H'(X,R), then by = by in

HY(X,R)
HY(X,Z2)" 0

The relation among the critical set of SW,-functional and the homotopy of
Ao Xg., I'(ST) is described by the next result.

Theorem 6.2. [3] Let X be a closed smooth 4-manifold endowed with a riemannian
metric g which scalar curvature is k.

1. If kg > 0, then the gradient flow of the SW,-functional defines an homotopy
equivalence among Aq, Xg, I'(ST) and @'(Tbl(X)),
2. If kg <0, then Ay xg, I'(SX¥) has the same homotopy type of Tb1(X)

(A,0) is a solution of the Monopole SWy-equation (minimum for SW,)
whenever F'{ = 0. It is known ([2]) that if b5 > 1, then such solutions do not
exists for a dense set of the space of metrics on X. Therefore:

1. As a consequence of 3.6, only for a finite number of classes a € Spin®(X)
there exists a SW,-monopole attaining the minimum.
2. If a € Spin®(X) is none of the classes considered in the previous item, then

inf SWal(A, ¢) > 0.
(A.9)EAaxg, I'(SE)
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7. Dirichlet and Neumann Problems associated to the
SW,-Equation

The Dirichlet (D) and Neumann (N') boundary value problems associated to the
SW,-equations are the following: Let’s consider (©,0) € 2'(ad(u1)) & I['(ST)
and (Ag, ¢o) defined on the manifold 90X (Ag is a connection on L, |ax, ¢o is a
section of I'(S+ |5x)). In this way, find (A4, ¢) € CP satisfying D and (4, ¢) € C
satisfying NV, where

d*Fa +40*(v4¢) = O, d*F4 +40*(v4¢) = O,
D={A,é+ (Il 4+kg)¢:0,7 N={ Ao+ (Il :kg)qs:a, (7.1)
(A, 8) |ax>~ (Ao, do), i*(xF4) = 0,V1¢ =0,

where i* (xF4) = Fy, Fy = (Fl4, Foy, F34,0) is, locally, the 4/"-component (normal
to 0X) of the 2-form of curvature in the local chart (z,U) of X;
z(U) = {z = (21, 2,23, 74) € RY || 2 ||< 6,24 > 0}, and
z(UNJX) C{x €x(U) | x4 =0} Let {e1,ea,e3,e4} be the canonical base of R?,
S0 v = —ey is the normal vector field along 0.X.

The existence of a strong solution follows from 5.2. Basically, the regularity
follows from the corollary 3.2 and from the Main Estimate 4.1, as proved in [4].

Theorem 7.1. [4] If the pair (©,0) € L¥? @ (L¥2? N L>) satisfies the H-condition
5.1, then the problems D and N admit a C"-regular solution (A, ), whenever
2<kandr<k.
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Some Recent Results on Equations Involving
the Pucci’s Extremal Operators

Patricio Felmer and Alexander Quaas

Abstract. In this article we review some recent results on equations involving
the Pucci’s extremal operators. We discuss the existence of eigenvalues and
applications to bifurcation analysis. Then we turn to the study of critical ex-
ponents for positive solutions, reviewing some results for general solutions and
for radially symmetric solutions. Then, some consequences for the existence
of solutions for some semilinear equations are obtained. We finally indicate
some open problems.
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1. Introduction

In this article we review some recent results in the theory of existence of solutions
for some nonlinear equations involving the Pucci’s extremal operators. These op-
erators are prototypes for fully nonlinear second order differential operators and
they are obtained as perturbations of the Laplacian. While retaining many prop-
erties of the Laplacian, they lose some crucial ones, opening many interesting and
challenging questions regarding the existence of solutions.

In this respect let us remark that the theory of viscosity solutions provides a
very general and flexible theory for the study of a large class of partial differential
equations. While originally developed to understand first order equations, it was
successfully extended to cover fully nonlinear second order elliptic and parabolic
equations. Very general existence results are combined with regularity theory to
obtain a complete theory. We refer to Crandall, Ishii and Lions [11] and, Cabré
and Caffarelli [7] for the basic elements of the theory. For this theory to be ap-
plicable the fully nonlinear operator has to satisfy some structural hypotheses,
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deeply linked to the Perron’s method of super and sub-solutions: maximum and
comparison principles.

On the other hand, when the second order differential operator has divergence
form, again there are many methods to study existence of solutions. These methods
will take for granted the possibility of testing functions by integration, providing
so a rich tool for the analysis. In this direction, this structural hypothesis allows
to construct an associated functional, whose critical points provide the solutions
one is looking for.

The hypotheses on the equation we are about to describe do not include
maximum and comparison principles nor varational structure. Then we realize
that there are few techniques available and the attempt to solve some seemingly
simple and standard problems leads to some difficult questions.

Let us first recall the definition of the Pucci’s extremal operators. Given two
parameters 0 < A < A, the matrix operators My , and My , are defined as
follows: if M is a symmetric N x N matrix

MIANM) =AY ei+A) e

e; >0 e;<0

and

M;A(M) = Z ez—l—AZ €,
e; >0 e; <0
where e, = e;(M),i =1,..., N, are the eigenvalues of M. The Pucci’s operators are
obtained applying M;\”‘ A OT /\/l)_\’ A to the Hessian D?u of the scalar function u. We
observe that when A = A then both Pucci’s operators become equal to a multiple
of the Laplacian. These two operators have many properties in common, but they

are not equivalent. For more details and equivalent definitions see the monograph
of Caffarelli and Cabré [7].

We start in Section §2 with the basic eigenvalues problems for the Pucci’s
operator Mj{ A» hamely

—Mj’A(DQU) = pu in

u = 0 on 09. (1.1)

One first question is the existence of a positive eigenfunction. It is addressed by
Felmer and Quaas in [21] in the radial case and by Quaas in [44] for the case of
a bounded domain using general Krein-Rutman’s Theorem in positive cones as
in [48]. These results are related with a general result for positive homogeneous
fully nonlinear elliptic operators by Rouy [49]. The method used there is due to
P.L. Lions who proved results for the Bellman operator in [34] and for the Monge-
Ampere operator in [35].

When the analysis is restricted to radially symmetric functions, then the full
spectrum for (1.1) can be obtained and nice properties of complementarity among
the spectra are disclosed in [6].
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Once the spectra of the Pucci’s operator is understood, Busca, Esteban and
Quaas in [6] made a bifurcation analysis as developed by Rabinowitz in [47] and
[48]. In this direction, several existence results are obtained in [6] for the equation

~M$\(D*u) = pu+ f(u,p) in 9, (1.2)
u = 0 on O0RQ. ’
where f is continuous, f(s, 1) = o(|s|) near s = 0, uniformly for p € IR, and Q is
a general bounded domain.

The second main question we address in this review has to do with the so-
called Liouville type theorems and is started in Section §4. In general terms the
problem consists in determining the range for p > 1 for which the nonlinear elliptic
equation

M\ (D*u) +uP =0, u>0 in RY, (1.3)

does not have a non-trivial solution. Here N > 3.

The non-existence of positive solutions for (1.3) is evidently complementary
to the question of existence and is related to the problem of existence in a bounded
domain, via degree theory. This approach requires a priori bounds for the solu-
tions that can be obtained via blow-up technique once a Liouville type theorem is
available. This is the crucial importance of these non-existence results.

The first result in this direction is due to Cutri and Leoni [12] who obtained a
general non-existence result for (1.3) whenever 1 < p < p3 := N, /(Ny—2), where
the dimension-like number N is given by N, = A(N —1) + 1. This remarkable
result is actually true for supersolutions of (1.3), even in the viscosity sense.

One important open question is to obtain the full range of exponents for
the general Liouville theorem. In the case of radial solutions, this problem was ad-
dressed by Felmer and Quaas in [19] and [20]. The existence of a critical number p?
is proved by means of a phase plane analysis after an Emden-Fowler transforma-
tion. This existence result is complemented by a uniqueness analysis resembling
the study of uniqueness of ground states. The result in [20] clarifies the whole
range of exponents, however it only gives an estimate of the critical exponent,
whose value is between (N +2)/(N —2) and (N 4 2)/(N — 2), remaining open
to find a formula, in terms of the values of N, A and A. It is important to mention
the existence of an intermediate range of supercritical exponents where positive
solutions in R™ exist, but their behavior differs from those of the usual Laplacian.

Strongly related to Liouville type theorems in RY and also crucial for ex-
istence theory in bounded domains, are the non-existence results in half space.
Here we will review a recent result of Quaas and Sirakov [45], where a dimension
reduction approach in combination with Cutri and Leoni result is taken. In this
way, a Liouville theorem is proved for general functions in the half space if the
exponent is smaller than (N)/(N —2), where N = (N —2) + 1.
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The third theme of this review is the existence theory for nonlinear equations
with general form

MIA(D*u)+ f(u) = 0 in Q,

u = 0 on 9I9. (1.4)

The results obtained so far are bounded by available Liouville type theorems.
The idea used in all results is originated in a paper by de Figueiredo, Lions and
Nussbaum [14], where a related problem for the Laplacian is considered. Through
an ingenious homotopy it is possible to prove that the degree of a large set not
including the origin is non-trivial, thus providing an existence theorem.

Using these techniques, Felmer and Quaas [21] proved the existence of a
radially symmetric ground state for the equation

M A(D?u) —qyu+u? = 0 in RN,
lim, ,ocu = 0,

(1.5)

if the exponent p is subcritical for the operator Mj\” A- In a recent paper Felmer,
Quaas and Tang in [26] have proved that this equation has actually only one
solution. However, a second look at the problem reveals another open question.
While solutions for (1.5) exists for all 1 < p < p% we do not know if this exponent
is optimal.

We will see also some recent existence results for equation (1.4), when  is
a bounded domain in RY. In [18] Esteban, Felmer and Quaas obtain existence of
positive solutions for the equation (1.3) for domains which are perturbations of
a ball. These results provide with evidence that the critical exponent p;, whose
validity so far is confined to radially symmetric functions, is also a critical exponent
for general domains. In [18] other related operators are also considered.

Finally we want to point out that all results discussed above can also be
obtained for the operator My ,, without substantial changes. For other results
concerning singular solutions for the Pucci’s operators, we refer the reader to the
work of Labutin in [32] and [33].

2. Eigenvalues for the Pucci’s operator

As already mentioned in the introduction, the solvability of fully nonlinear elliptic
equations of the form

F(x,u, Du, D*u) = 0 (2.1)

is very well understood for coercive uniformly elliptic operators F. On the contrary,
little is known when coercivity (that is, monotonicity in u) is dropped. The aim is
to study the model problem (1.4) when €2 is a bounded regular domain. In relation
to (1.4) it is convenient to consider an eigenvalue problem that could provide some
information on the general case. Since Mj\“ A is homogeneous of degree one, it is
natural to consider the “eigenvalue problem” (1.1).
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Before continuing with our analysis we want to mention that Pucci’s extremal
operators appear in the context of stochastic control when the diffusion coefficient
is a control variable, see the book of Bensoussan and J.L. Lions [1] or the papers
of P.L. Lions [37], [38], [39] for the relation beetween a general Hamilton-Jacobi-
Bellman and stochastic control. They also provide natural extremal equations in
the sense that if F' in (2.1) is uniformly elliptic, with ellipticity constants A, A,
and depends only on the Hessian D?u, then

M3 A(M) < F(M) < M{ (M) (2:2)
for any symmetric matrix M. When A = A = 1, (1.1) simply reduces to

—Au = pu in
u = 0 on 0N

It is a very well known fact that there exists a sequence of solutions

(2.3)

{(Um @n)}nzl
to (2.3) such that:

i) The eigenvalues {p, }n>1 are real, with p, > 0 and p,, — 0o as n — oo.
ii) The set of all eigenfunctions {¢y, }n>1 is a basis of L?(().

Building on these eigenvalues, the classical Rabinowitz bifurcation theory [47], [48]
allows to give general answers on existence of solutions to semilinear problems for
the Laplacian.

When A < A, problems (1.1) and (1.4) are fully nonlinear and it is interest-
ing to know to which extent the known results about the Laplace operator can be
generalized to this context. A few partial results in this direction have been estab-
lished in the recent years. In [6] the authors provide a bifurcation result for general
nonlinearities from the first two “half-eigenvalues” in general bounded domains.
And in the radial case a complete description of the spectrum and the bifurcation
branches for a general nonlinearity from any point in the spectrum.

Let us mention that besides the fact that (1.1)-(1.4) appears to be a favorable
case from which one might hope to address general problems like (2.1), there are
other reasons why one should be interested in Pucci’s extremal operators or, more
generally, in Hamilton-Jacobi-Bellman operators, which are envelopes of linear
operators. The Pucci’s operators are related to the Fuc¢ik operator as we describe
next. Let u be a solution of nonlinear elliptic equation

—Au = put — apu,
where « is a fixed positive number. One easily checks that if & > 1, then w satisfies
-1
max{—Au, Au} = pu,
@
whereas if o < 1, u satisfies

min{—Au, _1Au} = pu.
«
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These relations mean that the Fuc¢ik spectrum can be seen as the spectrum of
the maximum or minimum of two linear operators, whereas (1.1)-(1.4) deal the
maximum or minimum of an infinite family of operators.

We recall here that understanding the “spectrum” the Fuc¢ik operator, even
in dimension N = 2, is still largely an open question. Only partial results are
known and, in general, they refer to a region near the usual spectrum, (that is for
« near 1). For a further discussion of this topic, we refer the interested reader to
the works of de Figueiredo and Gossez [24], H. Berestycki [2], E.N. Dancer [13], S.
Fucik [27], P. Drébek [17], T.Gallouet and O. Kavian [28], M. Schechter [50] and
the references therein.

The first result in [6] deals with the existence and characterizations of the
two first “half-eigenvalues” for M ,.

Theorem 2.1. Let 2 be a reqular domain, then there exist two positive constants
ui, puy, that we call first half-eigenvalues such that:

i) There exist two functions ¢f, p7 € C%(Q) N C(Q) such that (uf, ¢f),
(17, ¢7) are solutions to (1.1) and ¢f > 0,97 < 0 in Q. Moreover,
these two half-eigenvalues are simple, that is, all positive solutions to (1.1)
are of the form (uf, apy), with « > 0. The same holds for the negative
solutions.

i) The two first half-eigenvalues satisfy

pi = inf u(A), pr = sup pin(4),

where A is the set of all symmetric measurable matrices such that 0 < A <
A(xz) < AT and py(A) is the principal eigenvalue of the nondivergent second
order linear elliptic operator associated to A.
iii) The two half-eigenvalues have the following characterization
+ _

" M;A(Dzu) B " M;’A(Dzu)
pi=supesinf(= 7, ) = smpesginf(= T

).

The supremum is taken over all functions u € leoéV(Q) no(Q).

iv) The first half-eigenvalues can be also characterized by
wi =sup{p| there exists ¢ > 0in Q satisfying M:\F’A(DQ(;S) + pp <0}
and

wy =sup{u| there exists ¢ < 0in Q satisfying MX’A(D2¢) + po > 0}.

The above existence result, that is part i) of Theorem 2.1, is proved using a
modified version, for convex (or concave) operators, of Krein-Rutman’s Theorem
in positive cones (see [21] in the radial symmetric case and see [44] in the case of
a regular bounded domain).

This existence result has been also proved in the case of general positive
homogeneous fully nonlinear elliptic operators in the paper by Rouy [49]. The
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method used there is due to P.L. Lions who proved the result i) of Theorem 2.1
for the Bellman operator in [34] and for the Monge-Ampeére operator in [35].

Properties ii) of Theorem 2.1 can be generalized to any fully nonlinear elliptic
operator F' that is positively homogeneous of degree one, with ellipticity constants
A, A. This follows by the proof of ii) and (2.2). These properties were established
by C. Pucci in [42], for related extremal operators.

The characterization of the form iii) and iv) for the first eigenvalue, was
introduced by Berestycki, Nirenberg and Varadhan for second order linear elliptic
operators in [5]. From iv) it follows that

aF(Q) < pf () and p(Q) < pp () B C O

In [6] many other properties for the two first half-eigenvalues are deduced
from Theorem 2.1. For example, whenever A\ # A, we have uj < puj, since
pi < A (=A) < Apr(—=A) < py. Another interesting and useful property is
the following maximum principle.

Theorem 2.2. The next two mazimum principles hold:
a) Letu € WQOéV(Q) NC(Q) satisfy

l
Mj’A(Dzu) +pu > 0 in Q, (2.4)
v < 0 on 0N '
If w < pi, then uw <0 in Q.
b) Let u € Wfoév(Q) N C(Q) satisfy
M;7A(D2u) +pu < 0 in Q, (2.5)
u > 0 on ON. ’

If p < py, then u >0 in €.

The study of higher eigenvalues for the Pucci’s operator in a general domain
is wide open, as for general second order linear operators. However, in the radial
case a complete description of the whole “spectrum” is given in [6]. This result
may shed some light on the general case. More precisely, we have the following
theorem.

Theorem 2.3. Let Q = B;. The set of all the scalars p such that (1.1) admits a
nontrivial radial solution, consists of two unbounded increasing sequences

O<UT<U;<"'<U2<"H

0</~L1_<,U2_<"'<,U1;<"'
Moreover, the set of radial solutions of (1.1) for p = ,u;cIr 18 positively spanned by a
function gpz, which is positive at the origin and has exactly k-1 zeros in (0, 1), all

these zeros being simple. The same holds for = p, , but considering ¢, negative
at the origin.
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This theorem is proved solving an appropriate initial value problem and a
corresponding scaling. All nodal eigenfunction are generated in this way. There
are many interesting questions left open in [6] regarding the distribution of these
eigenvalues. For example: is it true that /f,i' <pg?

3. Bifurcation Analysis for the Pucci’s operator

In this section we describe the results obtained in [6] regarding bifurcation of
solutions that can be obtained now that we know spectral properties of the ex-
tremal Pucci’s operator. In precise terms we consider (1.2) when f is continuous,
f(s,1) = o(|s]) near s = 0, uniformly for p € IR, and € is a general bounded
domain. Concerning this problem we have the following theorem

Theorem 3.1. The pair (u,0) (resp. (uy,0)) is a bifurcation point of positive
(resp. negative) solutions to (1.2). Moreover, the set of nontrivial solutions of (1.2)
whose closure contains (uf,0) (resp. (uy,0)), is either unbounded or contains a

pair (fi,0) for some fi, eigenvalue of (1.1) with fi # i (resp. i # puy ).

For the Laplacian this result is well known, see [46], [47] and [48]. In this
case the “half-branches” become connected. Therefore, we observe a symmetry
breaking phenomena when A < A.

For the p-Laplacian the result is also known, in the general case, see the
paper of del Pino and Mandsevich [16]. See also the paper of del Pino, Elgueta and
Mandsevich [15], for the case N = 1. In this case the branches are also connected.
The proof of these results uses an invariance under homotopy with respect to p for
the Leray-Schauder degree. In the proof of Theorem 3.1 homotopy invariance with
respect to the ellipticity constant A is used instead, having to deal with a delicate
region in which the degree is equal to zero.

A bifurcation result in the particular case f(u, ) = —p|u[P~!u can be found
in the paper by P.L. Lions for the Bellman equation [34]. For the problem

—M;A( 2u) = pg(z,u) in Q, u=0 on 9N
with the following assumption on g:
(g0) u — g(x,u) is nondecreasing and g(z,0) = 0,
(gl) u— g(i’“) decreasing, and
(62) Tim 9% Z 1 g 9@ g

u—0 u U—00 u
a similar result was proved by E. Rouy [49]. In [34] and [49] the assumptions on g
play a crucial role to construct sub and super-solutions. By contrast, in [6] the use
of a Leray-Schauder degree argument allows to treat more general nonlinearities.

In the radially symmetric case the authors obtain a more complete result.
Their proof again is based on the invariance of the Leray-Schauder degree under
homotopy.
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Theorem 3.2. Let Q0 = By. For each k € IN, k > 1 there are two connected
components S of nontrivial solutions to (1.2), whose closures contains (1, 0).
Moreover, S,:f are unbounded and (p,u) € S,:f implies that u possesses exactly k—1
zeros in (0,1).

Remark 3.1. S} (resp. S, ) denotes the set of solutions that are positive (resp.
negative) at the origin.

For the Laplacian this result is well known. In this case, for all k > 1, ,uz =
and the “half-branches” connect each other at the bifurcation point.

4. Critical Exponents for the Pucci’s Operators

In this section we consider the study of solutions to the nonlinear elliptic equation
(1.3) where N >3, p> 1. When A = A =1 (1.3) becomes

Au+u? =0, uw>0 in RV (4.1)

This very well known equation has a solution set whose structure depends on
the exponent p. When 1 < p < p* := (N +2)/(N — 2) then equation (4.1) has
no nontrivial solution vanishing at infinity, as can be proved using the celebrated
Pohozaev identity [43]. If p = p* then it is shown by Caffarelli, Gidas and Spruck in
[9] that, up to scaling, equation (4.1) possesses exactly one solution. This solution
behaves like C|z[?>~" near infinity. When p > p* then equation (4.1) admits radial
solutions behaving like C|x|~* near infinity, where o = 2/(p — 1). The critical
character of p* is enhanced by the fact that it intervenes in compactness properties
of Sobolev spaces, a reason for being known as critical Sobolev exponent.

It is interesting to mention that the nonexistence of solutions to (4.1) when
1 < p < p* holds even if we do not assume a given behavior at infinity. This
Liouville type theorem was proved by Gidas and Spruck in [23]. When 1 < p <
N/(N —2) := p®, then a Liouville type theorem is known for supersolutions of
(4.1).

This number p° is called sometimes the second critical exponent or Serrin
exponent for (4.1). In a recent paper [12], Cutri and Leoni extend this result for
the Pucci’s extremal operators. They consider the inequality

M A(D*u) +uP <0, w>0 in RY, (4.2)

and define the dimension-like number N, = X(N — 1) 4+ 1. Then they prove that
for 1 <p<pj:= N, /(Ny —2) equation (4.2) has only the trivial solution.

In view of the results for the semilinear equation (4.1) that we have discussed
above and the new results for inequality (4.2) just mentioned, it is natural to ask
about the existence of critical exponents of the Sobolev type for (1.3). In particular
it would be interesting to understand the structure of solutions for equation (1.3)
in terms for different values of p > 1. It would also be interesting to prove Liouville
type theorems for positive solutions in IR™ and to understand the mechanisms for
existence of positive solutions in general bounded domains.
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In [19] Felmer and Quaas obtained some results in the case of radially sym-
metric solutions. Before we state the results we give a definition to classify the
possible radial solutions of equation (4.1).

Definition 4.1.  Assume wu is a radial solution of (1.3) then we say that:

i) u is a pseudo-slow decaying solution if there exist constants Co > C1 > 0
such that Cy = liminf, o r®*u(r) < limsup,_, . r*u(r) = Cs.
i) w is a slow decaying solution if there exists ¢* > 0 such that
lim, o0 r%u(r) = c*.
iii) u is a fast decaying solution if there exists C' > 0 such that
lim, o 7V "2u(r) = C.

The main results in [19] are summarized in the following theorem.

Theorem 4.1. Suppose that N+ > 2. Then there are critical exponents 1 < p3 <
P <ph, with p5 = Ny /(Ny —2) , pi = (N4 +2)/(Ny —2) and max{p3,p*} <
P < ph, that satisfy:

i) If 1 < p < p% then there is no nontrivial radial solution of (1.3).

ii) If p = p% then there is a unique fast decaying radial solution of (1.3).

iii) If p* < p < pt then there is a unique pseudo-slow decaying radial solution to

(1.3).
iv) If pf. < p then there is a unique slow decaying radial solution to (1.3).

Here uniqueness is understood up to scaling. The approach in [19] consists in a
combination of the Emden-Fowler phase plane analysis with the Coffman-Kolodner
technique. We start considering the classical Emden-Fowler transformation that
allows to view the problem in the phase plane. With the aid of suitable energy
functions much of the behavior of the solutions is understood. Their asymptotic
behavior is obtained in some cases using the Poincaré-Bendixon theorem. This
phase plane analysis has been used in related problems by Clemons and Jones
[10], Kajikiya [29] and Erbe and Tang [26] among many others.

On the other hand we use the Coffman-Kolodner technique which consists in
differentiating the solution with respect to a parameter. The function so obtained
possesses valuable information on the problem. This idea has been used by several
authors in dealing with uniqueness questions differentiating with respect to the
initial value. In particular, see the work by Kwong [30], Kwong and Zhang [31]
and Erbe and Tang [26]. However in [20] the authors do not differentiate with
respect to the initial value, which is kept fixed, but with respect to the power p.
Thus the variation function satisfies a non-homogeneous equation, in contrast with
the situations treated earlier.

When the Pucci’s extremal operators is considered on radially symmetric
functions, it takes a very simple form so we can consider the following initial value
problem

u'=M (_A(]\; B 1)u’ — up> , >0, u(0) =v,u'(0) =0, (4.3)
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where v > 0 and M(s) = s/A if s > 0 and M(s) = s/X if s < 0. We notice that
this equation possesses a unique solution that we denote by u(r, p,y) and that non-
negative solutions of (4.3) correspond to radially symmetric solutions of (1.3). It
can be proved that the solutions of (4.3) are decreasing, while they remain positive
and that they have the following scaling property: yu(y*%r,p,v0) = u(r, p, y0Y),
for all ~p,~v > 0.

In the next definition we classify the exponent p according to the behavior
of the solution of the initial value problem (4.3) according to Definition 4.1. We
define:

= {p | p>1, wu(r,p") has a finite zero}.

= {p | p>1, wu(r,py) > and is pseudo-slow decaying}
= {p | p>1, u(r,p~y)> and is slow decaying}

= {p | p>1, wu(rpy)> O and is fast decaying}.

In view of the scaling property, we notice that these sets do not depend on the
particular value of v > 0.

NI

An important step in the proof is to perform the classical Emden-Fowler
change of variables x(t) = r®u(r), r = e'. This allows to use phase plane analysis.
We have that the initial value problem (4.3) reduces to the autonomous differential
equation

v = —ala+ Dz + (1 +20)a" + M(AN = D(ax —2) —a?)), (44

with boundary condition z(—oc0) = 0, z'(—oc0) = 0. Studying this dynamical
system one can obtain the following basic properties:

a) If p> 15’*3 then p € S.

b pr<max{NN2,%+§}} then p € C.

)
c) N+2 €P andif p < N+2 ,then p & S.
d) P\{N+2} is open.

In the proof of these propositions we use two energy like functions

_ (af)? arPtt (ax)? _ (a)? Pt ba?
“W="9 *on-n ™ 2 FO="9 F i 2

in order to understand the behavior of the trajectories. The Poincaré-Bendixon
theorem is also used. It is interesting to note that in the range of p where the
solution is pseudo-slow decaying, the periodic orbit of the dynamical system cor-
responds to a singular solution to Mj\“ A(D?u) 4+ uP = 0, which change infinitely
many times its concavity. These solutions are not present in the case of the Lapla-
cian and appear in trying to compensate the fact that A < A.

The second main step in the proof of the main theorem in [20] is to under-
stand the nature of the solutions obtained near a fast decaying solution. The goal
is to prove that F is a Singleton. As we mentioned, the idea is to differentiate the
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solution of (4.3) with respect to p. The resulting function ¢ has valuable informa-
tion on the solutions near the fast decaying one. By analyzing ¢ one can prove the
following crucial proposition.

Proposition 4.1.  a) If g € F, then for p < g close to ¢ we have p € C.
b) If g € F, then for p > q close to ¢ we have p € SUP.

In order to understand the asymptotic behavior of ¢ it is convenient to study
the function w = we(r) = r%u(r,q), for & > 0 chosen so that § = (N —1)/2 if
N >3 and § = (N —2)/2if 2 < N < 3. This function was introduced by Erbe

and Tang in [26], for a related problem. Defining y(r) = aqu()r) = r%p, when N > 3,
y satisfies the equation
(N-1)(3-N) +quq_1 u?

1
VO e A A
Using the fact that u is a fast decaying solution we find that the coefficient in
the second term of (4.5) is negative for r large. A similar situation occurs when
2 < N < 3. The following lemma on the asymptotic behavior of y is crucial in
proving Proposition 4.1.

Jy 4+ logu=0 if 7> ro. (4.5)

Lemma 4.1. The function y defined above satisfies y(r) > 0 and y'(r) > 0 for r
large.

Finally, the proof of Theorem 4.1 is a direct consequence of previous Propo-
1Y+ +2 }

sitions, the openness of C and P \ { Nooa)

5. Semi-linear equations and Liouville type Theorems

Having proved the existence of the critical exponents for (1.3) one can look for
solutions for similar equations but in a bounded domain. Consider (1.4) when
Q) = Bp is the ball of radius R in IR" and f is an appropriate nonlinearity. When
A = A =1, (Laplace operator case) (1.4) has been studied by many authors, not
only in a ball, but on general domains. We refer the reader to the review paper by
P.L. Lions [36] and the references therein.

Continuing with the description of the results, let us introduce the precise
assumptions on the nonlinearity f:
(f0) f(u) = —yu+ g(u), g € C(]0,+00)) and is locally Lipschitz.
(f1) g(s) > 0 and there is 1 < p < p% and a constant C* > 0 such that

im 9 o
s—+oo 8P
(f2) There is a constant ¢* > 0 such that ¢* — v < pi” and
lim /() =c",
s—0 8

where i is the first half eigenvalue for M7 , in Bp.
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The first model problem is f(s) = —u+sP, 1 < p < p*. The second model problem
is f(s) =as+sP, 1 <p<pl and 0 < a < pf.

Now we are in a position to state the main theorem by Felmer and Quaas in
[21]
Theorem 5.1. Assume N > 3 and [ satisfies the hypotheses (f0), (f1) and (f2).
Then there erist a positive radially symmetric C? solution of (1.4).

In case of the first model problem, Theorem 5.1 can be extended for positive
solutions in IRY. Precisely we have

Theorem 5.2. Assume N > 3 and 1 < p < p’. Then there is a positive radially
symmetric C? solution of the equation

M (D?u) —u+uw? = 0 in RN (5.1)

In order to prove Theorem 5.1 the author use degree theory on positive cones
as presented in the work by de Fugueiredo, Lions and Nussbaum in [14]. A priori
bounds for solutions are obtained by blow up method introduced by Gidas and
Spruck [23] in combination with the Liouville type Theorem 4.1.

Following in this direction and in view of Cutri and Leoni theorem in [12], it
is interesting to ask if the theory of viscosity solutiuons allows to use a degree ar-
gument. Consider the existence of positive solutions for the equation (1.4) when Q
is a convex domain in IRY with boundary 92 of clase C*® and f is an appropriate
nonlinearity.

On the nonlinearity f we consider the hypotheses (f0), (f1) and (f2). With
the difference that in (f1) we assume 1 < p < p} and in (f2) pf is the first half
eigenvalue for M;\*‘ A in €, as given in Section §2.

Now we are in a position to state the main theorem in [44]

Theorem 5.3. Assume N > 3, ) is convex and f satisfies the hypotheses (f0), (f1)
and (f2). Then there ezist a positive C*(Q) solution of (1.4).

Remark 5.1. The missing piece to cover all 1 < p < p3 in (f1) is the Louwville type
theorem in the general case, which remains open.

In order to prove our main theorem the author uses the Liouville type Theo-
rem of Cutri and Leoni. At this point the convexity of the domain plays a crucial
role. In fact, the convexity €2 allows to prove, via moving planes, that the blow-up
point always converges to the interior of Q. As we see in what follows the convexity
of Q can be lifted as proved by Quaas and Sirakov in [45].

Theorem 5.4. Suppose N > 3 and set
. AN=-2)+2A
PEZ AN —2) - x
Then the problem
Mj’A(Dzu) +uP = 0 in R+,
u = 0 on OR+
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does not have a positive nontrivial bounded solution, provided 1 < p < py. Observe
that py > ps.

A Theorem of this type for the equation —Au + f(u) = 0 was first obtained
by Dancer in [13]. Theorem 5.4 is proved by using a (simplified) version of the
proof of Berestycki, Caffarelli and Nirenberg [3], who showed that solutions of
Au + f(u) = 0 in a half space which are at most exponential at infinity are
necessarily monotone in x . Once this is proved it is possible to pass to the limit
as xy — 00, and this leads to a solution of the same problem in RY~!, which
permits the use of Liouville Theorems of Cutri and Leoni in the whole space.

The following existence result is a consequence.

Theorem 5.5. Assume N > 3 and f satisfies the same condition as Theorem 5.3.
Then for any bounded reqular domain §) there exists a positive C*(Q) solution of
(1.4).

Remark 5.2. The missing part to cover the range p5 < p < pi in (f1) is the
general Liouville type theorem in IR which is still open. In fact, a Liouville type
Theorem in all space would imply a Liouville type Theorem in the half space for a
larger range of p.

6. Further questions and open problems

For any linear second order uniformly elliptic operator with C! coefficients, say
2
Lu=3,Y; a; az%gjj with a;; € C?, the semilinear problem

Lu+v? = 0, in Q (6.1)
u = 0, on 09, (6.2)

has a positive solution for the same range of values of p as for the Laplacian. That
is, the existence property of the Sobolev exponent remains valid for all operators
in this class.

In [18] Esteban, Felmer and Quaas consider two classes of uniformly second
order elliptic operators for which the critical exponents in the radially symmetric
case are drastically changed with respect to the Sobolev exponent p*. The main
point in [18] is to prove that the corresponding existence property for these critical
exponents persists when the domain is perturbed, away from the ball.

The first class of operators corresponds to the Pucci’s extremal ones, that is,
M3 A (D?u) and M3, (D?u), already discussed in this paper. We recall that these
are extremal operators in the class defined by (2.2) and we notice that given any
number s € [\, A] the operator sA belongs to the class defined by (2.2).

The second family of operators that are considered in [18] are defined as

Q3 yu=AAu+ (A = N)Q, (6.3)
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where QO is the second order linear operator

5 5 Dl

2
== || Bx 3x
These operators are also considered by Pucci [42], being extremal with respect
to some spectral properties. We notice that these operators belong to the class
defined by (2.2) and when A = A they also become a multiple of the Laplacian. If
we interchange the role of A by A in definition (6.3) then we obtain the operator
@ A, which is also considered later.

The operators Mf A are autonomous, but not linear, even if they enjoy
some properties of the Laplacian. The operators Qf A are still linear, but their
coefficients are not continuous at the origin. When one considers a ball and the set
of radially symmetric functions on it, there are critical exponents for the operators
MT and QT which are greater than the Sobolev exponet p*. On the contrary,
for the operators Q) , and My ,, the critical exponents for radially symmetric
solutions in a ball are smaller than the Sobolev exponet p*. We recall

N_+2 - <t < - N+ +2

~ pL<p"<pi< -

N_ -2 TN, -2
where the numbers in the extreme are the critical exponents of @~ and QT
respectively. The numbers p% and p* depend on A, A and the dimension N.

Open problem 1. Determine an explicit formula for the numbers p* and p*, or at
least describe in more precise terms the dependence with respect to the parameters.

The existense results in [18] are for domains which are close to the unit ball.
More precisely it is assumed that there is a sequence of domains {2, } such that
for all 0 < r < 1 < R there exists ng € N such that

B(0,r) C Q, C B(0,R), forall n> no.
Then the main theorem is

Theorem 6.1. Assume Ny > 2 and that 1 < p < (Ny 4 2)/(Ny —2). Then there
is ng € N so that for all n > ng, the equation

Qu+u? = 0 in Q, (6.4)

u = 0 on 0Q,, (6.5)

possesses at least one montrivial solution.

A second theorem states a similar result replacing QT by /\/lj\r A- Correspond-
ing theorems for @~ and My , are also considered.

Thus, in this work it is proved that the phenomenon of critical exponent
increase (or decrease) does not appear only in the radially symmetric case, but
persists when the ball is perturbed not necessarily in a radial manner. This result
is proved by a perturbation argument, based on a work by Dancer [13]. It provides
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evidence that the critical exponents for these operators, obtained in radial versions,
are also the critical exponents in the general case.

At this point we would like to stress some surprising properties of the critical
exponents of operators in the class given by (2.2). For the first property we consider
all linear elliptic operators with bounded coefficients and belonging to the class
defined by (2.2). If we take the L> topology for the coefficients of these operators,
we see that the critical exponent is not a continuous function of the operator. In
particular, as shown in Section §2, the operators Q; A can be “approximated” in
L% (the coefficients) by a sequence of operators with C'*° coeflicients, for which
the critical exponent in the radially symmetric case is p*.

The second property is related to the non-monotonicity of the critical expo-
nents. Notice the following inequality for operators holds,

M <MJ, and QF \ < MY,

while for the corresponding critical exponents we have

Ny +2
p*<pt and > ph.
+ N,—2 Pr

Open problem 2. Is there a natural order in the operators that is compatible with
the order of the critical exponents?

We finally observe that all operators of the form Mf g and Qi g, with 5,5 €
[A, A], have critical exponents in the interval

N_+2 Ny+2
N_—-2 Ny-2|

Open problem 3. Prove that in the class of operators defined by (2.2), all the critical
exponents are in the same interval, that is, the operators Qf’ A are extremal for
critical exponents.
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Principal Eigenvalue in an Unbounded Domain
and a Weighted Poincaré Inequality
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Thélin
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Abstract. This paper is concerned with the existence of a positive principal
eigenvalue for the p-laplacian on an unbounded domain ). The validity on 2
of a weighted Poincaré inequality is of particular importance in this study.

1. Introduction

This paper is mainly concerned with the existence of a positive principal eigenvalue
(in short PPE) for the problem

—Apu = Ag(x)|u|P~?u in Q, u =0 on 9. (1.1)

Here (2 is an unbounded smooth domain in RN, Aju := div(|Vul[P~2Vu), 1 <p <
00, is the p-Laplacian, A is the eigenvalue parameter and g is a weight function
whose properties will be specified later. By a PPE we mean A > 0 such that (1.1)
admits a solution w Z 0, u > 0, in a suitable weak sense.

Several works have been devoted to this question in the last years. Let us
first consider the case of low dimensions, i.e. N < p. It is known that for p = 2 and
Q = RY with N = 1,2, a necessary condition for the existence of a PPE is that

g changes sign and satisfies / g < 0 (cf. [6]); this result was partially extended to
Q

the p-laplacian case in [12]. Various sufficient conditions have been considered e.g.
in [6], [12], [1], [2], [5], [9] for Q@ = RY which all require the weight ¢ to change
sign and have a significantly large negative part at infinity. On the contrary, when
Q is bounded, the classical Poincaré inequality yields the existence of a PPE as
soon as gt # 0 (cf. e.g. [8]). One of our purposes in the present paper is to
derive the existence of a PPE in some situations where {2 is unbounded and g is
not necessarily negative at infinity (in fact g could even be positive in €2, as in
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Examples 3.5, 3.8 and 3.10 below). A key ingredient in our approach is the validity
on ) of a weighted Poincaré inequality of the form :

(Po) /Qm\uv’ < K(Q,m)/Q|Vu|p Yu € O (Q),

for some function m > 0, # 0, suitably related to the weight g, and for some
constant K (€, m).

Let us now consider the case of high dimensions, i.e. N > p. A necessary
condition for the existence of a PPE can be found e.g. in [16] for @ = RY and
g > 0 at infinity, which shows that g must be sufficiently small at infinity. Most
of the known sufficient conditions deal with Q@ = RY and require either g* to
lie in LN/P (cf. e.g. [2], [11], [9]) or the presence of some negative part for g at
infinity which in a certain sense compensates the fact that g+ would not lie in
LN/P (cf. [1], [16]). In the present paper we are able to derive the existence of a
PPE in some situations where Q is unbounded, ¢ does not belong to LN/? and
no negative part of g is present at infinity (in fact g could even be positive in 2, as
in Example 4.5 below). Here again our approach is partially based on a weighted
Poincaré inequality of the form (P,).

Our paper is organized as follows. After some preliminaries in section 2, we
consider successively the cases of low dimensions (section 3) and of high dimensions
(section 4). The final section 5, which is independent from the previous ones, is
concerned with questions of regularity, uniqueness and simplicity.

2. Preliminaries

It will be convenient to call “admissible” a nonnegative function ¢ defined on 2
which satisfies the following local condition: for some exponent s, with s = 1 when
N < pand s > N/p when N > p, one has

(Hop) q € L*(Qpr) for all R > 0.

Here Qg denotes QN B(0, R), and later we will denote 2\ B(0, R) by Q. We will
assume from now on that the open set Qp for R > 0 is smooth.

Associated with such a function ¢, we define, when ¢ # 0, the space W, as
the completion of C2°(£2) with respect to the norm

1/p
ullw, = ( [rwap= [ qw) .
Q Q

The space D1'P(Q) will also be used when N > p, which is defined as the completion
of C2°(Q) with respect to the norm

1/p
lullprs = ( / W) .
Q
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When N > p, the well-known embedding DVP(Q) «— LP (), where p* is the
critical Sobolev exponent, implies W, < W1P(Qpg) for all R > 0. Such a local
imbedding still holds when N < p, as is easily deduced from the following

Lemma 2.1. Suppose N < p and q admissible, ¢ £ 0. Then for any R sufficiently
large (such that ¢ 0 on Qg), there exists a constant Kr such that

/ [ulP < Kr [/ |Vul? +/ qu|p} Yu € C°(Q). (2.1)
Qr Qr Qr

Proof. Suppose (2.1) does not hold. Then there exists R > 0 with ¢ #Z 0 on Qg
and a sequence uy, € C°(92) such that

/ |ukp>k[/ |Vuk|p+/ q|ukp].
Qr Qr Qr

Write vg 1= up/||ur||Lr(ap)- We have ||vg||prq,) = 1 and

1
> {/ |Vvk|p+/ qvkp} , (2.2)
k QR QR

and so vj, remains bounded in WP(Qg). It follows that for a subsequence, vy
converges weakly to v in WP(Qr) and strongly to v in L"(Qg), where r = s'p <
+00. Moreover (2.2) implies Vv = 0 and so v is a constant, which is nonzero since
[v||Lr(@r) = 1. On the other hand one deduces from (2.2) that

0= Jin [ o= [ qop.
’CHOO QR QR

which contradicts the fact that ¢ Z 0 on Qg. O

Our weight ¢ in (1.1) will be decomposed into g = g1 — g2 + g3 with g1, 92,93
admissible functions. By a solution of (1.1) we mean u € Wy, 1 ¢,+4, such that

/Q|Vu|p_2Vqu = )\/Qg\u|p_2uv (2.3)

for all v € Wy, 4 g,+45- Note that every term in (2.3) is well defined. Note also that
in all the theorems of sections 3 and 4, the solution u will indeed lie in Wy, 4,44,
(or in a slightly smaller space).

3. Low dimensions

In this section we assume N < p. We will successively consider a weight g in (1.1)
of the form g = g1, g = g1 — 92, 9 = 91 — g2 + g3.

The following assumption on g; will be used throughout this section. It asso-
ciates to g1 a function m for which the weighted Poincaré inequality (P,,) holds.
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(Hy) There exists an admissible function m such that (P,,) holds and
g1(z) < 0(x)m(z) in £,
where the function 6 verifies
1101 (02r,) — 0 as R — oo.

The inequality connecting g1 and m in (H;) above means, roughly speaking, that
g1(x) = o(m(x)) as |z| — oo, z € Q. It implies W,,, — Wy, .
Our first result concerns the case g = ¢;.

Theorem 3.1. Suppose N < p and let g = g1 with g1 admissible, g1 = 0. As-
sume that g1 satisfies (Hi). Then (1.1) admits a PPE A (—Ap,g1), having an
eigenfunction u in W, (where m is provided by (Hy)).

The proof of Theorem 3.1 uses the following

Lemma 3.2. Under the hypotheses of Theorem 3.1, the mapping u — gi/pu 18
compact from W, into LP(2).

Proof. Let ugp — u in W,,. Splitting the integral over () into integrals over i and
V%, one has

/mlw —u[? <|]g1
Q

L@ lluk = wlly e g 101l op) /Q/ mluy — u|?.
R

Take € > 0. By (H;) for R sufficiently large, the second term above is less than
€/2, uniformly with respect to k,l. Fixing such a R and using Lemma 2.1 (for
¢ = m) and the compact imbedding WP (Qg) — LP*' (Qg), one obtains that the
first term is also less than /2 for k, [ sufficiently large. The conclusion follows. [

Proof of Theorem 3.1. Let us write

Ao ::/ Vul, B(u) ::/glw.
Q Q

We will first prove that Ag is coercive on W,,. This clearly follows if, for some

e >0,
/ [VulP > ¢ (/ |Vul? +/ m|up> Yu € W,,.
Q Q Q

Using (P,,,), one sees that this inequality holds if
(1 —5)/ IVl > 5K(Q,m)/ Vul? Vu e Wi,
Q Q

But this last relation is obviously satisfied for ¢ sufficiently small. So Ay is coercive
on W,,. Using Lemma 3.2 one then concludes by standard arguments that the
infimum of Ag on {u € W, : B(u) = 1} is achieved at some nonnegative function.
By Lagrange multipliers rule, this infimum yields a PPE for (1.1). O

We now turn to the case g = g1 — go.
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Theorem 3.3. Suppose N < p and let g = g1 — g2 with g1, g2 admissible. Assume
that g1 satisfies (Hy). Assume also

(Ho2) g1 — g2 > 0 a. e. on some nonempty open subset w C ).

Then (1.1) admits a PPE M\ (—Ap, g1 — g2), having an eigenfunction u in Wi,4g,
(where m is provided by (Hy)).

Proof. Let us write, for A > 0,

Ay(u) = /Q Vul? + A /Q plul,  Blu) = /Q alul?

p(A) == 1inf{A\(u) : u € W1y, and B(u) = 1}.

We will first prove that Ay is coercive on Wi, 14,. As before this clearly follows if,
for some ¢ > 0,

/Vup+)\/ggu|p26</ Vup+/m|up+/ggu|p> Vi € Wi gs.
Q Q Q Q Q

Using (P,,,), one sees that this inequality holds if £ < A\ and

and

(1 —5)/ IVl > 5K(Q,m)/ VulP  Vu € Wingg.
Q Q

But this last relation is obviously satisfied for e sufficiently small. So A is coercive
on W44, for any A > 0. Consequently, by minimization of Ay on {u € Wy, :
B(u) = 1}, using Lemma 3.2 (which implies that the mapping u — gi/pu is

compact from W, 44, into L?), one deduces that for any A > 0, the problem
—Apu+ Aga|ulP2u = p(N)gi|u[P 2w in Q, u =0 on 9Q (3.1)

has p(\) as PPE. We now aim at showing that p(\) = A for some A > 0, which
will clearly yield the conclusion of Theorem 3.3. We have, for all u € W, 44, with
B(u) =1,

Ax(u) Z A (=Ap,g1) = A
provided A < Ai(—A,, 1), and consequently p(A) > X for A small. On the other
hand take up € W44, with up # 0 and support included in w. For A sufficiently

large,
[ vl =2 [ (o1 = gl <o
Q Q

which implies p(A) < A for those A’s. But p is a concave u.s.c. function from R{ to
R (since it is the infimum of a family of affine functions), and so it is continuous
on R (see e.g. Th. 10.1 in [14]). It follows that there exists A such that p(\) = A,
and the theorem is proved. O

We finally turn to the case g = g1 — g2 + g3.
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Theorem 3.4. Suppose N < p and let g = g1 — g2 + g3 with g1, g2 admissible and
verifying (Hy), (Hz). Assume gs of the form am with
1
M(=Ap, 91 — g2)K(Q,m)’
where m is provided by (H1), M (—Ap, g1 — g2) is the PPE provided by Theorem

3.3, and K(Q2,m) is the constant appearing in (Py ). Then Problem (1.1) admits
a PPE A\i(—Ap, g1 — g2 + am), having an eigenfunction in W4,

(Hs) 0<ax<

Proof. The case a = 0 corresponds to Theorem 3.3 and so we assume from now
on a > 0. Let us write, for A > 0,

/|Vu|p+/\/92—am uf?, Blu) = /guu\p

r(A) == 1inf{A\(v) : v € W44, and B(u) = 1}.

We start by investigating the values of A for which Ay is coercive on W, 4g,. As
before this coerciveness follows if, for some € > 0,

/ |Vul? + )\/ (g2 — am)|ul? > ¢ </ [Vul? + / (92 +m)|up> YV € Wingg,-
Q

Using (P,,,) one sees that this inequality holds if

(I—¢) /|Vu|p —5)/gg|u\p > ()\a+5)K(Q,m)/ VulP Yu € Wiig,.
Q Q

(3.2)
By choosing € < A and ¢ small enough, one deduces that (3.2) can be verified

provided AaK(Q,m) < 1,ie. A € A :=]0

and

B (9, m) [ So Ay is coercive at least
for A € A. It then follows, by standard minimization and application of the com-

pactness Lemma 3.2, that for any such A, the problem
—Apu+ Mga — am)|ulP?u = r(A)g1|ulP?u in Q, wu =0 on N (3.3)

has r(A) as PPE. We aim at showing that r(A) = A for some A\ € A, which will
clearly yield the conclusion of Theorem 3.4. We have, for all u € W44, with
B(u) =1,

Ax(w) > (1— a)\K(Q,m))/Q Vul? > (1 — aAK(Qm)A (=4, g1) > A

for A small enough. So r(A) > A for A small. On the other hand take a positive
eigenfunction ug associated to A* := A1 (—A,, g1 — ¢2), as provided by Theorem
3.3. Note that by (Hs), A* belongs to the range A of \’s considered above. One
has

/ |Vuol? — )‘*/(91 — g2 +am)ug|’ = _’\*O‘/ mlugl? <0
Q Q Q
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since /m|u0\p > 0 (indeed, if / m|ug|’ =0, then mug = 0 and so, by (Hi),
Q Q

giug = 0, which is impossible since /(91 — g2)ug = 1). This implies 7(A*) < A*.

Q
Finally, as before, r is a concave u.s.c. function from A to R and so is continuous
on A. It follows that there exists A € A such that r(\) = \. O

We conclude this section with 3 examples. The first one leads for a certain
class of weights to an almost necessary and sufficient condition for the existence
of a PPE. The second one concerns a domain which is bounded in one direction,
while the third one concerns a domain which is not bounded in any direction. In
each of these examples, the weight is or can be taken positive all over 2, which is
of particular interest at the light of the necessary condition for Q = RY mentioned
in the introduction.

Example 3.5. Let N =1, p > 1 and Q =|0, 4o0[. If m is admissible with m # 0
and satisfies

/Oo 2P Im(z) de < oo, (3.4)
0

then (P,,) holds. More precisely one has

/0°° m(x)|u(z)Pde < (/OOO xplm(x)dx) (/OOO u’(x)|pdx> (3.5)

for all u € C2°(Q). Indeed, writing u(z) = [

fue)? < ( I dt) ’ ( I u’<t>|pdt) <ot [Tpa

and (3.5) follows easily. Consequently if g; is admissible, # 0, and satisfies (H;)
with respect to the above function m, then Theorem 3.1 applies and yields a PPE
for the problem

u/(t)dt, one has

— (| [P2u") = Agi () |ulP~?u in ©, u(0) = 0. (3.6)

The following proposition describes a situation where (3.6) above does not
admit a PPE.

Proposition 3.6. Let g1 be admissible such that for some 0 < a < p—1,
/ x%g1(z) de = +o0. (3.7
0

Then (3.6) does not admit a PPE.

Proof. The idea is to estimate the Rayleigh quotient for some specific functions.
Define for R > 1, ug(z) by ug(r) = z if x € [0,1], ug(x) = /P if € [1,R],
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ug(xr) = R*/? — RU(/P)=V(z — R) if r € [R,2R] and ug(z) = 0 for z > 2R. We

have
o p rR 2R
/ lup(z)|Pde = 1+ <a> / x* Pdx + R7P dx
0 p 1 R

L Cpa - me)

= 1+4+RP4
p—1l—a'p

and so, since R > 1,

> 1
L) de <2+ ()P .
| pae <24 Cp ()
On the other hand

[ a@hnwr > [ " gu(a) do

whose limit as R — 400 is +00 by (3.7). Assume now by contradiction the exis-
tence of a PPE A for (3.6). One has, by Proposition 5.2 of the following section,

o<xs ([nrran) /([T a@lntorar)

Since the right hand side goes to 0 as R — 400, a contradiction follows. O

Remark 3.7. Combining Example 3.5 and Proposition 3.6 in the particular case
g1(z) = 1/(1 + 2)P, one gets an almost necessary and sufficient condition for the
existence of a PPE. Indeed if 5 < p, then one can find « such that 8 < 1+ a < p,
and Proposition 3.6 yields non existence. On the contrary if § > p, then with € > 0
such that 8 —e > p, one has that m(z) = 1/(1+)°~¢ satisfies (3.4), and Example
3.5 yields existence.

Example 3.8. We consider here N = 2, Q(I) = Rx] — m/2l, +7/2l[ with [ > 1, and
take g = g1 — g2 +m where g1(z1,22) = 2 if |21] < 7, g1(21,22) = 0if [21| > 7/4,
g2 = 0 and m = [? — 1. Note that since [ > 1, the weight g is everywhere positive.
We will see that Theorem 3.4 applies to this example if [ is sufficiently close to 1.
For this purpose we observe that the classical Poincaré inequality holds since Q(1)
is bounded in one direction. More precisely a simple calculation gives

™

/ jul < ( )p/ Val? vue CRO)),
() 1 Jaw

and so the constant K (Q(1), m) from (P,,) is < (I>—1)(7/l)P. Since g1 has compact
support hypothesis (H;) clearly holds. Hypothesis (H2) is also obvious. Finally
fixing lp > 1, and taking { < Iy, one has A (—A,, g1,2(1) < M (—=2Ayp, g1, 2(0)),
and hypothesis (Hs) is satisfied if [ < Iy and

M(=8p, g1, Q(l0)) (I = 1)(n/1)? < 1,

which clearly holds for [ sufficiently close to 1. Theorem 3.4 thus applies.
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Remark 3.9. When p = 2 a direct calculation shows that the problem of Example
3.8 has for any I > 0 a PPE. Indeed by putting v(z;) = v/2e ™/*cosz; for
lz1| < 7/4, v(z) = el for |zy| > 7/4, and u(z1,22) = v(z1)coslzs, one
verifies that —Au = gu on €, u = 0 on 0€);. This observation suggests that some
room exists to improve Theorem 3.4.

Example 3.10. We consider here N < p,
Q= {(z1,22) € R?*: —log(2 + |z1]) < z2 < log(2 + |z1])}

and take g = g1 with g1(z1,22) = 1/(1 + |z1]|)¢ for some € > 0. We claim that
(P,,) is satisfied when m(z1,z2) = 1/(log(2 + |x1|)]P. Indeed, for u € C°(2) and
(z1,22) € Q, one has

log(2+|z1]) 6u P ,
ara)p < [ \ (e1.9)| ds [210g(@ + |2 )P
—log(2+]a ) | 02
which leads to
log(2+]21]) log(2+e1l) | gy, p
/ m(xy, z2)|u(zy, 22)[Pdee < 2”/ ’ (1,8)| ds;
— log(2+]z1]) —log(2+]z1]) | 072

integrating with respect to z7 then gives (P,,) with K(2,m) = 2P. Using the
behavior of the log function, one verifies that g; satisfies (H;) with respect to m,
and so Theorem 3.1 applies.

Remark 3.11. When N < p, an inequality of the form (P,,) with m admissible Z 0
never holds for Q = RY. Assume indeed by contradiction that such an inequality
holds. Then it a fortiori holds with m replaced by m where m = m on a large
ball B, m = 0 outside B, and B is chosen so that m # 0 on B; it also holds
for all w € WHP(RY) with compact support. Suppose for simplicity / m = 1.
RN
We distinguish two cases: either (i) p > N > 1 or (ii) p = N > 1. In case (i),
define uy, by ug(z) = 2 for |z| <k, ux(x) = (—2/k)|z| + 4 for k < |z| < 2k, and
ug(z) = 0 for |z| > 2k. A simple computation then leads to a contradiction. In
case (ii), we adapt a construction from [4] and define uy, by ui(z) = 2 for |z| < k,
up(r) = (3k — |2|)% for k < z < 3k, and ux(x) = 0 for |x| > 3k, where & is
chosen so that (2k)% = 2. Note that 6, — 0 as k — co. Estimating / Vg |V
N

R
by splitting it into an integral over {z : k < |z| < 2k} and an integral over

{z: 2k < |z| < 3k}, one easily deduces a contradiction. Note that on the contrary,
when N > p, an inequality of the form (P,,) may hold for Q = R, as Example
4.5 below indicates.

4. High Dimensions

In this section we assume N > p. As in section 3, we will successively consider a
weight g in (1.1) of the form g =¢1, 9 = g1 — g2, 9 = g1 — g2 + g3.
Our first result is essentially well-known and concerns the case g = g;.
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Theorem 4.1. Suppose N > p and let g = g1 with g1 admissible, g1 #Z 0. Assume

(Ha) g1 € LY7(Q).

Then (1.1) admits a PPE M\ (—Ap, g1), having an eigenfunction u in DVP(Q).
The proof of Theorem 4.1 uses the following

Lemma 4.2. Under the hypothesis of Theorem 4.1, the mapping u — gi/pu s
compact from DYP(Q2) into LP().

Proof. Let uy — u in DVP(2). Splitting the integral over {2 into integrals over Qg
and ', one has

/lelw —wl” < lgillpemllun = wlly o g,y + 91l v llus = wll - o, -

Take ¢ > 0. One deduces from (Hy) and the imbedding D'?(Q) — LP"(Q) that
for R sufficiently large, the second term of the right hand side above is less that
/2, uniformly with respect to k and [. Fixing such a R, one deduces from the
compact imbedding WP(Qr) — L,s (Qr) that the first term becomes also less
than /2 for k and [ sufficiently large. O

Proof of Theorem 4.1. Let us write
Ap(u) ::/ |Vul?, B(u):= / g1|ul?.
Q Q

Ap is obviously coercive on D''P(€). Applying Lemma 4.2, the result follows by
minimization of Ag on {u € DVP(Q) : B(u) = 1}. O

We now turn to the case g = g1 — ¢o.

Theorem 4.3. Suppose N > p and let ¢ = g1 — g2 with g1,g> admissible and
satisfying (Hy) and (Hz). Then (1.1) admits a PPE A\i(—Ap, g1 — g2), having an
eigenfunction u in Wy, .

Proof. Let us write, for A > 0,

Ax(u) ::/ |Vu|p+)\/gg\u|p, B(u) ::/gl|u\p
Q Q Q

px = inf{Ax(u) : u € Wy, and B(u) = 1}

and

Since Ay is clearly coercive on Wy, and since the mapping v — gi/ P

from Wy, into LP, the problem
—Apu+ Ag2|ulP~?u = p(N)g1|u[P"?u in Q, u =0 on 9N (4.1)

has p(\) as PPE. We aim at proving that p(A) = X for some A\ > 0, which will
clearly imply the theorem. We have, for any v € W,, with B(u) =1,

Ax(u) > M (=Ap,g1) > A

u is compact
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provided A < A1(—Ap, 1), and so p(A) > A for A > 0 small. On the other hand
consider ug # 0 with support in the open set w from (Hz). For X sufficiently large,

/ \Vuov’—x/(gl — )l <0,
Q Q

and so p(\) < A for A large. Since p is continuous, there exists A such that p(\) =
A O
We finally turn to the case g = g1 — g2 + g3 with g3 = am.

Theorem 4.4. Suppose N > p and let g = g1 — g2 + am with g1, g2, m admissible.
Assume that (Py,) holds as well as (Hy), (H2) and (H3). Then (1.1) admits a PPE
M(—=Ap, g1 — g2 + am), having an eigenfunction u in Wi, .

Note that in this theorem, g; and m are connected only through (Hs), while
in Theorem 3.4, g1 and m were connected through (H3) and (Hy).

Proof of Theorem 4.4. The proof is totally analogous to that of Theorem 3.4. The
only difference is the use of the compactness Lemma 4.2 instead of Lemma 3.2.
One first gets, for a certain range of A > 0, a PPE r()\) for (3.3), and one then
looks for a fixed point of the mapping A — r(\). O

We conclude this section with an example where Q = RY, the weight is
positive all over Q and does not belong to LN/?. This is of particular interest at
the light of the comments made in the introduction.

Example 4.5. Take N > p, Q = RY and g = g; — g» + am with g; # 0 admissible,
g1 € LY/P(Q), go = 0 and m(z) = 1/(1 + |z|?). Observe that m ¢ LN/?(Q).
Denoting by Cy, the (inverse of the) Hardy constant (cf. e.g. [10], [13]), one has

p
/ m\u|pg/ [ul ch,p/ Vul? Yu e 0 ()
RN gy |T[P RN

and so (Hs) is satisfied if
OZCN’pAl(—Ap,gl) < 1.

Theorem 4.4 thus applies for these values of a.

5. Regularity and simplicity

The theorems of sections 3 and 4 give an eigenvalue A; > 0 of (1.1), having an
eigenfunction v # 0, u > 0. Various properties of A\; and w are collected in the
following

Theorem 5.1. Assume g = g1 — g2 + g3, with g1, go, g3 admissible. Let A1 be a PPE
of (1.1), with w € Wy, 49,445, ¥ Z 0, u > 0 an associated eigenfunction. Then (i)
u € CL.(R) for some 0 < a <1 andu>01in Q, (ii) A\ is the only PPE of (1.1)
and any other positive eigenvalue is larger than A1, (iii) A1 is simple.
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Proof. It follows from Lemma 2.1 (for N < p) or from the Sobolev imbeddings
(for N > p) that for any R > 0, u € WHP(Qg). One then deduces from Serrin
estimates (cf. Th. 8 in [15]) that u € C.(2) for some 0 < a < 1. Moreover, since
u >0, u # 0, it follows from Harnack inequality, arguing e.g. as in [7], that u is
> 0 in Q. Thus one has the conclusion of (i).

The uniqueness of the PPE follows by adapting an argument from [3], which
is based on Picone identity. Indeed let u € Wy, 44,44, and let v € Wy, 44,44,
v > 0, be an eigenfunction associated to PPE A. Take a sequence ¢ € C°(Q)
which converges to u in Wy, 44,4453 by section 2, for a subsequence, ¢ and Viy,
converge a.e. in € to uw and Vu respectively. Using Picone identity and the fact
that |pg|P/vP~1 is an admissible test function in the equation for v, one obtains

p
/|wkp—|wp—2wv(|@k| )
Q

pp—1

P
_ k
- /ww-x/gw 2, 1k
Q Q v

Going to the limit as k — oo yields

0< / IVl — /\/ glul?. (5.1)
Q Q
Now if u is an eigenfunction associated to X', we deduce from (5.1)
0= W= [ gluP
Q

which implies A < X'. At this stage one easily deduces statement (ii).
To derive (iii) one starts as above with A = X = A\; and u,v. With ¢, as
above one has, using Fatou’s lemma,

OS/ lim L(¢g, v) Sliminf/L(gok,v)
Qo

0

IN

Q
(5.2)

zliminf/ R(pg,v)
Q

where ¢ is any compact subdomain of 2 and where L and R are the usual
expressions appearing in Picone identity (cf. [3]):

» uP » w1 p—2
L(u,v) = |Vul’+(p— l)vl’ |Vl P |VulP~*VoVu,

P
R(u,v) |[VulP —V < u_1> |VoP~2Vv.
P

But the argument used above to prove (ii) shows that the right hand side of (5.2)
is zero. We thus have

OS/ L(u,v) =0
Qo
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for any . The equality case of Picone identity then implies V(u/v) = 0 a.e. in
Q, and a classical result on Sobolev spaces (cf. e.g. Corollary 2.1.9 in [17]) yields
that u is a multiple of v. O

In the course of the above proof, one has obtained the following

Proposition 5.2. Assume as before g = g1 + g2 + g3 with g1, g2, g3 admissible, and

let A be a PPE. Then
A [ sl < [ (vup
Q Q

This proposition shows that the eigenpairs constructed in sections 3 and 4
through fixed point arguments in fact minimize the Rayleigh quotient.

Jor alluw € Wy, 4 gotgs,.
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Uniform Stabilization for a Hyperbolic
Equation with Acoustic Boundary Conditions
in Simple Connected Domains

Cicero L. Frota and Nikolai A. Larkin®

Dedicated to Professor Djairo Guedes de Figueiredo on the occasion of his 70th birthday

Abstract. We prove the existence and uniqueness of strong and weak solu-
tions as well as the uniform stabilization of the energy of initial boundary
value problem for a hyperbolic equation in a class of domains Q C R"™ which
includes simply connected regions. The boundary I" of 2 can be a smooth
simple connected manifold and the boundary conditions are acoustic bound-
ary conditions on a portion I'y of the boundary and the Dirichlet boundary
condition on the rest of I'.

1. Introduction

Let Q be a bounded domain in R", n > 1 with a boundary I of class C?. Assume
that I" consists of two disjoint pieces, ['g, I'1, each having nonempty interior. Let
v be the unit normal vector pointing towards the exterior of 2. In this paper
we study global solvability and the uniform decay of the energy for the following
boundary value problem

uge(x,t) — Au(z, t) + a(z)u(z,t) =0, x€Q, t>0; (1.1)
u(z,t) =0, xz Ty, t>0; (1.2)
ug(x,t) + f(x)ze(x, t) + g(x)z(z,t) =0, zely, t>0 (1.3)
gz (x,t) = h(z)ze(x, t), zely, t>0; (1.4)
u(z,0) = uo(x), ug(z,0) = uy(z), x €y (1.5)
zi(x,0) = h(lx) (aauyo (x)), x eIy (1.6)

I Partially supported by research grant from CNPq-Brazil.
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n_o 92

where A = Z 88902’ a:Q2—R and f,g,h: 1 — R are given functions. We have
i=1 i

no restrictions for a sign of «, but | « | must be sufficiently small to ensure the

stability result.

Boundary conditions (1.3) and (1.4) are called acoustic boundary conditions
introduced in a more general form, which had the presence of z; in (1.3), by J.
T. Beale and S. I. Rosencrans. In [4] they considered a linear wave equation and
proved that when the term z; was included in (1.3) there was no uniform rate
of decay of the energy associated. See also [5, 6]. Nonlinear wave equations with
acoustic boundary conditions were studied in [8, 10]. Similar boundary conditions
were considered in [3] where the authors proved that the presence of the second
derivative zy in acoustic boundary conditions made the solution to blow up.

The uniform stabilization of hyperbolic problems with a nonlinear feedback
on a portion of the boundary was studied by several authors imposing strong
geometrical hypothesis on 2 which excluded domains having a smooth connected
boundary or simply connected regions, for instance [1, 2, 7, 13, 15, 16]. The usual
assumptions in these cases were I'g, I'; being closed and disjoint or I'o NT'1 = ().
On the other hand, in [12] the uniform stabilization was proved also for simply
connected domains but with restriction on the dimension n, n < 3, (see also
[13]). Recently, in [9], the existence, uniqueness and uniform stabilization of global
solutions for a generalized system of Klein-Gordon type equations with acoustic
boundary conditions on a portion of the boundary were proved. In this case, also
was assumed that To N Ty = 0.

In this work we define a class of acoustic boundary conditions, (1.3) and (1.4),
which ensures the uniform decay of the energy and is slightly different from those
used in [4, 8, 10]:

ur + m(x)zy + f(x)ze +g(x)z) =0, x €Ty, t>0; (1.7)
Ou
al/:Zt’ zely, t>0. (18)

As far as (1.8) corresponds to the case of a nonporous boundary, (1.4) simulates
a porous boundary when a function h is nonnegative. Equation (1.3) does not
contain the second derivative, mz;;, which physically means that the material of
the surface is much more lighter then a liquid flowing along it. It was observed
that porous walls of channels or airfoils stabilize hydrodynamic flows, [3]. Here
we use this idea and consider a variable porosity of walls: they are porous on the
dissipative (I'1) part of the boundary and impermeable on the rest of it.

The absence of the second derivative zy in (1.3) brings difficulties in studying
solvability of our problem because it can be rewritten as the following operator
equation

BU,+AU =F, (1.9)

where B # I and A are some operators in different Hilbert spaces. It is not simple
to apply the semigroups theory as well as Galerkin’s procedure because a system
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of corresponding ordinary equations is not normal and one can not apply directly
the Caratheodory’s theorem. To overcome this difficulty, we consider (1.3) as a
degenerated second order equation

u, + ez + f(z)zl + g(x)ze =0, on Ty x (0,00); (1.10)

where € — 0. For every € > 0 we have a problem similar to those studied in [4, 8, 10].
It means that we can exploit their results on solvability of the perturbed problem
and then pass to the limit as e — 0. Once we have regular (strong) solutions, using
density and compactness arguments we can get the weak solvability.

We prove global solvability of (1.1)-(1.6) for all n € N* and uniform stabi-
lization for 1 < n < 3. The paper is organized as follows: in Section 2 we give
necessary notations, the results on existence and uniqueness of strong and weak
solutions are given in Section 3 and the uniform stabilization is proved in Section
4.

2. Notations

We denote respectively the inner products and the norms in L?*(Q) and L?(T'y) by

o= [u@ e, ui=([a@yra)’

Q Q

(o, ¥)r, = /@(x)w(x)df, ||, = (/(@(x))zdl“f

Fl I‘1
Let H(A,Q) = {u € HY(Q); Au € L*(Q)} be the Hilbert space with the
norm
lull a0 (HuHHl(Q + [ Au | )

where H((2) is the real Sobolev space of the first order. Denoting o : H(Q2) —
H2(T) and v : H(A,Q) — H~2(T) the trace map of order zero and the Neumann
trace map on H (A, ), respectively, we have

Yo(u) =u. and vi(u) = (gz)|F for all w e D(Q).

We denote by V the closure in H(Q) of {u € C1(Q);u =0 on I'}. Since 'y
has nonempty interior and 2 is a regular domain, then V = {u € HY(Q);vo(u) =
0 on I'p} is a closed subspace of H!(Q); the Poincaré inequality holds on V i.e.
there exists a constant C}, > 0 such that

lu < G, Z/ 8u da: for all uw e V. (2.1)

119
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In view of this inequality, we define in V' the inner product and the norm by

((u,v) Z/@xz (z) dz, lu|l = Z/ 3u 2

,19

which are equivalent to the usual inner product and the norm in H().
Because Hz (') — L2(I') and 7o : H(Q) — H2(I) is a continuous function,
there exists a constant C, > 0 such that

[ o(u) 2, < C, [lulf? for all u eV, (2.2)

For the usual functional spaces we use the standard notation as in [14].

3. Existence results

Assume that
(A1) f,ge C(T1); f(x) >0, g(x) >0 for all z € T'y.
(A.2) h e C(T): h(z) > Ofor allz € Ty, h(z) = Ofor all z € (rl N ro).
(A.3) a € L=(Q).

We have the following result on the existence and uniqueness of strong solu-
tion to (1.1)—(1.6).

Theorem 3.1. Suppose (A.1)—(A.3) hold. Let ug € (VNH?(SY)) satisfy the inequality

‘% o) ‘ <Cy forall x €Ty (3.1)

and uy; € V. Then there exists a unique pair of functions (u, z) which is a solution
to the problem (1.1)—~(1.6) from the class

u,ug € Lo (0,00, V), wu(t) € H(A,Q) a.e. on [0,00), (3.2)
Ugt € L?sc(ov 003 Lz(Q))v (33)
h2z, h2z, h2zy € L2.(0,00; L3(T'1)).

Proof. Let {w;}jen and {£;}jen be orthonormal bases of V and L?(I'y), respec-
tively. For each € € (0,1) and k € N we consider

Uer (2, 1) Zaﬂk Jw;(z zeN, t €0, Tk; (3.5)

Zek(x, 1) Z bjk(t) zely, te0,T; (3.6)
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local solutions to the approximate perturbed problem
(4l + Vuer(®) + auan(t), ;) = (hali®.70(w))) =0, 1< <k (3.7)
1

(20.) + (Rho(un(®) + F2a(0) + g2a(D].&) | =0, 15 < ks (38)

k k
e (0) = uor, = Z(UO, wiwj,  ue(0) = ug Z(ulv wj)wy (3.9)
j=1 j=1
uik + f20.(0 , "1
a(0) = =) 0 - >0 6 (310)

Since (3.7)—(3.10) is a normal system of ordinary differential equations the lo-
cal existence of regular functions (a;r)1<j<k and (b;x)1<;j<k is standard. A solution
(u, z) to the problem (1.1)-(1.6) will be obtained as the limit (diagonal process)
of (tek, zek) as k — 0o and € — 0. Therefore we need estimates uniform on k£ € N
and € > 0. From (3.7) and (3.8) we have the approximate equations

(ulh®) + Fuer(t) + aue(t),w) = (hzii(t), %(”)>r1 =0, (3.11)
(2£(0.€) |+ (Rho(ule(®) + F20) + gzea(0)).€) 0. (3.12)

1

which hold for all w € Span{ws,...,wx} and £ € Span{&y, ..., &}
Estimate 1. Taking w = 2u/,(t) and £ = 22/, (¢) in (3.11) and (3.12) respectively,
we have

o 100 P a1 +-¢ 1 2460) 7, + [ o) (@) o, )]
I

+2/h 2o (2,1))2dD = —2(cuey (), uly,(t))

< (1 +Cp)llallL () (| uee(®) [ +lluee(®)]?) -

Integrating this from 0 to ¢ and taking into account that 0 < € < 1 and (3.1), we
get

| ug(8) 1 Hlluek (@) + € | 2(8) IE, +/h(x)g(x)(zek(x,t))2df

I
—|—2// 2 (xz,7))? dU dr

<lwu |2 +luoll? + ¢ | 244(0) |2 +(H£X | h(x)g(@) |) | zex(0) |7,
z€ly
t

H1+ Gl [ (1) [ Hlues (D)) dr

0
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t

<+ (14 Gllallimioy [ (1ie(r) P +ua(r)|P) dr.
0

Because

0 < min f(z) = fo and 0 < min g(z) = go,
el el

the last inequality yields

t
| uly(t) 12 Hluee@)P+ | B2z (t) [2, + / | h2zl(r) 2, dr
0

t
Gy (1+GCp)

<At IIOZHLOO(Q)/(IHLIC(T) ? +Hlue(T)]?) dr, (3.13)
Cs Cs

0

where Cy = min{1, 2fo, go}. Let T > 0 be arbitrarily fixed. Then the Gronwall
inequality and (3.13) give

t
|l (t) 12 Hluee@) P+ | B2z (t) [2, + / |h2zl(r) B, dr < C5,  (3.14)
0

Cy 1+ Cp)llallpe@ T
exp

02 02

estimate allows us to extend the local solution (uc, zex) to the whole interval [0, T].

where C5 = > does not depend on k, € and t. This

Estimate 2. From (3.7)—(3.10), for all ¥ € N and € € (0, 1), we have
e 0) 1< (| Aug | +lallzmey [uo | ) =Co and [ 24(0) |=0.  (3.15)

Differentiating (3.11) and (3.12) by ¢, and then taking w = 2u/, (t) and & = 22/ (t),
we obtain

o 100 P a1 +-¢ 1250 B, + [ gt)(ht @)tuo. )]
I'y

+2/f($)(hé(Ji)zé'k(ﬂ%t))zdr = —2(aug (1), uli (1))
'

< (14 Gpllaf e oy) (| wl(t) P +lluge(@)1I7) -
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Integrating this from 0 to ¢ and using (3.1) and (3.15), we find

| udh(t) P Hluck 01 + e | 205(2) IF, +/9(x)(h5(x)ZQk(x,t))2dF

Iy

+2 / / F@)(h: (2)2 (z,7))2dTdr < Cs

0 Iy
t

+ (14 Glalme) [ (o) P +la(ol?) dr
0
Therefore we obtain

1
| ul(t) P Hlluck @ + e | 262 7, +/(h2(x)Zék(x,t))2d1“

I'y

t
+2 / / (h2 ()2l (z,7))2dldr < 25
2

0 Iy

t
1+C o
(IR [ (i) P IR ar
2
0

This and Gronwall’s inequality yield the estimate 2:
1
Iu" (t) I +Hllug O + e | 28t) 12 + | h2 20,(0) 7,

/ | B2 (r) 2, dr < Co, (3.16)
14yl o) T
stere Gy = O (1 Ol

2 Cs
From (3.14) and (3.16), we have:

(Uek)eeo1y and (ul))eco.1y are bounded in L (0,T;V),
keN kEN

) does not depend on k, € and t.

(u)ecoy is bounded in L*(0,T; L*(%)),
keN

(h? Zep) ey and (h22}).con) are bounded in L>(0,T; L3(T)),
keN keN

(h?2").c0n, is bounded in L*(0,T; L*(T'1)),
keN

lim € | 2 (t) [, =0 a.e. in [0,T].
e—0
Using compactness arguments, we can pass to the limit as £ — oo and € — 0
to prove the existence of solutions to (1.1)-(1.6) satisfying (3.2)-(3.4). Uniqueness
can be proved in a standard way and we omit it. ([l
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Now we define weak solutions to (1.1)—(1.6).

Definition 3.1. A pair (u, z), where u : Q x (0,00) = R and z : I'; x (0,00) — R,
is a weak solution to (1.1)—(1.6) if

u € LS.(0,00; V), u' € L2.(0,00; LA(Q)), h%z, h2y € L2 (0,00; L*(T))

loc

and for all v € V and T > 0 arbitrarily fixed

(jt(u/(t)»v) + ((u(t),v)) = (hz(t),70(0)r, + (eu(t),v) =0, in D'(0,T);

jt(h%(u(t)% e)r, + (hl[f2'(t) + gz(®)], e)r, =0, in D(0,T);

uw(0)=up , u'(0)=uy.
Using Theorem 3.1, density and compactness arguments, it is easy to prove
Theorem 3.2. Suppose (A.1)—(A.3) hold. Let ug € V satisfy

71 (o)
and uy € L?(Q). Then there exists a unique pair of functions (u, z) which is a weak

solution to the problem (1.1)—(1.6).

4. Uniform decay

In this section we choose a suitable partition (I'g,I';) of I" and a special function
h such that for initial data ug, w1 as in Theorem 3.2, the energy associated to the
problem (1.1)-(1.6)

E@t) =/ t) |* +|lu®)|? + /g(x) h(z) (z(x,t))*dl, for all t > 0 (4.1)
I'y
tends to zero exponentially as ¢t — oo.

For this purpose we prove the exponential decay of the energy when (u, z) is
a strong solution to (1.1)-(1.6), given by Theorem 3.1. Using density arguments
the exponential decay of the energy for weak solutions can be proved.

The hypothesis (A.3) on the function « is not sufficient and we need addi-
tional one. We also note that in this section 1 < n < 3, and we consider domains
Q having connected boundaries.

Let us fix a point 2° € R™ and set

m(z) =z — 2°, x e R, (4.2)
Ty = {z € T such that (m(z) - v(z)) <0}, (4.3)
'y = {z €T such that (m(z) - v(z)) > 0}. (4.4)

Here (m(z) - v(z)) = ij(x) vj(z) is the inner product in R™.
Jj=1
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We denote

M = max (max | my(@) ) (4.5)

and consider h : 'y — R given by
h(z) = B(z) (m(x) - v(x)), (4.6)

where

B € CH(Ty) satifies 0 < By < B(z) for all z € Ty. (4.7
We note that h defined by (4.6) satisfies (A.2).
Theorem 4.1. Let all the assumptions of Theorem 3.1 be satisfied and let the pair

(u, z) be a unique solution to (1.1)—(1.6). Additionally, suppose that h is given by
(4.6), 1 <n <3, and «a satisfies

1 1
oo i . 4.
Then there exist positive constants o and 0 such that
E(t)<oe " forallt>0. (4.9)
Proof. Multiplying (1.1) by 2u’ and integrating over {2, we get
d d
gt | /() |2 —2(Au(t),d/(t)) + it /a(x)(u(x,t))zdx =0. (4.10)
Q
Taking into account (1.3), (1.4), (4.3) and (4.4), we can see that
—2(Au(t), u'(t))
d d
= @ +2 [ F@h@)E @+, [ o@hte ok
Fl l—‘1
Therefore (4.10) can be rewritten as
d
1O F 4@l + [ ato)(ute.0)ds + [ glaihie)(sta,t)Par
Q Ty
= —2/f(x)h(x)(z'(x,t))2dl". (4.11)
I'y

In order to obtain a direct connection with the problem (1.1)—(1.6), we in-
troduce the perturbed energy
Ei(t)y=E(t)+ /a(x)(u(x,t))de, for all ¢ > 0. (4.12)
Q
By (4.11)

El(t) = —2 / F@)h(z)(2' (2, )2 (4.13)
Iy
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From Poincaré’s inequality, (4.1), (4.12) and (A.3) we have
~llall @) CrE(t) < —llall L) Cpllu(t)]®

< Jolpmy | ul®) [P< / o(@) (ulz, ) dx
Q
— E\(t) — E(t)
which yields
(1= llallz=@Cy ) E(t) < Ea(t), (4.14)

where (1 — ||| pee(0)Cp) > 0, since (4.8) holds. Moreover, from (4.12), (4.1) we
obtain

Bu(®) < /() + (14 [l G [u(@)]? + [ g()b(a) (el )7dr
I
< (L4 llallpe @) Cp) E(?). (4.15)
Therefore, taking into account (4.14) and (4.15), we have that the energies E and

FE; are equivalent.
Now we consider a perturbation of F;. For each € > 0 we define

Ei.(t) = E1(t) + ep(t), for all ¢ >0, (4.16)

where

pt) =2 / [(m(w) (e, ) (2, 8) + ) 2 u(x,t)u'(x,t)] dz
Q

+ / (29(x)<m(w) (z)) + h(x)) (u(x,t)z(m) 47 (;) (z(x,t))2>dF. (4.17)
I
We omit the variables x and t of the functions under the integrals in order

to simplify the notations. Making use of (2.1), (2.2) and (4.6), we estimate

2 / (m - Vuy'da| < M(u@]*+ | o'() P ); (4.18)
Q

(n—1)

e @)

‘(n— 1)/uu’dx’ < (n _21)Op |u(®)]|* +
Q

2 1 1
‘/2g<m-v>uzdF’ - ]/ %huzdl“‘ < g”ﬁc(“)/zmz || hS ]2 |dr
0
Il

Fl 1—‘1

Hg”C(F )||h||c(r )C'y Hg“C(F )
+ ! ! u(t)]|® + ! /hz2 dr; 4.20
( o ) el + 2 F (4.20)
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h C 1
’/huzdl“‘ < (” lewy ”) lu(t)]? + /hzzdl“. (4.21)
2 2
Fl I‘1
Analogously
‘/(2g<m.l/) +h)fzzdl“‘ - (Hg||0(r1)||f||c(r1) N Hch(rl)) /hzgdr (4.22)
2 - Bo 2 o
Fl 1—‘1
Using (4.16)—(4.21) we find a positive constant Cy such that
o012 (1) P+l + [ ha2dr). (4.23)
I
We know that
/hzzdl“ < 1 /ghz2dr,
9o
Fl I‘1

therefore (4.23) takes the form

o0 1< ol [u(6) P+ + [ ghaar), (4.24)

I

C
where Cy = max{C1, ! }. We can see that
g0

_ /mﬂdx _ /(a+ ~ o) ulda < /a— W2dz < ol ey Cylu(t)
Q Q Q
< llallL=@CpE() < CsEr(t), (4.25)

where in the last inequality we have used the equivalence of E and Ej.
Combining (4.24) and (4.25), we find a positive constant Cy such that

| p(t) | < C4Eq(t) forallt > 0. (4.26)
Now (4.16) and (4.26) imply
B - Bi() < G forall >0,
This means that there exist positive constants Cs and Cg such that
Cs5E1(t) < Ei(t) <CgEi(t) forallt>0

which proves that the energies F; and Ej. are also equivalent.
On the other hand, differentiating F1. defined by (4.16), we have

Bl (t) = E{(t) + ¢ (1), (4.27)
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where
2/ m - Vu' ' + (m - Vu)Au — a(m - Vu)u|dz + (n — 1) | o/(t) |?
Q
+(n—1) /(uAu —au?) dx + c;lt [/(2g<m -v) +h) (uz + J; 2?) dI‘} (4.28)

Q IS

Next we analyse the terms on the right hand side of (4.28). Because

/<m~u><8“>2drso,

ov
To

we can see that
2/<m-Vu'>u’dx < —n|u(t) P —|—/<m-v>(u')2 i (4.29)
Q I
and since 1 < n < 3, following the ideas of [12] (Lemma 2.2) and [11], we find

2/<m-Vu>Audx§ (n—2)\\u(t)|\2+2/<m.vu>hz'dr—/<m-y>wu||§ndr.
Q I'y Iy

(4.30)
Moreover,
~2 [alm Vupuds < Jale@MO+Clul?s @31
Q

(n—1) /uAu dr = —(n—)|u(t)||* + (n — 1) / huz'dl; (4.32)

Q I'1
~0-1) [auds < (0= Dallmo Collu(®l (4.33)

Q

Taking into account (4.13), (4.27)-(4.33), we obtain
() < ef = 1/ (0) P + [ ol (M 1+ Cp) + Cpln = 1)) = 1] flu(t)]?

—|—/ [(n — Dhuz' + 2(m - Vu)hz' + (m - v)(u')* — (m - V}\\Vu”fgn] dr
ry
d

+ [/(Qg<m )+ h) (uz + J; z2)dl“] } - 2/fh(z')2 dr. (4.34)
Il

I

Using (4.8), we can see that

~Cr = [llallz=@ (M1 +C) + Gpn—1)) = 1] <0, (435)
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then (4.34) and (4.35) yield

E (t) < —Cge E(t) — 2/fh(z/)2 dr + e{;i [/(29(771 vy 4+ h) (uz + J; 2?) dF]
'

I

—|—/ [(n — Dhuz' +2(m - Vu)hz' + (m - v)(u')* + ghz® — (m - 1/>\\Vu||%§n}df},
1

where Cs = min{1, C7}. This and the equivalence of E and E; imply

Ef.(t) < —Cye By (t) — 2/fh(z')2 dr + e{;i [/(29(771 vy +h) (uz + J; 2?) dF]
'

Iy

—|—/ [(n—1)huz'+2<m-Vu)hz’+(m-u)(u’)2+gh22—(m-u}HVuH]%n}dF}. (4.36)
1

We estimate separate terms in the right-hand side of (4.36) as follows:

/ [(m . V>(u’)2 + ghzz] dl' < / [2 (<m . y>f2(z')2 + (m - 1/>9222) + ghzz] dl’

Iy I,
=2 [(m- )P+ [ @om-v) -+ gt ar =2 [ (m-v) (' ar
Iy Iy o
—jt [/(2g<m V) +h) (uz + '; z2)d1“} - /(2g<m V) + h)uz'dl (4.37)
Iy Iy

and

| 2" [2)dr,

2/<m-Vu>hz’dF < 2M/||VuHRnh || dl < M/()\hHVqugn +i
Fl 1—‘1

'
where A is an arbitrary positive number. The last inequality, (4.36) and (4.37)
imply

El(t) < —Coe Br () —/(2f— €T)h(z’)2dl“

I'y

—l—e{ /(2g<m V) +nh)uz'dl + 2/<m V) f2(2)%dT —/((m V) — M)\h)HVqugndl"}.
" " " (4.38)
Denoting

M, = max (29<m vy + nh),
zel'y
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we obtain for all A > 0, using (2.2), (4.7), the equivalence of E and E}
1
. l < . 2 2
/(2g<m v) +nh>uz dr’ < / (2g<m V}+nh> ()\u + 4)\(z) )dI‘
Fl I—‘1
< MiACE(t) + 41)\ /(2g<m -v) +nh)(z')%dl
I

MiXC 1 / D
< FEi(t) + 2g(m - v) + nh)(z")*dl,
(1 = [lallL=@)Cp) Bty [ Botm ) ()

I
From this and (4.38)

B (t) < —CoeEq(t) + (1- f\jﬁf:?ﬂ)cp)El(t) - 6/(<m V) — MAR)||Vul/3.dT
I'y
—2/ [ - Zj‘f)h—e(<m-u>f2+ Jmen)+ gi‘)}(z’)%r.

Iy
Taking into account (4.6), (4.7), we have

M;CA ))El(t)_6/<m.y>(1_Mm)uwnfwdr

E (1) < — —
0 < =<(Co= (| alemnC

1]
_ . _ 2 g ’I’Lﬁ Mﬁ N2
/<m u>[2fﬁ G(Qf oty )}(z) dr. (4.39)
I
Choosing in (4.39) A > 0 such that
M,CA
Cio=(Cy — >0 and (1—MpBA) >0,
2= (O (1 alpy) oy

we conclude that

El(t) < —eCroBs (t) — / m-)[278— ¢(

I

SAf2+2 aM

Now choosing ¢ > 0 such that
iy 8Af (2)5(a)
8Af2(x) + 29(x) + nB(x) + AMB(x) '

we obtain

for all z € T'y,

Eie(t) < —eCi0En (t)

This and the equivalence between the energies E, Ey., and E; prove (4.9).
The proof of Theorem 4.1 is completed. (|

As we said in the beginning of this section, using Theorem 4.1, density and
compactness arguments we can prove the following theorem:
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Theorem 4.2. Assume that all the assumptions of Theorem 3.2 are satisfied and
let the pair (u, z) be a unique weak solution to (1.1)—(1.6). Additionally, suppose
that h is given by (4.5), 1 <n <3, and «a satisfies (4.8). Then there exist positive
constants & and p such that

E(t) < de ™' forallt > 0. (4.40)
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Some Remarks on Semilinear Resonant Elliptic
Problems

J.V. Goncalves and C.A. Santos

Abstract. We study existence of solutions of the semilinear elliptic problem
—Au = a(z)u+ f(u) + h(z) in Q, v =0 on 99,

where A is the Laplace operator, a, h are L?(Q)-functions with h # 0, a < A\

where A1 is the first eigenvalue of (—A, H3(2)), f : R — R is unbounded

and continuous, and 2 € RY (N > 1) is a bounded domain with smooth

boundary 9. We focus on “one direction resonance”, namely the case f(s) =

0 for s <0 and ir>1£ f(s) = —0o. No monotonicity condition is required upon

f- Minimization arguments are exploited.

Keywords. Resonant problems, minimization arguments, one direction reso-
nance.

1. Introduction

Our concern is on the existence of solutions of the semilinear elliptic problem,
—Au = a(z)u+ f(u) + h(z) in 2, v =0 on 09, (1.1)

where A is the Laplace operator, a,h are L?(Q)-functions with h # 0, a < \;
where \; is the first eigenvalue of (—A, H}(Q)), f : R — R is unbounded and

continuous and Q € RY (N > 1) is a bounded domain with smooth boundary
of.

Resonant problems have been intensively investigated since the pioneering
work [9] by Landesman & Lazer which treated bounded nonlinearities f such that
f(s) — fr as s — too with fr € R. We refer the reader to Hess [6], Ahmad,
Lazer & Paul [1], Rabinowitz [12], Brézis & Nirenberg [5], and their references.
There is up to date a broad literature on the subject.

Research partially supported by CNPq/PQ, PADCT/UFG 620039/2004-8, PRONEX/UnB..
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Among the interesting features of resonance is the so called “strong reso-
nance” investigated by Bartolo, Benci & Fortunato [4] which refers to the case
where f_ = fy =0 with F, € R where F, := lim F(t) and F is the potential

[t]|— o0

associated to f namely, F'(t) := fg f(s)ds, t € R.

In order to further recall some specifics on resonance, in a certain sense,
regarding f_, f, Fio, we set
G(x,s) := a(x)s?/2+ 2F(s)/s* and A (z) := lim 2G(z,s)/s>.

|s]—o0

The extended real number

i(Ag) = inf /(\wﬁ Ao ()0?)da.
veH(Q), [vlo=1 Ja

where |- | stands for the L?(£2) norm, has played a role. In light of these notations

(1.1) has been termed nonresonant if i(As) > 0 and resonant if i(As) = 0.

Nonresonant problems, in the sense that i(A) > 0, involving unbounded
nonlinearities were addressed, for instance, by Mawhin, Ward & Willem [10] and
deFigueiredo & Gossez [3]. On the other hand, resonant problems in the presence
of unbounded nonlinearities were treated by Kazdan & Warner [8] and Liu & Tang
[11]. See also their references.

In particular, it was shown in [11] by means of minimization arguments, the
existence of a weak solution u € H}(2) for (1.1), under the conditions,

|t] — o0

a(x) =\, F(t) — —o0, / hrdr = 0 with h € L?(9),
Q

where @1 > 0 is the principal Aj-eigenfunction. We point out that for suitable
values of N > 3, the function

2s 2N N2 2N
— N-2 N-2
1(s) 1+ 52 + N —2 5 cos(s )

satisfies the conditions of [11] and actually i(A) = 0.

However, a new concept of resonance termed “one direction resonance” was
exploited by Kannan & Ortega [7] and Cuesta, de Figueiredo & Srikanth [2]. In
fact, it was shown in [2], by means of sharp a priori elliptic estimates and the Leray-
Schauder degree theory, the existence of a strong solution u € W27 (Q) N H}(Q)
for (1.1) under the conditions

N+1
f(s)=(sT)? with 1 <o < Ni—l’ /thpldx<0andh6LT(Q), r > N.

Motivated by [2] we focus back on “one direction resonance” at the first eigenvalue
of (=A, H}(Q2)) by studying a situation in which the function f satisfies a condition
like

f(s) =0 for s <0 and ;r;%f(s) = —00
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but with no monotonicity assumption upon f. Our result complements the ones
mentioned above in the sense that regarding [11] we treat “one direction resonance”
and, with respect to [2] we study existence of solutions of (1.1) with f as above
and h € L?(Q) satisfying

/ hordz > 0. (1.2)
Q

We set
ft)=p(t) (t7)7, t€R,
where 1 <o <2N/(N—-2)if N >3,1<0 <o if N=1,2and (3 is a bounded
continuous function satisfying

sup 8(t) < 0 for some M > 0. (1.3)
t>M

The energy functional associated to (1.1) is

I(u) = ;/Q|Vu|2dx— ;/Qa(a:)qux—/QF(u)dx—/Qhudac, u € Hy(Q).

We point out that depending on the choice of o, I satisfies —oco < I(u) < 00
and thus may not be differentiable. The positive and negative parts of a function
u will be denoted by u*.

QOur main result is:

Theorem 1.1. If (1.2),(1.3) and a < Ay hold, there is u € H3(Q), u™ # 0, such
that

/Vqupdx—/augpdx—i—/ﬁ <pdx+/h<pda: o € H3(Q)NL®(Q).
(1.4)
Furthermore,
/ hu~dx <0 when 1 <o < (N +2)/(N —2). (1.5)
Q

Remark. (i) If either N = 1,2 and 1 <o <ocoor N>3and 1 <o < (N+2)/
(N —2), then (1.4) holds with ¢ € H}().

(ii) Condition (1.2) is, in a certain respect, necessary to get some u € H} ()
with ut # 0 satisfying (1.4). Indeed, if u € H}(Q) satisfies (1.4),

a= A, /hgpl dx <0 and 3 <0,
Q

then it easily follows that u* = 0.
Examples. Functions [ satisfying (1.3) are obtained by making

(i) B(s):=0 fors <0, B(s) :=s*— s’ for s € [0, M], B(s) := B(M) for s > M

for some M > 0 and for suitable values of b > a,
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or

(i) B(s) := —[2+ sin(s)], s € R.

2. Proof of Theorem 1.1

The main part of the proof consists in showing that the energy functional I is
weakly sequentially lower semicontinuous, wslsci for short, and coercive. With this
we get a point of minimum u of I and subsequently show that u satisfies the
conditions asserted in Theorem 1.1.

Lemma 2.1. Assume (1.3) and a < A\1. Then I is wslsci.

Proof. Let u, € H}(Q) such that u,, — u for some u € HJ(£2). Passing to subse-
quences we have

Up — w in L*(Q), u, — v a.e. in Q, |u,| <0 in Q

for some 6 € L?(2). Of course,
+

n

Now, set 0 := — sup S(¢) and notice that for ¢ > M,
t>M

ut — vt and u} < 6 a.e. in Q.

F(t)

IN

/0 Y (s (st yds — 6 /J;<s+>f'ds

S MO _ aj-l (ta—i-l _ Ma—i-l)’

so that F(t) — —oo as t — 400 and hence
F(t) < F for all t € R and for some Fi > 0. (2.1)

Moreover, using
a(x)ui < Alui < M\0?, ae. in Q,

it follows by Fatou’s lemma
1 1
imI(u,) > lim/ |V, |?dr — lim/ au’dr — lim/ F(up)dz
2 Q 2 Q Q
—lim / hu,dx

Q
> 1/ |Vul|*dx — 1/au2da¢—/F(u)dx—/hud;vz](u).
2 Ja 2 Ja Q Q

This proves Lemma 2.1. O

Lemma 2.2. Assume (1.2) — (1.3) and a < A1. Then I is coercive.
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Proof. Assume, on the contrary, there is some u,, € H}(Q2) such that |Ju,| — o
but I(uy,) is bounded from above, say I(u,) < C for some C' > 0. Thus

1 1
C> /|Vun\2dx— /auidw—/F(un)dx—/ huy,dx.
2 Ja 2 Ja Q Q

Dividing by [|u,||* and letting vy, := uy, /||t || we get

1 1 F(u, 1
¢ 92 5 /av%dm—/ (u z)dx— /hvndx.
lunl™ — 2 2Ja Q [lunl| [unll Ja

Remarking that
Un — v in L), vp — v ae. in Q, v, <0 in Q

for some 6 € L2(1) it follows by using (2.1), applying Fatou’s lemma and
Lebesgue’s theorem that

11 F(un
0> — /au2dx—/1im (u gdx. (2.2)
2 2Jo o luall

By (2.1) and (2.2),
Al/vzde/cwzde 1 > lim |jv.]* > |lo)® > Al/v2dx
Q Q Q

showing that v is a A\;-eigenfunction and, in addition, that

/avzdx = )\1/ vidx :/ \Vol2de = 1. (2.3)
Q Q Q

As a consequence, v = ay; for some a # 0.

We contend that o < 0 . Indeed, if otherwise v > 0, then v > 0, so that
+

Un,

— v, v, — 0 and u} — +o0 a.e. in Q.
As a consequence, for each x and n large enough,
F(un(z)) C b _
< - ()7~ (o)? (2.4)
2 — 2 n n
[[un]| lun|” o+ 1

for some constant C > 0. Now, we distinguish between two cases.
If 0 = 1, then by (2.2)—(2.4),

1 ) 0
> 1_ 2 2 = 2
0_2( /chdac)—i—a_‘_l/gvdx J+1/del‘>0

which is impossible.
If o > 1, by (2.2)-(2.4) again,

1 ]
0> 2(1 —/chzdx) + ol /Qlim(v:[)2 (u) e > +o0,

impossible. Hence o < 0. As a consequence,

vt — 0, v, — —ap; ae. in Q.
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1 1

/|Vun\2dx— /auidw—/F(un)d /hundx
2 Ja 2 Ja Q Q
1 A

/|Vun\2dx— 1/uidx—/F(un)d /hundx
2 Ja 2 Ja Q Q

> —/F(un)dx—/hundx,
Q Q

by dividing the inequality above by ||u,|| and recalling that v, = w,/||u.l, we get

¢ F(un dx—/ hv,dz. (2.5)

huall =~ o Tl

Now since

C

Y

Y

Now using (2.1) and the fact that |Ju,|| — co we get for large n,
F(un(x)) < Foo < F..
[[n]| [[un]|
Applying Fatou’s lemma in (2.5) we find
. F(un)
0>— [ lim ] dr — lim hvndx > —« h<p1dx > 0,
(9] n

impossible. Thus I is coercive. This proves Lemma 2.2. O

Proof of Theorem 1.1 (Finished). By Lemmas 2.1 and 2.2,

I(u) = () fi € Hj(Q).
(u) ergllr(lm () for some u 0 ()

In order to show that I(u) < 0, notice at first that I(0) = 0. Picking ¢ € (0,1) we
have

F(tp1) = Ftp1) — F(0) = B(6:) (6;)7 ter, 0< 0 < teor.
By computing we get

2
I(ty1) = 5 /Q()\l—a)w%dw—F/QF(tgol)dx—t/tholdx

t2

y [ agdes [ dseolere —t [ heds
Q Q Q

IN

< apt? + ant®t — aot,
for some positive constants «;. Making ¢ sufficiently small we have I(tp1) < 0.

Since u is a point of minimum of I over H}(Q),

I(u+ep) —

j Tw) S 0, »e mi@) n L=
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On the other hand,
. u+e
Flutep) = F(u) _1 / "B dt = B0,

€ €
where
min{u + ep, u} < 0, < max{u + ep, u}.
Remarking that
BO)(OF)7 — Bu)(u’)” and [0| < |ul +|¢] ae. in O,
(1.4) follows by Fatou’s lemma.

Next we show that u™ # 0. Indeed, assume by the way of contradiction that
uT =0. Then u = —u~. Making ¢ = ¢ in (1.4) we get

/h<p1 dr = —[/Vgpl Vu_dx—/agplu_dx]
Q Q Q

{/ Vi Vu*dx—)\l/ wludx} =0,
Q Q
contradicting (1.2).

To show (1.5), recall that if 1 < o < (N + 2)/(N —2) with N > 3 or
1 <o <oowith N=1,2 then I € C'(H(Q2),R) so that

/Vquadx:/augodx—i—/ f(u)godx—f—/ hedz, ¢ € Hi(Q).
Q Q Q Q

Taking ¢ = u~ above we get

/Qhu_ i = —Ug|vu—|2dx—/9a(u—)2d4
{/Q|Vu|2dx—)\1/ﬂ(u)2dx} <0.

This proves Theorem 1.1. (|

IA

IA
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Remarks on Regularity Theorems for Solutions
to Elliptic Equations via the Ultracontractivity
of the Heat Semigroup

Otared Kavian

Abstract. In this paper we show how elliptic regularity results can be obtained
as a consequence of the ultracontractivity of the underlying heat semigroup.
For instance for f € LP(Q) and V € L{,.(Q) with V™ € L(Q) and min(p, ¢) >
Y, if u € Hg(Q) satisfies —Au + Vu = f then, using only the fact that
the heat semigroup exp(tA) is ultracontractive, that is for ¢ > 0 one has
| exp(tA)uolleo < t7N?||uol|1, one may show easily that v € L*(€2). The
same approach can be used in order to establish regularity results, such as the
Holderianity, or LP estimates, for solutions to quite general elliptic equations.
Indeed such results are now classical and well known, and our main point here
is to present rather elementary proofs using only the maximum principle and
the ultracontractivity of the underlying heat semigroup.

1. Introduction

In an attempt to attract the reader’s attention, we begin with the following exam-
ple. Let u € LP(RY), for some 1 < p < oo, and f € LY(RY) be such that

~Au=f in RV, (1.1)

We wish to show in an “elementary” way that if ¢ > N/2 we have u € Co(RY).
Indeed, if v(t,z) denotes the unique solution of the heat equation 9;v — Av = f
with the initial condition v(0,2) = u(x), clearly we have v = u. Now, denoting
by S(t) the heat semigroup on RY, which is given by S(t)ug := Gy * ug, where
Gy(z) := (47t)~N/? exp(—|z|?/4t) denotes the Gaussian heat kernel, the solution
v of the latter heat equation is given by:

sz(t)u—i—/O S(t—T)dezS(t)u—i-/O S(r)fdr. (1.2)
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Since Gy * ug € Co(RY) for vy € L"(RY), upon using Young’s inequality for
convolutions between L4(RN) and L9 (RN) (where ¢’ := q/(¢—1) and v’ =r/(r —
1)), we know that

N
2r°
Thus, noting that ||S(7)f|le < c¢7 8@ | f||,, and taking the L> norm in (1.2),
since v = w while f is independent of ¢ and 3(q) = N/2q < 1, we obtain

1S(t)uolloe = 1Gr * wollos < |Gills [fuolly = et [lugl,,  with B(r) :=

t
lulloo < ct™®lull, +C/ 7P Ddr| fllg = ct PP ull, + et PD| £,
0

and finally, upon taking the minimum of the right hand side on ¢ > 0, we obtain
also an interpolation inequality of Gagliardo-Nirenberg type

full < el 115, where o (3 + 0= )=
Actually (1.2) shows that u € Co(R”): indeed the first term S(¢)u, as a convolution
between LP(RY) and L? (RN), is clearly in Co(RY), and the integral term is the
limit, in L* norm, of z. := f; S(r)fdr as e — 0. Since for e < 7 < t we
have S(1)f € Co(RY), it follows that 2. € Co(RY), and finally one sees that
u € Cy (RN)

As one may see, the fact that the heat semigroup S(¢) maps L9(R”Y) into
L>®(RN) with a norm of order t~#(@) where 3(q) < 1, is the key argument of this
proof. However, this property, called the ultracontractivity of the heat semigroup
S(t), may be proved in a rather simple way for a large class of heat semigroups
generated by quite general elliptic operators.

Classically the proof of regularity results for solutions of second order elliptic

equations makes use of inequalities such as the Sobolev inequality (with 2* :=
2N/(N — 2) when N > 3),

for all p € CZRY),  [oll2- < ¢Vl (1.3)
or the Gagliardo—Nirenberg variant of it
o _ 1 1-6 6
for all p € C(RY), lelly < c(p, N) [lell, IVl  where = p T
(1.4)

or the Nash inequality,
1o%s) 2N+4)/N 4/N
for all g€ CERY), [l < el [Vell3. (1.5)

Since the works of M. Fukushima [8], N. Th. Varopoulos [15], E. B. Fabes &
D.W. Strook [7] it is known that there exists an equivalence between certain
Sobolev type inequalities and the ultracontractivity of the heat semigroup. To
be more specific, let us consider the case of a domain @ C RY with N > 2
and the heat semigroup associated with the Laplacian on {2 and the Dirichlet
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boundary condition. If we denote by S(t) := exp(tA) the heat semigroup, that is
S(t)uo = u(t) where u(t) is the solution of the linear heat equation

Ou—Au =0 in (0,00) x §2
u(t,o) =0 on (0,00) x 082 (1.6)
u(0,2) =wo(xz) in €,

it is known that S(t) is ultracontractive, that is it maps L*(£2) into L°>°(2), more
precisely for 1 < ¢ < r < oo we have (here || - ||, is the norm of the Lebesgue space
LP(Q) for 1 < p < o0):

N /1 1
forall t>0,  [[S(tuollr < (47t) *fuolly,  where §:= ( - ) '

- 2 \q r

(1.7)
Since the publication of the above mentioned works of M. Fukushima, N.Th.
Varopoulos, E.B. Fabes & D.W. Strook, it is remarkably known that if N > 2
and 2* := 2N/(N — 2), the inequality (1.7) (actually for (¢,r) = (1, 00)) is equiva-
lent to the Sobolev inequality (1.3) and, when N > 1, it is equivalent to the Nash
inequality (1.5) (see for instance the very nice exposition given by E.B. Davies
in [6]). In this note we would like to show how the direct use of the ultracontrac-
tivity property (1.7) may yield most, if not all, of the classical regularity theorems
for solutions of elliptic equations in a significantly simpler way. Indeed one has
to prove the ultracontractivity of the heat semigroup via a rather simple method
which does not make use of regularity results for the elliptic equation. . .

In the following we are not going to show the whole range of applications
of this point of view, although other regularity results may be established, such
as interior Schauder estimates, or De Giorgi—Nash theorem on the Hdélderianity
of solutions of some linear elliptic equations. We believe that although all the
regularity results and a priori estimates we present here may be obtained via
other methods, our approach seems quite simple and presents a unifying point of
view of such results.

The remainder of this paper is organized as follows. In section 2 we gather
a few results, in particular the ultracontractivity property, concerning the heat
semigroup associated to elliptic operators of the form Lu := —div(aVu) + Vu or
more generally

Lu := —div(aVu) + div(bu) + ¢ - Vu + Vu.
In section 3 we prove classical results about LP estimates of solutions to equations

such as Lu = f. In section 4 we apply the same method for the study of regularity
of solutions of Lu = div(g).

2. Ultracontractivity of general heat semigroups

In this section we gather a few known results on heat semigroups, more precisely
those properties needed in the remainder of this paper, and which do not depend
on regularity results concerning solutions of elliptic equations. Indeed our aim is
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the establishment of such regularity results using only the maximum principle and
the ultracontractivity of the heat semigroup.

We begin with the well known and easy case of the classical Laplacian on
the whole space RY. We wish to emphasize that obtaining regularity results for
operators such as Lu := —Au + Vu acting (for instance) on Hg (), is quite
elementary and relies on two facts: one is the knowledge of the Gaussian kernel
for the heat equation in R, the other being the maximum principle. In the case
Q := R, if we denote for ¢t > 0 by G; the Gaussian kernel

2
x
Gi(x) = (4mt) N2 exp _lal ,
4t
then for uy € L*(RY) (or even in some distribution space where the convoltion
with a Gaussian makes sense) the function

u(t,z) := (G x up)(z) = - Gi(z — y)uo(y)dy,

is the unique solution of the heat equation

{ du—Au =0 in (0,00) x RV

lim,_o+ u(t) =wuo in LYRN). (2.1)

Now, by Young’s inequality for convolution between Lebesgue spaces LP(RY) and
L9(RYN), it is clear that provided 1 < r < oo we have

1 1 1
Gy xugl|r < ||G ugllq, with = + —1. 2.2
|G uollr < [|Gellp lluollq r =ty (22)
Hence, since (p —1)/p = (1/q) — (1/r) and ||Gy||, = p~ /2P (47t)~N®=1/2p  (here
1 < p < o0) one sees that the semigroup Sy(t) defined by So(¢t)ug := u(t) = G¢*xug
is ultracontractive and that for 1 < ¢ < r < oo it satisfies

N /1 1
forall t>0,  [[S(tuollr < (47t) *fuolly,  where §:= ( - ) '

- 2\q r
(2.3)
It should be noted that instead of a convolution between LP(RY) and L(RY)
we could have used a convolution between the Marcinkiewicz (or weak-LP) space
MP(RN) (or even between Lorentz spaces LPP1 (RY)) and L4(R”). However since
|G|l are = c(p, N)t=N@=1/2P in terms of ultracontractivity of the heat semigroup,
there is no gain in doing so, and moreover the convolution between MP?(RY) and
L*(RY) requires 1 < r < oco. Nevertheless one should bear in mind that upon
using slightly better results concerning convolutions between Lorentz spaces, one
may carry out the same kind of analysis and obtain more precise results regarding
regularity of solutions to elliptic equations when the data are supposed to be in
such spaces. However in these notes we restrict ourselves to the more classical
Lebesgue spaces.
Observe also that if ug > 0 and does not vanish identically, then S(¢)ug > 0,
that is we have the parabolic maximum principle, or the comparison principle, if



Remarks on Regularity Theorems 325

ug # vo,
ug > vg = S(t)ug > S(t)vo.

There is another interesting property of the heat semigroup on RY, which
can be obtained quite easily: if g € (L9(R™))N for some 1 < ¢; < oo, then
div(g) € W19 (RY) and one can define Sy(t)(div(g)). Actually, after a standard
regularization process on g, one can see that (here we denote by & -1 the Euclidian
scalar product of £, € RV):

N

Sul(0v(g) = = 3(0,61) 85 = [5Gt ey
One concludes that, provided (p — 1)/p = (1/q1) — (1/r) > 0, for t > 0 we have
So(t)(div(g)) € LP(RY), and that

. _ N (1 1 1
ISofe)iv(@Nl, < e(¥ora)e el where =y (0= 1)+ .

(2.4)
This means that the heat semigroup on RY has also a regularizing property which
consists in mapping Sobolev spaces with negative exponents, W 1%  into Lebesgue
spaces L%, with a norm of order t~'/2. This feature is related to the analyticity
of the semigroup, and we shall consider below other cases of analytic heat semi-
groups, although in those cases the proof of this property is not as elementary as
the one just described.
Now consider the case of a potential Vy € LL (RY) such that V5 > 0. Then

loc
one can show that for ug € L*(RY) and ug > 0 the heat equation

{&u—Au—i—VOU =0 in (0,00) x RN

lim, o+ u(t) =wuy in LYRY), (2:5)

has a unique solution u(t) in L*(RY) and that, by the parabolic maximum princi-
ple, one has 0 < u(t) < So(t)uo. By splitting an initial data ug into ug = ug — ug
(where, as usual, z* := max(z,0) and 2z~ := max(—z,0)) it follows that for any
up € LY(RY) equation (2.5) has a unique solution u(t) which satisfies |u(t)| <
So(t)|uo| and therefore, if we denote by Sy, (t)uo := u(t), then for 1 < ¢ <r < oo
we have

Iw(ulls < (@m0 Ll wim gy (L-1) 2o
All this means to us is that, as far as we are concerned with the ultracontractivity
of the heat semigroup, the adjunction of a nonnegative potential to the elliptic
operator does not change the picture.

One can also consider the case of an operator u — —Awu + Vu where the
potential V' € Li (RY) satisfies V > —w, for some w > 0. In this case the
ultracontractivity of the heat semigroup holds, except that (2.6) should be replaced
with

. N /1 1
ISy (tuoll, < e (4mt) P Juolly,  with 8= "] (q - r) @)
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However in our approach to the proof of the regularity of solutions to elliptic
equations we will not use this and, as we shall see below, we treat negative parts
of the potentials in a more ad hoc way (and in fact we shall require that V'~ €
L>(Q) + L1(QY) for some g > N/2).

Now consider the case of a locally Lipschitz domain §2 and, for a nonnegative
potential Vy € Li (©), the heat equation

ou—Au+Vou =0 in (0,00) X Q
u(t,o) =0 on (0,00) x 02 (2.8)
lim; o+ u(t) =wuo in LY(Q).

Again, using the maximum principle, one may show that ¢ — u(t) defines a con-
tinuous semigroup which is ultracontractive. Indeed for a function f defined on
Q denote by f its extension over all RN by zero, i.e. f(z) = f(z) for z € Q and
f(z) = 0 otherwise. Then the solution w of

dw — Aw+Vow =0 in (0,00) x RV
lim; o+ w(t) =|uo| in LY(RY),

is a super-solution to (2.8), and |u(t,z)| < w(t,x). Since according to (2.7) we
have [|w(t)||, < (47t)~?||To||4, finally if we denote by S(¢)ug := u(t), we have that
for1<g<r<oo

. N /1 1
ISl < (m)Pful, wih pi=y (L-1). @10

As we may see, up to this point, the ultracontractivity of the semigroup gen-
erated by —A 4+ Vp on L1(Q) for 1 < ¢ < oo is obtained by quite elementary
use of the maximum principle. Now for semigroups generated by more general
self-adjoint elliptic operators, the regularizing property (2.4) and the ultracon-
tractivity property hold, but their proofs involve more sophisticated techniques
(see J. Nash [11], D. Aronson [1], E.B. Davies [6], Th. Coulhon, L. Saloff-Coste
& N.T. Varopoulos [5], P. Auscher [2]).

The results mentioned in the above papers can easily be adapted to cover
non self-adjoint operators, and for the sake of completeness and for the reader’s
convenience we treat this case below. In the remainder of this paper we shall
consider a Lipschitz domain @ C R (which may be bounded or not) and an
operator L defined on H}(2) by:

Lu := —div(aVu) + div(bu) + ¢ - Vu + Vyu, (2.11)
where the coefficients a, b, ¢ and V| satisfy the following conditions:

a:= (aij)i<ij<n € (L2(Q))V*N,
7. >0,V € RY, a(r)€ - § > . |£‘2

b,ce (L¥(Q)+L=Q)" if N>3
b,c € (LP*(Q) + L=(Q))" for some p; > 2, if N =2
Vb € LIIOC(Q)v VO > 0

(2.9)
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The following is a special case of Garding’s inequality (see, for instance,
G. Stampacchia [13], or K. Yosida [16]):

Lemma 2.1. Assume that the coefficients a,b,c and Vy satisfy (2.12)—(2.15), then
there exists wy > 0 such that the operator L + wol satisfies, for all ¢ € C°(Q),

(L+w0Dp ) = (L) + el = 19613+ [ VolwolaPde. (210

When N > 3, denoting by c. the best constant in the Sobolev inequality ||pl|2+ <
¢+ [|[Voll2, and writing ¢ —b = by +bg with by € (L=(Q))N and by € (LY (Q )N,
the parameter wy depends only on 7., ||b1|lec and on A > 0 such that

Cu Dol pbgpsallv < e /4

Proof. Assume that N > 3. For ¢ € C°(€2) we have
(L, g) = /Q o) V() - Vpl(a)d + /Q Vo(o)p(e)de + By, (217)
where F; is defined to be
By = /Q #(2)(c(x) - b(x)) - Vip(a)da

= / o(z) bo(z) - Vo(x)dx —|—/ o(z) b1(x) - Vo(x)dx.
Q

Q

Since we assume that ¢ —b = by + by with by € (L*°(Q))" and by € (LN(Q))N,
upon applying Holder’s inequality and using the Sobolev inequality |p]l2x <
¢« ||Vo|l2, we can write for any A > 0:

By < /[b| \ [bo(z) [Ve(z)| [e(z)|dz + (A + [b1leo) [ Vell2 [[¢]l2
o|>

¢ [boljposxillv [Vl + A+ [[bi o) Vel [l o2

IN

A

1
< (exlbolppsally +€) [[Vell + PGS b1l0)? [l 213 -

Therfore, using this in (2.17), we obtain

(Lo, ) > (v« — (&, NIVl — wie, el + /Q Vo (x)p(x)dz,
where we have set
1
(&, A) = e bolpposaliv +e, wleA) = (A+ b1 |00 ).

Since we have
Jim [bolppg sy =0,

upon fixing A := )y > 0 large enough so that

o
Cx |IBo by > a0 [N < 4
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and then taking € := g¢ := 7./4, we have (g9, \g) < 7x/2. The result of the
lemma follows with wgy := w(ep, \o).-

The proof of the lemma in the case N = 2 is analogous, the only difference be-
ing that instead of the Sobolev inequality one has to use the Gagliardo—Nirenberg
inequality [|¢ll, < cll@ll§l|Vella ™ where p’ = 2/8 < 0o and 0 < @ < 1, while p is
chosen so that 1 < p < p;. ]

Remark 2.2. Note that when N = 2, or when N > 3 and ¢ — b := by + b; with
by € (L°°(2))N and by € (LP' ()", for some p; > N, one may prove that wg
depends only on 7. and the norms ||b1|lec and ||bol|p, . Indeed, with the notations

of the above proof we have meas([|bg| > A]) <A77 [|bg||bt, and so

Ibolposnlly < (meas([[bo| > AJ)) = N/AP g,
< ) (p1—=N)/N ||b0||£1/N.
1

Therefore one sees that in order to have

Y
4 b
it is enough to choose A := \g > 0 large enough so that

Cx [[bol{jbo|>a) IV <

—(p1—N)/N Vx
e g PN ol N <
and clearly Ao depends only on vy, ¢, and ||bg||p,. Consequently wy depends only
on Y, Cx, [bollp, and [[bylec.

Remark 2.3. When the operator L is of the form
Lu := —div(aVu) + div(bu) 4+ ¢ - Vu + Vou — Vu,

where V € LN/2(Q) + L>=(Q2) and V > 0, while a, b, c and V; are as in Lemma 2.1,
one can show that for some wp € R and all ¢ € C°(2) one has

Leroni) =} [ [Velfdr+ [ @paPar.  @18)

Indeed the only extra term in (L, @) is

Ey = —/QV(x)go(x)zdx,

which can be bounded, upon assuming that V = V; + V5 with V; € LV/2(Q) and
Va € L (), by

| Ba| < (A + [[Valloo) llI3 + € lIViL s s allvy2 IV ll3.

Therefore, using the estimates obtained in the proof of Lemma 2.1, one sees that

(Lo @) > (v = Ale, MIVel3 = B(e, llell3 +/QVo(x)s0(af)2dar,
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where we have set
7(g, )
w(e, A)

EIViLyvysallye + e boljpysally + €

1
A+ Valloo . A+ [baloc)?,

It is clear that for A > 0 large enough (2.18) follows. Note also that when V; €
L1(2) for some ¢ > N/2, the parameter wy depends only on 7., ¢, |[bollp,, [[P1]lco;
Villq and [[V2 ]|

Remark 2.4. Since exp(—tL) = e“°‘exp(—t(L + wol)), as far as we are con-
cerned with the ultracontractivity and regularizing properties of the heat semi-
group exp(—tL), at the cost of replacing Vo by Vj+wo, there is no loss of generality
in assuming that L satisfies

mrm1¢ec?@n,<L%¢>22WV¢%+:/va¢@fm; (2.19)
Q
and by a density argument we can assume that
(L) = [Vl + [ Valou(e)do
Q

for all u € Hg () such that [, Vo(a)|u(x)[>dz < oc.

In order to show that the heat semigroup S(t) := exp(—tL) generated by L
is ultracontractive, we shall need a further assumption on the coefficient c¢: in our
approach this assumption is needed in order to show that S(¢) can be regarded as
a continuous semigroup on L!(2).

Lemma 2.5. Assume that assumptions (2.12)—(2.15) are satisfied and that moreover
for some w1 € R one has

div(c) <w; + Vo in the sense of D'(9). (2.20)
Then for all ug € L*(2) and t > 0 one has
IS uolls < e** [luoll: -

Proof. Consider an initial data ug € D(L) N L*(2) which has a compact support
and ug > 0, and assume first that  is bounded and Vy € L(Q2). Then if w > w;
and u(t) satisfies Dirichlet boundary conditions and is solution to

O — div(aVu) + div(bu) + ¢ - Vu + (w + Vp)u =0, u(0) =wup, (2.21)

we have u(t,z) > 0 and u € C1([0,00), L*(Q)). Thanks to the fact that u(t,-) >0
in Q while u(t,-) = 0 on the boundary 02 and to the assumption (2.12) we have
that (aVu)-n < 0 on 99Q. Therefore, integrating (2.21) over 2, after an integration
by parts we have that

iﬂfﬁﬂﬂﬁiﬂf“”“‘“M@”@”+AW+%WW@““f“
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/Qu(t,x)dxg/ﬂuo(x)dx.

For the general case, that is when  is unbounded or Vj is only in L (), denote
by (), an increasing sequence of Lipschitz open subsets of Q such that Q, CC
Qg1 CC Qand Q = Uyp>19Q,. Now for n large enough so that supp(ug) C Qp,
denoting by u(™) the corresponding solution of (2.21) on Q,,, with «(™(¢,-) = 0 on
99, we have u(™(t,-) < u(*D(¢,.), thanks to the parabolic maximum principle.
One can easily see that u(™(t,-) T u(t,") as n — oo, and since [, u(™(t,z)dx
is bounded by fQ uo(z)dz, by the monotone convergence theorem it converges to
Jo u(t, z)dx and ﬁnally we have that

/ u(t,x)der = lim u™ (t, z)dx < / uo(z)dz.

Q n—-4oo O O

By a density argument we see that the result of the lemma holds for all nonnegative
ug € L' (). For a general data ug € L*(Q), upon writing ug = uf — ug, it is easy
to conclude the proof. O

which means that

Remark 2.6. In particular Lemma 2.2 means that if w > w; and u(t) satisfies
Dirichlet boundary conditions and is solution to

Ou+ Lu + wu = 0, u(0) = up,

then for ¢ > 0 we have |Ju(t)||1 < |Jug|]1. Note also that the (formal) adjoint of L
being defined by

L*u = —div(a*Vu) — div(cu) — b - Vu + Vpu,
if we assume that —div(b) < wy+V} in ©'(€2), then according to the above lemma
we have
[l exxp(—tL* Juol|1 < e2* [Jug]|1-
Therefore if one assumes that w > ws and v(t) satisfies Dirichlet boundary condi-
tions and is solution to
O+ L*v +wv =0, v(0) = ug,
then for ¢ > 0 we have |[v(t)|[1 < |Juol|1-
Next we show the ultracontractivity of the heat semigroup exp(—tL).

Lemma 2.7. Let L be defined by (2.11) and let the assumptions (2.12)—(2.15) be
satisfied. Assume moreover that for some wi,ws € R we have
div(c) w1+ Vo and —div(b) <ws+ Vy in the sense of D' (). (2.22)

Then the semigroup S(t) := exp(—tL) is ultracontractive, more precisely there
exists a constant ¢ > 0 depending only on v, such that if w := max(wg,wr,w2), for
1<s<r<ooandallt>0 and uy € L*(?) one has

N /1 1
IS(@Ouoll < et e fuglle  where Be= ( —T). (2.23)
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Proof. Let ug € L'(2)ND(L) be given and let u(t) := e~“* e~ *Fuq be the solution
of
Oru+ Lu+ wu =0, u(0) = wo.
Note that since w > wq, thanks to Lemma 2.2 we have ||u(t)|l1 < ||uol|1. Then if
we define o(t) := |lu(t)||3, we have
o' (t) = —2(Lu + wulu).
Now, since according to Lemma 2.1 we have (Lu + wulu) > 7.||Vu||3/2, using
Nash’s inequality ||u||g2N+4)/N < c||Vul3 HuHiVN (where ¢ > 0 is a constant de-
pending only on N), we conclude that
2N+4)/ 2c 4/N
)5 s (Lu(t) +wut)|u(t)) [u(t)]y
2c 4/N
s (Lu(t) + wu(t)u(t)) [luoll,"
where in the last step we have used the fact that ||u(¢)||1 < ||uo|1. Finally we have

1
—¢'(t) = 2(Lu + wulu) > . ( ||u0||4/N) ()N HD/N

d o oN o 27 4N\t
>
¥ =N (CHuOHl ) ’

and after an integration over the interval [0,¢] one sees that for some constant ¢4
depending only on ~, we have
lu(@)ll2 < ex t=N4|uol|1 -
This means that || exp(—tL)ugll2 < ¢1 et t=N/4||ug||;. On the other hand the (for-
mal) adjoint of L is given by
L*u = —div(a*Vu) — div(cu) — b - Vu + Vyu,
and since (2.22) holds, we may also conclude that Lemma 2.2 holds for the semi-

group exp(—tL*), and, arguing as above, we have that exp(—tL*) maps L'(Q) into
L?(2) and in fact

that is

|| exp(—tL*)ug|l2 < c1 e t=N/4|lugl|y.
From this, by duality, we infer that exp(—tL) maps L?(f2) into L>(2), that is
| exp(—tL)uolloe < 1€t~/ 4|ug|2 .

Therefore, since exp(—tL) = S(t) = S(t/2)S(t/2) we conclude that for some con-
stant ¢ > 0 depending only on v, we have

1S (D)uollo < cettN2 Jug]1
which means that the semigroup S(t) is ultracontractive. Finally noting that
[S(B)uolly < [luollx  and [[S™(t)uollx < [Juoll1,

one sees that ||S(t)uglleo < |Juollco and (2.23) follows by interpolation. O
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Our aim is the proof of regularity results for solutions to the elliptic equation

—div(aVu) + div(bu) + ¢- Vu+Vou =Vu+ f in Q
u =0 on 012,

where the coefficients a,b,c and the potential V[ satisfy the assumptions
(2.12)-(2.15) and (2.22), while V' € LI(Q) + L>(Q) is a nonnegative potential
with ¢ > N/2.

Since we have some information on the norm ||u||, for some r > 1 (for instance
if u € Hi(Q), then r = 2* if N > 3, or any finite r if N = 2), we can write
equation (2.24) in the form

Lu =Vu4+wu+f in Q
u =0 on Of.

(2.24)

(2.25)

where, for w := max(wg, w1, ws), the elliptic operator L is defined to be
Lu := —div(aVu) + div(bu) + ¢ - Vu + Vou + wu, (2.26)
with a domain D(L) which is defined as being

D(L) := {u € Hy(Q); / Vo(z)u(z)?dz < 0o, and Lu € LQ(Q)} :
Q
In this way the new operator L satisfies the coercivity condition

Yu € H}(Q) such that / Vo (@) |u(z) > dz < oo,

2 (2.27)

(Luu) > HVu||2+/ Vo(a)u(z)?de
Q

and finally what we have just proved boils down to the following proposition:

Proposition 2.8. Let Q C RY be a locally Lipschitz domain and assume that the
coefficients a,b,c and Vi satisfy conditions (2.12)-(2.15), and (2.22). Let L be
defined by (2.26) and w = max(wy,wr,ws), then the heat semigroup S(t) :=
exp(—tL) satisfies the following properties:
1. For any r € [1,00], S(t) is a contraction on L"(Q), that is ||SE) fll» < I ||+
2. For 1 < s < r < oo there exists a constant ko(s,r) > 0 such that for any
t>0 and f € L°(Q) one has

. N /1 1
18051 < sy Pl with 5=y (1)
s T
where ko(s,r) := (ko(1,00))? and 0 := 23/N, and ko(1,00) depends only on
Y«. Moreover when L = —A + Vi one may take ko(1,00) = (47)~N/2,

Remark 2.9. There are many other cases for which exp(—¢L) is an ultracon-
tractive semi-group, in particular situations in which the underlying L? spaces
are weighted Lebesgue spaces (see for instance [10] where operators of the form
Lu := —div(KVu) are considered in Lebesgue spaces LP(RY, K (z)dz) with the
weight K(z) := exp(xk(z)) and k(z) > 0 having different type of behaviour as
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|z] — 00). See also [9] for the case of a semigroup shown to be ultracontractive in
a situation in which the weight is different in each of the LP spaces under consider-
ation. In these situations the parameter N in the definition of § is not necessarily
the dimension of Q@ C RN and may be any positive real number. There are also
cases in which one may show that the semigroup exp(—tL) is ultracontractive,
even though there is no maximum principle (this is the case for instance for the
Stokes semigroup acting on divergence free vetor valued functions defined on R™).
In such cases, one can show regularity results for solutions of elliptic equations
such as Lu = f, exactly as we do in the next sections but the parameter N and
the norms of Lebesgue spaces should be replaced appropriately. O

In a few occasions we may be led to use the following interpolation theorem
of Marcinkiewicz-Zygmund (see for instance M. Cotlar & R. Cignoli [4, chapter VI,
theorem 3.1.2], or E.M. Stein [14, Appendix B]). For 1 < p < oo let MP(2) denote
the Marcinkiewicz (or weak-LP) space, that is the class of measurable functions f
such that for some fixed constant k£ and for all A > 0 one has

meas([| f| > A]) < kPATP,

The lower bound on all such k’s is not a norm but is equivalent to the norm of
MP(Q), which is defined as

| fllare () := sup {meas(E)_(p_l)/p/ |f(z)|dz ; E measurable, E C Q} .
B

Theorem 2.10 (Marcinkiewicz-Zygmund Theorem). Let, for j = 1,2, the linear
(or sub-linear) operator B map continuously LP3(Q) into M"i () with a norm
denoted by bj, where 1 < p; <r; < oo. Then if ro # r1, and if for 0 < § < 1 we
set

1 1-6 0 1 1-60 0
= + =

) )

p p1 D2 r ! T2
B maps continuously LP(QY) into L™(2) with a norm b bounded by b < c¢(r1,7,72)-
b1~ bg where

2r 2r \ "
c(ry,ryre) = + .
r—r T —T
3. L? regularity of solutions of elliptic equations
We assume that
the elliptic operator L is such that Proposition 2.4 holds, (3.1)
and we consider u € H}(2) solution to the equation

Lu =Vu+f in Q
u =0 on 09,
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where f € L%(Q) and V € L(Q) + L*>°(Q) for some ¢ > N/2. As we pointed out
in § 1, we write this equation in the form

u:S(t)u—i—/tS(t—7')Vual7'—|—/t5(t—7')]”d7'7
0 0

and we see that in order to obtain regularity results via the ultracontractivity of
the heat semigroup, assuming that f is in a certain class of functions, the main
point is to estimate terms such as fot S(t—r)fdr, or fot S(t — 7)Vudr in various
norms. To this end we denote by B; and M; the linear operators defined by:

)= fy St =7 fdr = [y S(r)fdr (3.3)
M(V,u) fo (t—7)Wudr = fo T)Wudr = By(Vu), (3.4)

and we study the boundedness of these operators in appropriate LP spaces.
We begin by establishing the continuity of B; as an operator mapping L% ()
into certain L"(Q2), where the range of admissible 7’s depends on gg.

Lemma 3.1. For qo > N/2 and qo < r < oo there ezists a constant c1(qo,7) > 0
depending only on 7y, such that for all f € L?(Q) we have By(f) € L"(Q) for
t>0 and

. N /1 1
IB:(f)llr < colgo,r) 7| fllgo,  with Bo := 2 (qo a 7") <L (3.5)

Proof. Indeed by property 2. of Proposition 2.4 we have that

t t
1Bl < / 1S(r) fllodr < ko(go,7) / 7 50dr| oo

which yields the lemma, provided By < 1, which is the case when g9 > N/2. O

Remark 3.2. When € is sufficiently smooth and for instance L := —A + V}, one
can show that if f € L?(Q), for 7 > 0 one has S(7)f € Cy(Q2), and so for any
e > 0 with & < t the integral g. := f: S(7)fdr € Co(2). As e — 0T (whilet >0
is fixed), one checks easily that g. — Bi(f) in L norm, provided one assumes
qo > N/2, and so B:(f) € Co(2). O

In the next lemma we treat the critical case g = N/2, that is we study the
operator B; on LV/2(Q).

Lemma 3.3. Assume that N/2 < r < oo. Then there exists a constant c¢1(r) > 0
depending only on 7. so that if [ € L(Q) with go = N/2, we have B(f) € L"(2)
fort>0 and

. N
1Bl < ear) 8 fllyps, with foo=1- ) <1 (3.6)

More precisely, there exist two positive constants p, := N/(2ko(N/2,00)) depend-
ing only on N and 7., and c,, depending only on N, such that for 0 < p < p. and
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t>0,

. uBt(f)(w)l> B ! (u|Bt<f><x>|>’“ Ny
/Q € p( HfHN/Q ngSZ[N/Q] k! HfHN/2 dx < M*—,ut .
(3.7)

Proof. Since B is linear, without loss of generality, we can assume that || f||x/2 =
1. Let @ > 1 be a parameter which will be fixed later on, and set
t/o t
g = S(r)fdr, h:= S(r)fdr, wv:=DBi(f)=g+h. (3.8)
0 t/a
We have, using the fact that S(7) maps LY/2(Q) into L>(f), with a norm not
greater than ko(N/2,00)71:

¢

Il < ho(N/2,00) s = Ko (N2, o) o (89)

t/a
Now, for A > 0 given, we may fix a > 1 such that \/2 = ko(N/2, 00) log o, that is
we may set
2004 A . N
= th py = .
@i= e ( N ) T ok (N2, 00)

This implies that ||h]|cc < A/2. Since we have v = g + h, clearly [Jv] > A] C [|g] >
A/2] and therefore

—N/2
meas([[v] > \]) < meas([|g| > \/2]) < (;) IIQH%Z

Using the fact that S(7) is a contraction on L™/?(Q), we have lglln/2 <
ta™ | flln/2 = ta™t, and henceforth with the above choice of o

meas([| B ()] > A]) = meas([|v] > A) < (2O AN 2 exp(—p, ). (3.10)

Recall that ||v||n/2 = | Bi(f)lIn/2 < tl|flln/2 = t, and that if r > N/2 is finite we
have

T = r - m—lm v
/Q|u(x)\ de = /0 N meas([[v] > AJ)dA

IN

(Qt)N/zr/ N TINTN2 exp(—pe N)dA = e(r, N)ENV/2,
0

This proves that ||By(f)|l, < c(r, N)t"/2"||f| /2 = c(r, N)t"/?" when N/2 < r <
00, that is (3.6).

In order to see that the more precise estimate (3.7) holds, assuming that
[lfllx/2 = 1, denote by [m] the integer part of m > 0 and for s > 0 set

N/2] g

(N/2] 1 ok
G(s) = explus) = > 1)
k=0 ’
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Since G(s) > 0 and G'(s) > 0 on (0, 00), using (3.10) we have

/G (o - / & () meas([[v] > AJ)dA
0
< (2t)N/? / A2 oxp(— NG (N)dA
C*(N) tN/Q 0
— Hx—H

where we have used the fact that g < p. and that 0 < e® —ZZ;& sk /k! < c(n)s"e®,
for s > 0 and any integer n > 1. O

Remark 3.4. After having obtained the estimate (3.10), in order to prove (3.6) we
could have used the Marcinkiewicz-Zygmund interpolation theorem. Indeed it is
clear that for r > N/2 there exists a constant ¢(r, N) such that for all s > 0 we
have s~ V/? exp(—Ns/4) < ¢(r,N)s~", where as a matter of fact

c(r,N) := ((4r — 2N) /N)P=N)/2 exp(—(2r — N)/2).
Finally it follows that for N/2 < r < oo we have
IBe(F)llarr() < e(r, NYYT 2N £l o -

This means that B; maps continuously L/ 2(Q) into the Marcinkiewicz space
M7 () for any ro,r satisfying N/2 < ry < r1 < oco. Using the Marcinkiewicz-
Zygmund interpolation theorem (with pg = p; = N/2 and for some N/2 < ry <
r < < o0), we conclude that B, : LV/2(Q) — L7(Q) is a continuous operator
for N/2 < r < oo, with a norm as stated in the lemma. However the previous
proof is rather more elementary. |

Remark 3.5. In the estimate (3.7), since for N/2 < r < (N + 2)/2 we have
Bi(f) € L"(9), the term under the integral sign on the left hand side can be

replaced by
MBt i X 1 73 Bt f T k

17l )~ o

in which case the right hand side of (3.7) would be replaced by ¢(N)max(t, t¥/?/
(s — p)). Note also that when Q has finite measure one can just say that for
0 < p < i, the function exp(u|B;(f)|/[|f||n/2) belongs to L*(€2). O

Remark 3.6. It is well known that the result of Lemma 3.2 is optimal. Indeed if
Q:= B(0,e) and u(z) := log(|log(|z|)|), then —Au = f where

1 N -2
1@ = o (oglez ™ fol2log(lal)

Clearly f € L%(Q) (with go := N/2), but u ¢ L>(2). O
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Next we consider the case of the subcritical exponent gy < N/2. By the
Sobolev imbedding theorems it is well known that if 2 is sufficiently smooth one
has W2%(Q) C L% (Q) where

1 1 2

@ @ N
If one knew that the solution u € H}(Q) of Lu = f belongs to W29 (Q) then the
following result would have been a consequence of the above mentioned Sobolev
imbedding. However when the coefficients a, b, c are non smooth, in general the
solution u does not have any better regularity (in terms of Sobolev spaces) than
belonging to H{ (). In this sense the fact that u € L% (Q) has to be proved
directly.

Lemma 3.7. For 1 < gy < N/2 and qo < r < ¢, where we have set ¢§* =

q@oN/(N — 2qo), there exists a constant ca(qo,r) such that for f € L1 (2) we have
B(f) € L™(Q2) fort >0 and
_ ) N (1 1
IB:()ll» < ealao,r) t' % fllgos  with Bo := 2 (qo - 7") =1 (3.11)
Proof. 1t is clear that for 1 < r < ¢j* we have
T , N/1 1
1Bl < folao,r) [ 7%l with Go=y (=) <L
0 2\q@ r
and this yields (3.11).

The proof of the limiting case r» = ¢3* is more delicate. Let ¢ be any number
such that 1 < ¢ < N/2. We begin by showing that B; maps L?(2) into the
Marcinkiewicz space M7 (Q), with ¢** := ¢N/(N — 2q), and then we apply the
interpolation Theorem 2.5.

For a fixed ¢ such that 1 < ¢ < N/2, assuming || f||; = 1, we write again, as
in (3.8), fora >0

min(t,t/a) t
v:= Bi(f) := g+ h where g:z/ S(r)fdr, h:z/ S(r)fdr.
0 min(t,t/a)
(3.12)
(Note that if & < 1 then h = 0). One easily sees that

min(t,t/a) min(¢,t/a) .
lglla < / 1S(r) g dr < / | fllqdr = min(t, t/a),
0

and also clearly we have h € L*°(€2) and if o > 1

£\ (20—N) /2
. :

Ihloo < / 1S() oo dr < Ko(q, ) /

t/a

N4 gy —. c(gq, N) <

If a given A>0 is so that there exists a > 1 satisfying \/2=c(q, N)(t/a)24=N)/2a,

ie. if
)\ QQ/(N*QQ)
s =1 > 1,
) (2c<q,N>>
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then we choose @ := v, so that we have ||| < A/2 and since min(¢, t/ ) = t/a.

lglly < ¢ b eN"20/(N=29) _ . y—24/(N—-2q)
«

*

Otherwise, that is if the number «, defined above is not greater than one, we have
h=0andt < (\2c(q,N))~29/(N=29) 5o finally in this case for a constant ¢ > 0
depending on ¢, N we have

lgllg < ct < e X720/ (N=20),

In both cases, whatever the value of «,. may be, using the fact that [jv| > A] C
[lg] > A/2], we have

meas([Jv| > A]) < meas([Jg| > A/2]) < 29A\7|g[|d < ANV 20 = )70

This means that [[v][ysee+ (o) < c(g, V)| f|lg, that is for any 1 < g < N/2 the linear
operator B; is continuous from L?(Q) into M7 (). Upon taking 1 < q; < qo <
g2 < N/2, we have that B, : L% (Q) — M% () is continuous for j = 1,2,
and therefore using the Marcinkiewicz-Zygmund interpolation Theorem 2.5, we
conclude that if 0 < 8 < 1 is such that

1 1-6 40

= +

do q1 q2

then B; maps continuously L% (£2) into L"(§2) where

1 1-60, 6 1

o
and the proof of the lemma is done. O

Remark 3.8. It is noteworthy to observe that if we denote Boo(f) := fooo S(r)fdr,
the same procedure yields that if f € L%(Q) then Boo(f) € L% () and as a
matter of fact [|Boo(f)|lgz+ < cl|fllg- Indeed, for 1 < ¢ < N/2 and f € LY(Q),
upon setting:

v:=Bx(f):=g+h where g:= /tS(T)de, h:= /OOS(T)de,
one easily sees that h is well defined and hOE L>(Q): t
Il < [ IS0l < Bofas00) [ 7721 < (g, W00
t t
For a given A > 0 choose ¢t > 0 so that \/2 = ¢(g, N)t(24=N)/24 je,
t = ¢ \24/(2a—N) ,

so that we have ||k < A/2 and ||g|l, < (g, N)t = c(q, N) \2/24=N)  Ag before
noting that [[v| > A] C [|g| > A/2], and

meas([Ju] > A]) < meas([lg] > A/2]) < 294~ gllg < e ANV 20 — x0T

and the reader is convinced that the remainder of the argument is exactly as above.
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Now we consider a potential V' and for a given function u and ¢ > 0 we denote
by M(V,u) the operator

My(V,u) = /0 CS(Vudr. (3.13)

We are going to state in which functional spaces M; is well defined and what are
the assumptions needed to impose on V' and u.

Lemma 3.9. Let N > 3 and V € LY(Q) for some q € (N/2,00]. Let rg € (1,00) be

such that
1 1 1

= + <1
50 q To
Then for t > 0, the operator u — M(V,u) maps L™ () into L™ (), with:
(i) so <rp < oo, if so > N/2;
(il) N/2 <r; < oo, if so = N/2;
(i) so <1 <3, if 1 <sp < N/2.

More precisely, there exists a constant c3(ro,q,m1) depending on v« such that

_ . N (1 1
MVl < calrmnr) WVl with 5= (1= 1)<,
S0 T1
Proof. With the above definition of s it is enough to notice that Vu € L* () by
Holder inequality and that ||[Vulls, < [|[V||qllw|lr,- Hence, according to the value of
so with respect to N/2 using either of the Lemmas 3.1, 3.2 or 3.3 we have that

t
M (V) |, S/O ISVl < ct' P |[Vulls, < et =2 Vllg llulln,
where 3 = (N/2s¢) — (N/2r1). O

Remark 3.10. Note that if Vu € LV¥/2(Q), then according to Lemma 3.2 we have
M,(V,u) = B, (Vu) € L"(Q) for all r € [N/2,00), and in fact some functional
of |[M(V,u)|, having an exponentaial growth at infinity, is in L*(Q). The same is
true if Vu € L% (Q) for some sg > N/2, since Lemma 3.1 implies that M;(V,u) €
L>(Q) N L% (Q).

In the case of dimension N = 2, if we assume that V' € L?({2 for some ¢ > 1,
then for any u € HJ(Q) we have Vu € L*0(Q) for any 1 < so < g, since by
the Sobolev imbedding theorem we have v € L™ () for any 9 € [2,00) (to see
this just define sy' := ¢~' + ry'). Therefore in this case we have immediately
M(V,u) € L™ (Q) for any 1 € [sg, 0], and according to Lemma

1M (V) |2y < et 2NVl lullr, ,

-1

where with 8 :=s;' —r; ' =q¢ '+t —rt < 1. O

We will need the following lemma in which a certain (finite) sequence of pairs
(s,r) is constructed in order to use a bootstrap argument later on.
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Lemma 3.11. Let N > 3 and ¢ > N/2 be given and denote by ro > ¢ a finite

positive number. Define sg and § > 0 by
1::1—|—1<1, 5::2—1>O.
Sso g 7o N ¢
Then there exist a finite integer m > 1 and a sequence (sg,7x) for 0 < k < m
defined by the following procedure:
(i) If s, < N/2, then set
1 1 1 2 1 1 1 1

= " = — = — (5 s = + .
Thil sy, s, N 1 Sk41 q Tkl
(ii) If sy = N/2, then set m ==k + 1 and ri+1 € (671,00) is any finite number
larger than 1/§ and

1 1 1 2
— _|_

: < .
Sk+1 q Te+t1 N
(iii) If sy > N/2 then set m:=k+ 1 and (Sk+1,7k+1) = (g, 00).
Proof. The only point to verify in this lemma is that after a finite number of steps
one has indeed si > N/2. This is clear since whenever s, < N/2 then
1 1 1 1
= + = -4,
Sk+1 q  Tk+1 Sk
and therefore, since 4 > 0 is fixed, after a finite number of steps m one has
sk+1 > N/2 (actually m is the smallest integer larger than (drg)~1). O

Now we are in a position to prove a regularity result concerning solutions of
general elliptic equations.

Theorem 3.12. Let the coefficients a,b,c and Vi satisfy the conditions (2.12)—
(2.15) and (2.22). Assume that u € H(Q) solves

—div(aVu) + div(bu) + ¢ - Vu+ Vou = Vu + f, (3.14)
and that
Ve L1(Q)+ L>(Q), feLP*(Q),
with min(q, qo) > N/2. Then v € L*>(Q) and there exist positive constants ¢, cg
depending on q,qo and polynomially on t > 0 such that:
lulloe < et IVull2 + co(®)]1fllq0- (3.15)

Proof. We give the details of the proof for the case N > 3, since the case N = 2
is handled in much the same way. We write
V=Vi+V, where Vi €Li(Q) and V,e€ L>(Q). (3.16)

Let w := max(wp,w1,ws) and denote by S(t) the heat semigroup generated by
u +— Lu where

Lu := —div(aVu) + div(bu) + ¢ - Vu + Vou + wu,
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and write the equation (3.14) in the form v(¢,x) := u(x)
v+ Lv=Vv+wv+ f, v(0,z) = u(x), v(t,o) =0on 09,

so that u = v is solution to the mild version of this evolution equation, that is

w =S+ /t S(1) (Vi + (w + Va)u + f) dr

= S(tyu+ My(V, u) + My(w + Vo, u) + Bi(f),

where B; and M; are defined in (3.3) and (3.13) respectively. Since u € H}(2), we
have that S(t)u is in L"(Q2) for 2* < r < oo and following Proposition 2.4 (with

(s,7) :=(2*,7)):
1Sl < ko (2%, [lullae,  with a 1= a(r) = ( . 1). (3.18)

(3.17)

2 \2 r

In the same manner, using Lemma 3.1 we have

_ . N /1 1
B < o) £ [l with =)=y (0= 1) <1 (329)
Since Vo € L*°(Q), if we have u € L™ () for some 7, > N/2 (this is so for instance
when N < 5 with k = 0, that is ro := 2%, given that u € H}(Q) C L**(Q)), noting
that My(w + Vo, u) = By((w + V2)u) and (w + Vo)u € L™(2), by Lemma 3.1 we
may assert that M;(w + Va,u) € L™(Q) for N/2 < rp <r < oo and

. N (1 1
M+ Vo)l < crr) 0 o+ Vallo) s withai= (=) <1,

(3.20)
Analogously, if u € L™ (Q) and r, = N/2, then (w+ Va)u € L™ () and according
to Lemma 3.2 for N/2 < r < oo we have

I8+ Vo) < el ) (o Vo) g+ with 5= 1= 0 <1
(3.21)
Finally if w € L™(Q2) and 1 < ry < N/2, then according to Lemma 3.3 for
N/2 <7 <ri* we have

. N [1 1
1M+ Va, )l < efrn, 1) 2577 (w0 [Vallo) 1l with g i=" (k - r)g.

(3.22)

Now it remains to estimate the term M;(V;,u), and to this end we are going

to use a bootstrap argument. In what follows we use the notations of Lemma 3.6,

that is we consider the finite sequence g := 2* < r; < -+ < 7,,. Assuming that

u € L™ () (which is the case for k¥ = 0) thanks to Lemma 3.6 and Lemma 3.5,
we conclude that M;(Vy,u) € L™+ () and

. N /1 1

MV ) < el i) 2L Bl with gi=) (L= 1 <
Sk Tk+1

(3.23)
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Next the equality (3.17) together with the estimates (3.18)—(3.22) (setting r :=
Tr+1) yield that w € L™+1(2) and that for some constant ¢ := ¢(rg, Tk+1, 90, q1)
we have

fulle € e (170000 4 175000 (w04 Vol og) + £ 75D 1l )

et £l
(3.24)
It is clear that after a finite number of steps this argument shows that u € L>(Q)
and that the estimate (3.15) holds (actually as soon as one has u € L0 (Q) and
5,201 =q '+ r,:ol < N/2 for some kg < m, then Viu € L%0(Q) and therefore
M;(Vi,u) = Bi(Vu) € L*=(RQ), according to Lemma 3.1). O

Theorem 3.13. With the notations and assumptions of Theorem 3.7 on the coeffi-
cients a,b,c and V,V, assume that f € LP(Q) with qo = N/2. Then there exist
wr > 0 depending only on v, and a constant ¢ > 0 depending on w, ||Villq, | V2o
and p, such that for 0 < p < p. one has

plu(x)| L (plu(@)] )
Ll (i) = 2 a(inien) =
o [Pl ) ™ B U s
Proof. Assume that || f||/2 = 1. The only change in the above proof is that the
estimate (3.19) holds provided rg < r < oo, and in fact since (3.18) and either
of (3.20)—(3.22) hold for this range of the exponent r, the estimate (3.24) may be
replaced by

lull, < (tfa(r) + tlf’Ys(r)(w + | Valloo) + tlfﬁ(rk,r)HV‘l”q) |, + Ctlf“/l(r)Hqum

(3.25)
provided r := 141 if 741 < 00, or else any r < oo. This yields that v € L"(Q) for
max(2, N/2) <r < oo.

Now, since Vu € L*(f2) for some s > N/2 (in fact s! := ¢~ 1 + 77! for some
large enough ), then Lemma 3.1 implies that M (V,u) = B¢(Vu) € L"(Q) for all
s < r < 0o. On the other hand, since u € L?*(Q), we have Vu € L?4/(4+2)(Q) and
so finally

M,(V,u) € L®(Q)NL*(Q), and S(t)u € L=(Q) N L*(Q).

Now, p. being as in Lemma 3.2, for 0 < p < us and s > 0 denote by G(s) the
function

[N/2] k

, (1s)
G(s) = explps) — Yo 1

k=0
and set z := S(t)u+ My (V,u) € L®(Q). If Ay := Ao(t) := ||2]| o, then for A > 2),
since u = z + By(f) and ||z||cc < A/2 we have [[u| > A] C [|Bi(f)| > A/2]. Also,
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setting n — 1 := [N/2], since G(s) < c¢(us)"e"® for s > 0, we have that
2o 2o
G'(Mmeas([Ju| > N)d\ < cu™ e / Ameas([Ju] > A]) dA
0 0

< c,u"eQ‘“\O/ A"meas([Ju] > A]) dA
0

n+1
n+1-

0), and using the above estimate, we have

20\
= cp el
Therefore according to the estimate

(3.1
/ G(|lu(z)|)dz = /Oo G'(N)meas([|u] > A]) dA
Q 0

2Xo

G'(MNmeas([Ju] > A]) dX\ + /OO G'(M)meas([|u] > A]) dA
0 2Xo0

oo
< ept e ulnt + et / AN\ (e mi0A g\
2)\0
c
< e e ult + 2,
and thus the theorem is proved. O

Remark 3.14. It is important to note that when V € LN/2(Q) 4+ L>(Q), it is not
anymore true that for f € L% (Q) with go > N/2 one has v € L*>°(). For instance,
for N >3 let Q := B(0,1) and choose ¢ € C5°(RY) such that 0 < ¢ <1 and

() = 1 for |z| <1/4
PAET= 0 for |z| > 3/4.

Then u(z) := ¢(x) log(|z|) satisfies u € H ()
—Au=Vu+f,

(N —2) o ool —
22 | log(|2])| f(x) == (=Ap)log(|z|)

Clearly f € C>°(Q) and V € LV/2(Q) while u ¢ L>(f). For the case of L being
essentially the Laplacian, a result due to H. Brezis & T. Kato [3] states that if
—Au+Vou = Vu+ f, with V € LN/2(Q) + L>(Q) (and for instance V > 0, while
Vo is as in (2.15)), then if f € LP(Q) for all p € [2,00), one has u € LP(Q) for
all p € [2,00). Unfortunately at this point we are unable to show this result using
only the ultracontractivity of the underlying semigroup. O

V(z) =

4. The case of a data in divergence form

Let the coefficients a, b, c and Vj satisfy the conditions (2.12)—(2.15) and (2.22)
and assume that u € H}(Q) solves

—div(aVu) +div(bu) + ¢ - Vu + Vou = Vu + f 4 div(g), (4.1)
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and that
VeLIQ) +L®(Q), feLrQ), ge(Ln9Q)".
Then using the analyticity of heat semigroups such as exp(—tL) one can show

regularity results for u. According to what we have already proved in the previous
section, it is clear that we need only to study the regularity of the mapping

- /0 S(7)(div(g)) dr

from L9 () into some appropriate LP space.

Under the assumptions and notations of Proposition 2.4 it is known that
exp(—tL) and exp(—tL*) are analytic groups on (0,00) acting on L?(Q2) (see for
instance K. Yosida [16], or A. Pazy [12]), and that in particular for ¢ > 0 and
ug € L2(Q2) we have

u(t) == exp(—tL)up € D(L) and v(t) :=exp(—tL*)ug € D(L"),
and that one has the estimates

c N c
ILu@®ll2 <, lluollz and [L*0(#)]l2 < | fluoll2-

Then using the coercivity property (2.27) we see that exp(—tL) and exp(—tL*)
are continuous linear operators from L2(£2) into H{(£2) and that

c
() sy < B s )l < © ol

and analogously [[v(t)|[m1) < ct™ /2 |lug|la. As a consequence we see that

exp(—tL), and exp(—tL*) are bounded operators mapping H () into L?(f2)

—1/2

with a norm not greater than ¢t~ !/2, and in particular for any g € (LQ(Q))N we

have
| exp(—tL)(div(g))ll2 < ct™/?|lg|l2 and || exp(—tL*)(div(g))ll2 < ¢t~/ ||g]|2.

From this one can show that Proposition 2.4 can be completed with the following
(see A. Pazy [12]):

Proposition 4.1. Under the hypotheses of Proposition 2.4, for given1 < s < r < oo,
there eists a constant ki (s,r) = (k1(1,00))? > 0 such that for g € (L*(Q))N one
has
. _3,- . N /1 1
ISO @), < k(s 2 el it =y (1= 1)

Lemma 4.2. Assume that g € (L9 (Q))Y for some g > N. Then if ¢ < r < oo
we have By(div(g)) € L™(Q) fort >0 and

. _ N (1 1 1
IBiv(E) < clan )02 2 el where =y (=) <
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Proof. We use the semigroup property of S(¢) to write

By(div(g / S(7/2)S(7/2)(div(g)) dr.
Now by Proposition 4.1 we have

I15(r/2)(divg)lle < ki(a)(/2)"?|igllg,,

and therefore applying Proposition 2.4, this time its property 2) with (s,7)=(q1,7)
and f replaced with S(7/2)div(g):

t
1Be(div(g))llr < ki(a1)v22™ ko(qw”)/ T dr gl
0
which yields the result of the lemma, provided 8; = (N/2q1) — (N/2r) < 1/2. O

Remark 4.3. When (2 is sufficiently smooth and for instance L := —A + V{, one
can show that if g € (L% (Q))", for 7 > 0 one has S(7/2)(div(g)) € L% () and
that

S(r)(div(g)) = 5(r/2)5(r/2)(div(g)) € Co($),
and so for 0 < e < t the integral g. := f; S(7)(div(g)) dr € Co(R2). As e — 0T
(while ¢ > 0 is fixed), one checks easily that g. — B;(div(g)) in L> norm, provided
one assumes ¢; > N, and so By(div(g)) € Co(Q). O

Next consider the critical case in which g € (LN(Q))N.
Lemma 4.4. Assume that g € (L9 ()™ with ¢ := N. Then for N < r < oo we
have By(div(g)) € L™(R2) for all t > 0 and
1 _ N < 1
2 2r 2
More precisely, there exist two constants p. := N/(8k1(N,0)), depending only on
N and 7, and c., depending only on N, such that for 0 < p < ps andt >0

[ o (MBI @) _ 5 1 (th(div(g))(xn)’“ e
Q :

Il RN Il

1B:(div(g))ll < e(r) 22 gy, where f1 = (4.2)

(4.3)
Proof. We follow the lines of the proof of Lemma 3.2. Assuming that ||g||y = 1,
let « > 1 be a parameter which will be fixed later on, and set
t/o t

f= S(r)div(g)dr, h:= S(r)div(g) dr, v := By(div(g)) = f+ h.

0 t/a
(4.4)
Since for (s,r) := (N, 00) in Proposition 4.1 we have

1S(7/2)(div(g))llec < 277 k1 (N, 00)Igllw = 27~ k1 (I, 00),
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we can write h = ftt/a S(7/2)S(7/2)div(g) dr and hence

t
1h]loo < 2k1(N,oo)/ 7Y |g|| ndT = 2k1 (N, 00) log . (4.5)
t/a

As we did above, for A > 0 given we may fix a > 1 such that A/2 = 2k (N, 00) log v,
that is we may set

20X . N
o = exp N ) with p, = 81 (N, 00)

so that ||h]le < A/2. Since [Jv| > A] C [|f] > A/2] we conclude that

-N
meas(lo > ) < meas(1f] > A2 < (3) 11

Using the fact that by Proposition 4.1:
t/a t/a ¢ 1/2
I < [ Is@av@lvr < v [ e = w1
0 0
with the above choice of a@ we obtain
meas([|v] > A]) < etN2A™N exp(—pa ). (4.6)
Since by Proposition 4.1 we have ||[v||y = || B:(div(g))||n < ki(N, N)t'/?|g|lx =

k1 (N, N)t'/2 it remains to see that if r > N is finite we have B;(div(g)) € L"(9).
Indeed

/Q (@) d

This proves that || B;(div(g))||, < c(r, N)tN/?"||g||y when N < r < ooc.
To obtain estimate (4.3), assuming that ||g||xy = 1, for s > 0 set

D

r/ N meas([[v] > A])dA
0

IN

CtN/Q’/‘/ /\r—N—l QXP(_ﬂ*/\)d)‘ = C(’/‘, N) tN/Q.
0

G(s) := exp(us) —
k=0
so that G(s) > 0 and G'(s) > 0 on (0,00). Then using (4.6) we have
/ G(|v(z))dz = /Oo G'(N) meas([|v] > A])dA
Q 0
< ¢(N) tN/z/ AN exp(— e A\)G (N)dA
0

< cx(IV) /2

P — 1
where in the last step we have used the estimate 0 <e*— ZkN:O sk /1 <c(N)sN+les,
for s > 0 and the fact that p < pu.. O

The subcritical case is considered in the next lemma.
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Lemma 4.5. Assume that g € (L9 (Q))N with 1 < g1 < N. Then for ¢ <r < ¢},
where ¢§ == Nq1/(N — q1), we have By(div(g)) € L™(Q) fort > 0 and

. _ N (1 1 1
IBdiv(@)l, < )02 2 gl where =y (0 <)) <5 (40)

Proof. According to Proposition 4.1 it is clear that for ¢; < r < ¢f we have

. t _ﬂl _1/2 . N 1 1 1
1Be(div(g)llr < kilqr,r) [ 777 77 Flgllg, dr with i = - ) <4
0 oo 2
and this yields (4.7).

The proof of the limiting case r = ¢7 is more delicate and follows the same
lines of the proof of Lemma 3.3. We consider 1 < ¢ < N and for some g € (L9(2))"
we want to show that the operator g — B;(div(g)) is bounded from (L7(£2))" into
M9 (). We write again, as in (4.4), assuming ||g|, = 1,

v:= Bi(div(g)) == f+h
where for o > 0 we have set
min(t,t/a) t
fim / S(r)(div(g)) dr, hi= / S(r)(div(g)dr.  (4.8)
0 min(¢,t/a)
(Note that if o <1 then h = 0). One easily sees that

min(t,t/a) .
Il < / 1S(r)(div) (g) | e
min(¢,t/a)
< ¢(N) / Y247 = ¢ (min(t, t/a)) "2,
0
and that h € L*>(Q), and if a > 1,
Il < / | ISdivig) e

o} t (q_N)/2q
koo [Cre i —qam ()
t/a

If a given A > 0 is so that there exists o > 1 satisfying A\/2 = ¢(q, N)(t/a)@~N)/2a,

i.e. if
A 2q/(N—q)
« =1 1,
“ <2c<q,N>) g

then we choose « := a, in such a way that we have ||hl| < A/2 and

Ifllg < e(ta™)2 = e o/,
Otherwise, that is if the number «, defined above is not greater than one, we have
h = 0 and for some constant ¢ > 0 depending on N, q we have t < ¢ \~2¢/(N=a),

so that finally
”f”q S Ctl/z g C)\_q/(N—q).
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In both cases, using the fact that [[v| > A] C [|f] > A/2], we have
meas([[v] > A]) < meas([|f| > A/2]) < 29X f[|g < AT NVNTD = o\

This means that [[v||ye= () < c(g, N)glly- Upon taking 1 < go < ¢1 < g2 < N,

we have that B, : (L% ()Y — M%(Q) for j = 0 and j = 2, is continuous,
and therefore using the Marcinkiewicz-Zygmund interpolation Theorem 2.5, we
conclude that if 0 < 8 < 1 is such that

1 1-60 0
a1 do q2
then B; maps continuously L% () into L"(€)) where
1 1-6 0 1
= * + * = * 7
r 4o @ G

and the proof of the lemma is done. O
Remark 4.6. It is noteworthy to observe that if we denote By (div(g)) :=
Jo° S(7)(div(g)) dr, the same procedure yields that B (div(g)) € L7 (Q) and
as a matter of fact || Boo(div(g))|lgx < c|lgllq- Indeed assuming that ||g|l, = 1, and

upon setting:
= B (div(g)) := f +h where

f—/S (div(g)) dr, h—/S )(div(g)) dr

one easily sees that h is well defined and h € L>°(Q): indeed according to Propo-
sition 4.1 with (s, r) := (g, 00) we have

[12]] 0o g/t 15(7)(div(g))||sc dT
< kl(ano)/ 12 TfN/quT=C(q,N)t7(N7q)/2q.
t

For a given A > 0 choose ¢t > 0 so that \/2 = ¢(q, N)t~(N=9/24_je. set

. N\ 2N
~ \2¢(¢;N) ’

so that we have [|hllco < A/2. On the other hand again by Proposition 4.1 we have
t
1910 < halgva) [ 7 /2 = ct1/2 — ex-o/-a,
0

As before [Jv| > A] C [|f] > A/2], and
meas([[v] > A]) < meas([|f] > A/2]) <2971 f[|T < A NU/WN=a) = o \—d"

and the reader is convinced that the remainder of the argument is exactly as
above. (]
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2d Ladyzhenskaya—Solonnikov Problem for
Inhomogeneous Fluids

Farid Ammar Khodja and Marcelo M. Santos

Abstract. We consider the Ladyzhenskaya—Solonnikov problem [5] for a sta-
tionary inhomogeneous incompressible fluid in a 2d domain. Given arbitrary
fluxes for the velocity and momentum fields, we prove the existence of a weak
solution.
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1. Introduction

In this paper we consider a stationary inhomogeneous incompressible fluid in a
domain 2 = Uf:OQi of the plane with two infinity channels 2; and 5 (described
more precisely below), where ‘inhomogeneous’ stands for variable density. The
mass density, velocity, pressure and given constant viscosity of the fluid are de-
noted, respectively, by p, v = (v1,v2), p, and p. The stationary Navier—Stokes
equations describing such a fluid are the following;:

{ pAv = p(v-V)v + Vp )
V.-v=0, V-(pv)=0.

The first equation represents the conservation of momentum and the second and
third equations represent the incompressibility of the fluid and the conservation of
mass, respectively. We solve (1) adjoined with any prescribed values for the fluxes
of the velocity v and momentum pv through the cross sections of 2; and s;
Theorem 1 below. Throughout the paper, we also assume the non slip boundary
condition v = 0 on 0f).

Inhomogeneous fluids are important to be investigated in both mathematical
and physical aspects. They can model, for instance, stratified fluids (see e.g. [6])

Partially supported by Pronex/CNPq/Brazil/27697100500.
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and the meeting of fluids coming from different regions with distinct densities, e.g.
sewerage, water-works, the meeting of two or more rivers, and junctions of chan-
nels as, for instance, occurs more recently in devices in the area of engineering
called MEMS (Micro-Electro-Mechanical Systems). From the mathematical point
of view, challenging questions are pertinent even for the case of a constant density.
For instance, the solvability of the nonlinear Leray’s problem under no restriction
on the velocity flux through the cross sections of the channels is an important
open question. It consists in finding a solution of (1), with p identically equal to
a constant, such that v tends to given Poiseuille flows (i.e. parallel flows) at large
distances in the channels );, i« = 1, 2. This, of course, makes sense only in the case
that the channels €; and 2 are straight. However, without the assumption of
smallness on the velocity flux, up to now there is no proof of the existence of a so-
lution for such problem. Assuming that the velocity flux is sufficiently small, it was
proved by Amick [1] that Leray’s problem admits a solution. Attempts have been
made by important mathematicians to remove that assumption without success
[4]. Leray’s problem seems to have been proposed to Olga A. Ladyzhenskaya by
Jean Leray in the 1950s; cf. [1, p. 476]. In [5], Ladyzhenskaya and V. A. Solonnikov
change the problem proposing to find a solution of (1), still in the case of a con-
stant density, such that the velocity field has a prescribed arbitrary flux through
the cross sections of the channels, but not demanding that the velocity field tends
to parallel flows at large distance in the channels. It happens that the problem
formulated this way gains generality since it is not necessary the channels to be
straight in order the problem make sense. Besides, they were able to prove the
existence of a solution for such problem, for an arbitrary given velocity flux, and
with the only restriction on the channels that they have bounded cross sections,
from below and above. Furthermore, their solution recovers Amick’s solution when
the channels are straight and the velocity flux is sufficiently small. It remains an
open question whether Ladyzhenskaya—Solonnikov’s solution tends to a Poiseuille
flow at large distances when the channels are straight and the velocity flux is not
sufficiently small.

For inhomogeneous fluids, p not being a constant, Leray’s problem was treated
in [3]. As far as we know, Ladyzhenskaya—Solonnikov problem was not proposed for
inhomogeneous fluid up to now. In this paper, we formulate and solve Ladyzhens-
kaya—Solonnikov problem for inhomogeneous fluid (1), given arbitrary value for the
velocity flux and, which is a new issue, given arbitrary value for the momentum
flux as well.

The restriction on the dimension, £ a subset of the plane R2, is essential for
us, since our approach depends on the streamline formulation p = w(1), v = V+1),
where w € C,(R); see Notations below. To prove Theorem 1 we solve first (Theorem
2) the equation pAv = w(¥)(v - V)v + Vp, v = V14, which is in fact a nonlinear
equation for the biharmonic operator A2, since applying the curl operator to this
equation (curl = 8, — 0,) it becomes A% = curl (w(¢¥)(v - V)v), v = V. We
use Amick’s [1] and Ladyzhenskaya—Solonnikov’s [5] ideas combined with Galerkin
method. That is, write v = u+ a where u is the new unknown with zero flux and
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a is a special constructed function, depending only on the domain €2, and with
the given velocity flux. Then we cut the domain, use Galerkin method to solve
the problem in the cut domain, and obtain very careful estimates with respect to
the cut domain. We perform all estimates we need in details, yielding the explicit
dependence on the L*°-—norm of the density. To obtain a solution satisfying the
given momentum flux, we take profit from the freedom of choice of w. Specifically,
we take w € Cy(R) such that Loaw(s) ds = 3, where o and § are, respectively, the
given velocity flux and momentum flux; see (40).

To end this section, we give below the main notations we shall use.

Notations:

I' :  the boundary of €;
WH*P(Q) :  the Sobolev space of order k modeled in L?(Q);
WEP(Q) @ the space of functions in WP (Q) whose derivatives
up to order k — 1 have null trace on I';
Hy(Q) : the space of functions in W?(Q) that are divergent
free in Q, i.e. V-v =0 in Q;
WP(Q) :  the space of functions in W*? (') for any bounded
open subset Q' of €;
Hy10.(Q) :  the space of functions in W*?(Q) for any bounded
open subset Q' of  that are divergent free and whose
derivatives up to order k — 1 have null trace on I’
VY :  the space of functions in C*°(€Q) with compact support
in Q and that are divergence free in §;
(,) : the inner product of L*(Q);
V44 the rotated gradient V* = (=8, d.) acting on a scalar
function ¢ = ¥ (x,y) defined in Q,

ie. Vi = (—0y1, 0a1);
Cy(X) :  the space of functions defined on X that are
continuous and bounded, where X is an open set of R™,
endowed with the supremum norm||f||c, (x) = sup,cx |f(2)]
CP(X) : C(X)NCh(X);
c : some constant that does not depend on the unknowns.

The functions in the aforementioned spaces may be either scalar or vector-
valued functions. We have that Hy(€2) equals to the closure of V in Wéc 2(Q), in
virtue of the shape of our domain {2, described precisely in Section 2. Besides,
since Q has dimension two and functions in H;(Q2) vanish on T', we have also
H1(Q) = {V+Yey : p € W22(Q) and Vy|T = 0}.

Besides this introduction, this paper contains the next section in which we
formulate and solve the Ladyzhenskaya—Solonnikov problem for equations (1).
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2. 2d Ladyzhenskaya—Solonnikov problem for inhomogeneous fluids

In this section we formulate and solve the Ladyzhenskaya—Solonnikov problem for
equations (1). We start describing precisely our domain €.

Let € be an open and simply connected set of the plane R? with a smooth
boundary, denoted by T, such that Q = UZ_,Q;, where € is a bounded open set
and, in possibly different cartesian coordinate systems,

Q= {(z,y) €R? : <0, —di(z) <y < di(z)}
and
Qg = {(z,y) €R? : >0, —da(z) <y < da(x)}

with d;(z) > 0, i = 1,2, being smooth functions uniformly bounded with respect
to x, from above and below.

Ladyzhenskaya—Solonnikov problem: To equations (1) we adjoin the non slip
boundary condition

v=0 on 00 (2)
and the flux conditions for the velocity and momentum
/ vi(z,y) dy = a, 3)
b
/ pUu1 (.’IJ, y) dy = /67 (4)
b
def

where ¥ = X(z) denotes the cross sections of ; at (i = 1,2) ie. X(x) =
{(z,y) : =di(x) <y <di(x)} (z<0ifi=1and x >0if i = 2) and, @ and ( are
given arbitrary constants in R (see Remark 1 below).

We look for a weak solution of (1)—(4) according to the following definition.

Definition 1. A pair (p,v) € Cp(2) X Hi,10c(2) is said to be a weak solution of
Problem (1)—(4) whenever

i. (3) and (4) are satisfied in the trace sense;
ii.

/ pv - Vodr =0, (5)
Q
for all v in C§°(Q) and
iii.
,u/ Vv . V&®dzr = / p(v-V®) - vdz, (6)
Q Q
for all & = (D1, D) in V, where Vv - V& 2 Vuy - VO; + vy - Vs and

v Ve Y (v. VP, v V).
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Remark 1. If v € WL?(Q), it is classical that v has a trace on the cross section
Y = ¥(z), for each z € R, so (3) is well defined in the trace sense for v € Hi joc(€2).
The same conclusion holds true for the equation (4), but here we use that pv
belongs to L2 () and V - pv = 0 in the sense of distributions (see (5)), then pv
has a normal trace on each cross section X, see e.g. [7, Theorem I.1.2]. Moreover,
since V-v = V-pv = 0, the fluxes [, v1(z,y) dy and [y, pv1(z,y) dy are independent
of x.

Equations (5) and (6) are just the weak formulations (in the sense of distri-
butions) of the conservation of mass and momentum equations, respectively, i.e.
multiply these equations by the test functions indicated in (5) and (6) and formally
integrate by parts. Cf. [1, Def. 3.1]. In equation (6) the pressure p is canceled out
because the (vector valued) test functions ® are divergence free. It is classical that
we can recover the pressure from (6); see e.g. [7, Propositions 1.1.1 and 1.1.2, p.
14]. The incompressibility equation is inserted in the space Hy joc(£2).

Remark 2. As it is observed in [5], if « is different from zero and v wverifies the
above definition, then the Dirichlet integral fQ |Vv|? is infinite. In fact, it grows
at least linearly with x; indeed, from Holder and Poincaré inequalities we have

a? < 2d/ vi(z,y)? dy < 2d3/ viy(z,y)? dy,
> >
SO

?(zg —21) < 2d3/ / viy(z,y)? dydz.
Xy >

Remark 3. We remark that when v = V1) and p = w(v)) for some ) € Wif(Q)
and w € Cp(R), the equation V - (pv) = 0 is automatically satisfied in the weak
sense (i.e. we have (5)) if w € Cp(R) and ¢ € Wif(ﬂ) Indeed, for a smooth w, it
is straightforward to obtain V - (w(¢)V+1) = 0 in the classical sense, and for w €
Cy(R), we can obtain the result by passing to the limit in (5) with p = w®(¢)) and
v = V44, with € tending to zero, where w® is a sequence of standard mollifications
of w. In this passage to the limit we use the compact imbedding of W22()’) into
C(€Y) for a bounded domain €' in Q containing the support of the test function
v € CF(Q).

We shall look for a solution of Problem (1)—(4) in the form v =u+a, p =

w(1)), where w € Cy(R), 9 is a streamline function of v, i.e. V¢ wf

= (_1/}1/711}9:) =V,

and a is a vector field that is constructed below. We will need the following remark.

Remark 4. Notice that |I' must be constant on each component of T, because
vl = 0. In particular, ¢(xz,d;(z)) is independent of © and i = 1,2, as well as
Y(x, —d;i(x)). We may fiz arbitrarily the constant value y(x, —d;(x)), since v does
not change by modifying ¥ by a constant. We set (x,—d;(x)) = 0. Then from
condition (3) we must have Y(z,d;(x)) = ¢Y(z, —d;(z)) —a = —a.



356 F. Ammar Khodja and M.M. Santos

Befofe stating our main result, we set the following additional notations,
where 0 < x1 <a2,n>1and t > 0:

d = max;—1 2{sup, o d1(), sup, o da(z)}
Qlﬂilﬂiz = {(%y) S Ql e <z < —QI,']_}
Doz e ={(z,y) €Qo 21 < <22} -

QZ’ = Qi,nfl,na L= 1, 2
Q =QoUQ0,UQ20,
Qz'.,t,oo :Qfmgl, 221,2

Next we state our main result.
Theorem 1. For any a, B8 in R, Problem (1)—(4) admits a weak solution.

The proof of Theorem 1 employs the construction of a smooth vector field a =
(a1,a2) = a(d, ) that depends only on € and a positive parameter § sufficiently
small but arbitrary. This field has the following properties; see [5, Section 3]:

al) aeHUOC(Q);
a2) / a(ey)dy=a, Yoek;
>

asz) There exists a constant ¢, independent of 1 > 1 such that

/IVaIQSEa, Vn>1, i=1,2
oy

and
a4)
lal?|®> <62 [ |[V®]>, V®cV, Vit>0.
Q4 Qy
From property a3) it follows that ‘|vaH%2(Qi.wl .y < Calwz — a1+ 1), for all
x1 <z €1[0,00), 4 =1,2, thus
HVaH%Q(Qt) < Ca(t+1) (8)

for all t > 0, where cy = 2Ca + HvaH%?(Qo)‘

First we look for a weak solution of (1)—(3). We reformulate this problem in
the following way: Given w € C,(R) and a vector field a satisfying a1)—a4) (§ will
be chosen such that 6||w||c, ®) < 1; see (15) below), find u = V4X¢p—a € Hy 100(9),
¥ € W22(Q), such that

/ wi () dy = 0 ()
>
and

u/ V(u+a)~V<I>da::/ wW)((u+a) -V®): - (ut+a)de, VP ec)V. (10)
Q Q
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In fact, we are going to prove Theorem 2 below. Theorem 1 will follow easily from
Theorem 2, but with a right choice of w, as we shall see. This approach has not
appeared in the literature yet, as far as we know.

Theorem 2. Given any w in Cp(R), equation (9)—(10) has a solution ¢ € I/Vlzocz(Q)
(u=Viy —a).

Proof. First we assume that w belongs to Cg°(R) and make the proof in two steps.
The first step will be to solve the problem in the bounded domain Qp, T' > 0, with
homogeneous Dirichlet boundary condition in the whole boundary Q. This will
yield a sequence of functions (p?,u”) defined in Qr, where p? = w(y?) with
ViyT = ul + a|g, and u? will have null flux on the sections {(x,y) : y € %(x)}
for all  such that |z| < T'. The second step will consist in estimating the sequence
{pT,uT} in Q; with ¢t > 0 fixed and 7' > ¢ + 1. This estimate will be accomplished
from the fact that {p?'} is uniformly bounded in L>(2;) (a simple consequence of
w € L) and, most importantly, by using a “reverse type Gronwall lemma”, due
to Ladyzhenskaya and Solonnikov [5, Lemma 2.3]; we quote it below. After this
second step we will end the proof by showing how to pass to the case w € Cp(R)
from the case w € Cy°(R).

Ladyzhenskaya—Solonnikov’s lemma [5, Lemma 2.3]. Let z,¢ : R — R be smooth
non-negative and non-decreasing functions satisfying the inequalities z(t) <
U(Z'(t) + (1 = 61)p(t) and o(t) > 511\Il(g0’(t)), for some 61 € (0,1) and for all
t on a interval [0,T], T > 0, where ¥ : R — R is a smooth increasing function
such that ¥(0) = 0 and lim, oo ¥(7) = oc0. Suppose that z(T) < @(T). Then

z(t) < @(t) for allt €10,T).

Generalized solution in the bounded domain Qr: We deal in this subsection with
the equation

pA@” +a) = w@H@" +a) - V" +a)+Vp', ul € H1(Qr) (11)
where Vt¢T = u? + a|q, and p? is the pressure function associated with u”.
Recall that according to our notations, H;(€27) denotes the space of functions in
W,y () that are divergence free in Q7. Besides, since u” € W, *(r) implies
u?|s0, = 0, we have in particular that u7 = 0 on the cross sections ¥((—1)*T) =
{(-D)T, y) : —di(T) <y < di(T)}, i = 1,2, then from V - u? = 0 and the
divergence theorem, we have [ uf (z,y)dy =0 for all z € (=T, T).

Let {®j}r>1 be an orthornormal basis of H;(£2p) with respect to the inner

product fQT Vu - Vv. We then solve the following “approximate” problem:

U :ZZLI Ekm(Pka um+a:Vme; §1m7~'~7£mm eR
pf Vi) Vo= [ e +a) VB (), (12
QT QT
k=1,2,....,m.
From now on we set
def
L= wlley®)-
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For each m € R™, (12) is a system of nonlinear algebraic equations for the unknown
€= (&imy---,&m) € R™. It has a solution if § is appropriately chosen; see (15)
below. This can be inferred from Brouwer’s fixed point theorem. Indeed, if we set

PO =n[ Tl +a)- V- / i) (4 8) - V) ( +8)

then (12) becomes the problem of finding a singular point of the vector field F def

(F1,...,Fy) in R™ ie. find £ € R™ such that F(§) = 0. Besides, we have the
estimate
PO €= i tnf VaVu,— [ o), )V, a
T T
> pleze — plVallL2 @) 1€]rm , (13)
= L |[umallr2(op [€lrm + [lal[7s g, [Elrm )

(1= 8DIERn — (1l Valli2p) + Ulall3agq ) Il

Y

where we used the identity
/ wW(tm) (W +a) - Vug,) -uy, = 0 (14)
Qr

(remind that V- (w(¢m,)(unm, + a)) = 0) and for the last inequality we used property
a4) of the vector field a. Thus, by choosing § > 0 such that

ol < p, (15)

we obtain F(£) - £ > 0 for all ¢ sufficiently large. Therefore, as a corollary of
Brouwer’s fixed point theorem, we infer that F has a singular point. See e.g. the
proof of [7, Lemma II.1.4]. The corresponding solution wm, = > ;- &km P of (12)
satisfies the estimate

ulIVallzor) + Ulal2 o)

w— 0l ’
for all m > 1, what can be seen by taking F(£) = 0 in (13). We then find a
subsequence (u,, ) that converges weakly in H;(Qr) and strongly in L?(Q7) to
some function u? € Hy(Q7). As a consequence, (1,,/) converges weakly to some
function T in W22(Qr), such that Vi¢? = u” + a|q,.. Noting that W22(Q7)
is compactly embedded in C(Qr), we deduce that w(t,,) converges to w(xT) in
C(Q7) and then, by a routine argument, that u” = VT — a|q,. verifies (10)
for all @ in V, which means that u = u” is a weak solution of (11) with ¢ = T
Moreover,

V|2 ) < (16)

IVu" |72, < (u—61)2F(T) (17)
where
def
F(T)= (ullVall L2 + Ul 7))
From the estimate
llal[Z1 0 < col|Vall 22y (18)
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where ¢ = ¢o(20,d) (see [2, Lemma XI.2.1]) and from (8), we have
F(T) < ca(p+1eo)* (T +1)%, (19)
where se assume ¢, > 1, without loss of generality.
Convergence of (p*,u”) = (w(y™),uT) to a solution (p,u) of (10): Let
def
y(t) = [ [Val
Q
From properties aj)—a4) of the field a we shall obtain the estimate
y(t) <e(t+1)°+¢& ¥V T>t+1, (20)

where ¢ and ¢ are constants with respect to u”’; see (37) and (38) below. To shorten
notation, let us write for a while, u = u?, v = u’ +alq, = Vo1, p = p7 = w(®7)
and p = p”. Since w is smooth, from classical results on regularity of Navier-Stokes
equations, we have that u = u” is a strong solution of (11), then we can multiply
equation (11) by u and integrate by parts on Q;, with T'> ¢ + 1, to get

ny(t) = / p(v-Vu)-a—pVu-Va
Q

ov 1 9
= (vl pf (e )~ plu-m),

(21)
_|_

where T'; def YUYy, Y4 def Y (£t). Notice that because u = a = 0 on 912, the
boundary integral above occurs only on the set I';. First we estimate the interior
integral in (21):
/ p(v-Vu)-a—uVu-Va
Q
(22)

) p(u-Vu)-a+p(a-Vu)-a—pVu-Va
1y(t) + (F(£)y(8)/? < (31 +7)y(t) + 1, F(t)

where, in the first inequality we used property a4), and in the last inequality, ~ is
a positive constant that will be fixed; see (34) below. From (21) and (22), we have

IA

1
(i=8-nu® <, FO+ [ o, (23
2 Iy
where fl“t' -+ stands for the boundary integral in (21). To estimate fl“{ - we
integrate (23) with respect to ¢, for n — 1 <t <, where 1 <n < T, and set
n
def
) [y
n—1

From (23) and (19) we obtain

2(77)<01(77+1)2+(u—5l—7)2/n/r-~-, (24)

n—1
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for v < p — 41, where

¢2 (1 + leo)?
Ay(p =0l =)’
Before proceeding, two claims are in order:

(i) y(n—1) < 2(n) < y): ,
(@) #0) =y =y~ = [ vap= [ [ |vap
Qruy n—1JT,
These two claims hold for all € [1,T]. Claim (i) implies that to estimate y is

equivalent to estimate z. The estimate for z will be attained first by estimating each
term in the integral [ Z—l i r, o by |Vu|? to some power times some constant.

Cc1 —

Once we have these estimates, by claim (ii) and (24) we will have

2(n) < ex(n+1)* + W (' (1)), (26)

for some function ¥; see (32) below. Then using Ladyzhenskaya—Solonnikov’s
lemma and (17) we will obtain

2(n) < ei(n +1)% + é1, (27)

for some constant ¢;; see (36) below. Thus, in view of claim (i), we will have the
desired estimate (20).

The first term in the integral J‘Z*lfrt -+ is easily estimated by using Holder
and Poincaré inequalities, and property as):

n n 6&
\/ /Ftuan-u I/ /Ftua U+/ /Ftuan-u
n 1/2
< pd / Vul? + ekl ( / / Vu|2) (28)
n T n—1J T

1
< pdz'(n) + péal 2! (n) 2.
Analogously, for the second and third terms, using the inequality
lallfsony < 8lIVallfan, =12, 721, (29)
where k = k(d) ([2, Lemma XI.2.1] or [5, p.759]), we have

n
[ ] et i = plv m)(a- w)
n—1JT

= 1) betw wil - Spa il pnmacw e wia-w)
< éd/ﬁz’(n)?’/Q + dczl,/sz( )—l—ldczl,/ k2 (1) + lkéadz' ()12,
(30)
The last term is more tricky and requires to solve the equation V -w = u - n for
w € Wy (7 UQY) with the estimate

IVwllz2ar) < Millullpsan, @ = 1,2,



2d Ladyzhenskaya—Solonnikov Problem for Inhomogeneous Fluids 361

where M; is a universal constant (in particular, independent of n); see [5, (2.7)]
or [2, Lemma III.3.1]. Substituting this equation in the last term in the integral
n J r, " »integrating by parts, and using equation (11), we have

U]
—/ p(u / / pV -w = / Vp-w
—1JTI It Ty

7
(LAV — pv - Vv)

—

=

1JT

T
P\q\

—puVv-Vw+p(v-Vw)-v

—1

[ o) ([ ) o0

( / |Vu\ 1/2 —|—,ucl/2 + 1k (/ lul?) + lméa>
"

—1JT
1/2
Ft

= M ((uca/ + mca M2+ p2 (n) + 1k 2 () 2) '
From (24), (28)—(31), we obtain

) < Joln) + V(= ()

IN
S
3
3

=

IN
TN

where
p(n) = 2¢1(n+1)?
and
U(r) def cocC (7’1/2 +7+ 7'3/2), (32)
with
141
2T e

and ¢ = ¢(6,Q, u). Now we are almost ready to use Ladyzhenskaya—Solonnikov’s
lemma. To this end, first we would like to have

2(T) < o(T). (33)
Since from (17) and (19),
cap+leo)? 2
<yl < * T+1
A1) <ym) < ST
and ¢(T) = 2¢1(T + 1)%, where ¢; is given in (25), to have (33) it is enough to set
w— 6l

Indeed, with this choice we have precisely

cZ(pu+leo)?
(k—dl)?

261 =
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and so
2(T) = 2¢1(T +1)* = o(T).
Secondly, we would like to have the estimate W¥(¢'(n)) < ¢(n) for all n > 1, i.e.

Culjéz (e + 1) +der(n+1) + (ea(n + 1)) <201+ 1% (35)

This inequality is perhaps false for values of 7 not large, so we modify ¢(n) by
adding a positive constant ¢; to it; notice that this modification does not affect
the inequality (33). Since

(¢ (1)) < 3eea(der(n +1))%2,

to have the desired inequality

1 -
o V(@' () < w(n) +
satisfied, for all n > 1, it is enough to choose ¢; such that

3 -
Jeex(da(n+ 1) <ol +a, VYol
but

3 1
peea(der(n+1)"2 < o(n) =2e1(n+1)*

iff n+ 1 > 36¢%c3c; = o + 1, then we choose

- 3
1= ,cea(der(n + 1))*?|

n="no
i.e.
é1 = ccacd

where ¢ is a new constant ¢ = ¢(6, 2, u); more precisely,

- (14 1)*(u + leg)®

C1 =¢ .

(n—a0)7

With this value of ¢; fixed, we have
1
LV () < Bea(der(n+1)*2 <p(n) +é, V=1

Therefore, by Ladyzhenskaya—Solonnikov’s lemma we have (27), for all n € [1,T],
and so, using that y(n — 1) < z(n) (claim (i) above) we obtain estimate (20) with

. 3¢2 (1 + leg)?
¢=3c = (1 — o1)? (37)
and 2 2 4 6
s o Gt I? | (4D i) o

(=002 " (u-au
We recall that the constants c,, ¢g and ¢ depend only on §, 2 and pu.



2d Ladyzhenskaya—Solonnikov Problem for Inhomogeneous Fluids 363

With estimate (20), we take a sequence t; < t3 < --- — 00, and by passing
to subsequences of subsequences of (u”), we obtain a solution u € Hy j,.(Q) of
(10), which satisfies

/Q Vul? < é(t; + 1) + &, (39)

Passage to the case w € Cp(R): We consider the convolution w® def % Je, where
(Je) is a family of mollifiers. For a 6 > 0 satisfying (15), let a be a smooth vector
field having the properties aj)-a4) above. Since [, ef [lwélle,my < llwlley @) = I,
we have (15) satisfied with I, in place of [ for all e. Then we take the corresponding
solution v¢ = u¢ + a = V14 of (10) satisfying (39), with w® in place of w. From
(37)-(39) we get the uniform estimate with respect to e:

/ VU < é(ts + 12 + 6,
Q,

i = 1,2,.... Therefore, for each i = 1,2,... we can extract a subsequence
{eb 1322, C {eF}2, such that for some function u € Hijo(€2), we have that
(ue?) converges to u|Qy, in H1(Qy,) as k goes to infinity. It is easy to check that
u is a solution of (10). Indeed, given a function ® € V), taking ¢; > 0 such that
spt.® C €, we have

/ we (P ) (VE VD) - ve
Q

- / W)V VR) v B [ w(@)(v- V@) -
Q0 Q,
— [ wto)v-ve)-v.
Q
since <7 “=0 4 in C(Q,), we =2 w in C(K) for each compact subset K of R,
and vi " v in LA(S,). O

Proof of Theorem 1. Let w € Cy(R) such that

0
/ w(s)ds = 0. (40)

—Q

From Theorem 2, there exists a v = (v1,v2) € Hy10:(€2), v = u + a, such that
equation (10) is satisfied and [, v1(z,y)dy = o, i.e. equation (3) is also satisfied.

From Remark 3 and (10)/Theorem 2, equations (5) and (6) are satisfied with
v =u+a and p = w(®). Conditions V- v = 0 and v|gpq = 0 are included in the
definition of Hi joc(£2) (see Notations).
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It remains to check equation (4). Let W (s) def [ow(r) dr. Using Remark 4,
we have

/pvl(x,y)dy =—/ w(¥)dy(z,y) dy
b

di(z)
_ /d_( AW () dy (41)
= W((x, —di(x))) — W((z,d;(x)))
P(x,—di(z)) 0
= / w(s)ds= [ w(s)ds=p. O
Y(z,di(z)) @
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Generalization of a Well-known Inequality

YanYan Li and Louis Nirenberg

Dedicated to Djairo De Figueiredo on his seventieth birthday

Section 1.
The well-known inequality refers to a nonnegative C? function v defined on an
interval (—R, R). The inequality is in:

Proposition 1. Assume

| < M.
Then,
i) < vauo)n i > 2 (1)
1a(0)| < “g) + ];M if M < 21]‘;20). 2)

This is sometimes called Glaeser’s inequality, see [2]; there it is attributed to
Malgrange. It was used by Nirenberg and Treves in [3], where it is said that the
inequality was probably known to Cauchy.

Here is the simple

Proof. For z in (—R, R),

So
u(0) .

(o) <+

M. (3)

If R > \/ 24(0) " minimize the right hand side of (3) for || on (0, R). This yields

(1).IfR < \/23‘\;0), simply take |z| = R — to get (2). 0

The function u = (x + R)? shows that the constant v/2 in (1) cannot be
improved. We present here several generalizations to higher dimensions. Our first
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generalization is for C?, nonnegative function u defined on a ball B = {|z| < R}
in R™.
Proposition 2. Assume
max |Au| = M.

Then there is a constant C depending only on n such that

Vu(@) < CVuO)M  if R > \/ O opa, @)
IVu(z)| < C(ug) +RM)  if2lz| <R< \/“]S) (5)

Question 1. What is the best constant C in (4) for x =072

Proof of Proposition 2. For 0 < r < R, let v be the function which is harmonic in
|z| < r, with

v=wu onlz|]=r.
Then w = u — v satisfies
|Aw| =]Au] < M in B,
w = 0 ondbB,.
A standard inequality is
rIVe(@)| + (@) < CMr%, Vo] < 1. (6)

Here, and from now on in this proof, C' represents different positive constants
depending only on n. Now, by the gradient estimates and the Harnack inequality,

r|Vo(z)| < Csupv < Cv(0), Vx| < ; (7)

3r
Combining (6) and (7) we find
r|Vu(z)| < C(M72 +v(0)) < C(Mr2 +u(0) + CM72), ¥ |z| < ;
Thus

Vu(z)| < C(“Ef)) FMr), V<)

IfR> \/u](v?), we take r = “](V(;), and we obtain (4). If R < \/u](v?), we take

r = R, and we obtain (5). O
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Section 2.
Here is another simple generalization for «w > 0 in Bp.

Proposition 3. Suppose
|Aullr(Bry = M for some p > n.
Then

)2 > 2la

u(0)
hy C®

IVu(z)| < Cu(0)2-n M2"n i R>(1— Z)nf’gp(
u(0)
R
Here C is a constant depending only on n and p.

Va@| <c("Y) + MR el <R <= ") () )

Proof. For 0 < r < R, let v and w be defined in B, as in the preceding proof.
First we have ,
r|Vu(z)| < Csupv < Cv(0), Vx| < 9"

3

4

Next, by standard estimates, for p > n,
V()| + [w(z)| < CMr* 5, V2| < ; (10)

r

Here C' = C(n,p). Hence
r|Vau(z)| < CMr* % + Co(0) < CMr2~ 5 4+ Cu(0), ¥ |z| < ;

ie.
O n
[Vu(z)| < O(“i) + M), Yz < ; (11)
The minimum of the right hand side of (11), with respect to r, is achieved when
u(0) n _n
— +(1—p)M7‘ » =0
i.e. when
n P u(O) P
=(1— n—2p 2p—n |
r= =" ()
Arguing then as before, we obtain (8) and (9). O
Section 3.
What can we say if u > 0 and
M = ||Aul|Lr(p,) for some p < n? (12)

If p € (,n) we can obtain a Holder continuity result with exponent

az?—p (13)

in a form like (9). Namely we have
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Proposition 4. Suppose u > 0 in Bg and (12) holds with some p € (% ,n). Then,
for x,y € Brja, * #y, and a =2 — Z,

u(z) = u(y)] u(0) 2" _a
iz — gfo <O Ro + MR ) (14)

where C depends on n and p.

Proof. Let v and w be defined as before, but in the entire ball Br. By standard
elliptic estimates and the Harnack inequality, since 3 < p < n, we have, for z # y
in BR/27

R* [v(@) = v(y)] < C sup v < Cv(0).
|:E - y|a BBf
Also

|z —yl®

|w(0)| + R
Combining these, we find, as before,

namely, (14). O
Remark 1. More generally, suppose p > 7. Let 0 < o < 1 be such that p > ," .

Then the inequality (15) still holds, with C = C(n,p,«). Thus we find that for
u >0 in Br and

n
HAUHLP(BR) = Ma p> 2
then, in Bg,
@) = u)| _ o u0) | e oy

|z —y|* R«

where C' = C(n,p, o).
Section 4.

We extend Proposition 2 from A to second order elliptic operators with continuous
coefficients. Consider

L = a;j(x)0;j + bi(x)0; + c(z),

where a;;, b;, ¢ are continuous functions in the unit ball B; of R™, ¢(z) < 0 for all
|z| < 1, and, for some constants 0 < A < A < oo,

MEP? < aii(z)€7¢ < A€, Y|z < 1,¥ ¢ € R™

The extension of Proposition 2 concerns some W?2P?, p > 1, nonnegative function
u defined on Bg C R"™ for some R < é
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Proposition 5. Assume the above and
max |Lu| = M.

Then there is a constant C depending only on n, X\, A, ||bil| (B4, |lc|lL=(B,), and
4 4
the modulus of continuity of aij(x) in Bs such that (4) and (5) hold.

Proof. For 0 < r < R, let v be the solution of
Lv=0 in B,, v =wu on 0B,.
Then w = v — u satisfies
|Lw| < M in B, w =0 on 0B,.

By the W?2? estimates, (6) holds, where, and from now on in the proof, C' denotes
various positive constants depending only on n, A, A, [|bi]| L= (B, ), ¢l (B4 ), and
4

4
the modulus of continuity of a;;(z) in Bs. Estimate (7) follows from the Harnack

inequality of Krylov and Safonov, see [1]. The rest of the proof is identical to the
corresponding part of the proof of Proposition 2. O

Section 5.
We extend Proposition 4 from A to operators L in Section 4. We assume u > 0
and

M = || Lul|Lr(By)- (16)

Proposition 6. Let L be the operator in Section 4, we suppose u > 0 in Bg for

some R < ; and (16) holds with some p € (%, n). Then for x,y € Bz;, T # vy, and
a=2-",
P

u(z) —u(y)] _ C(U(O)

MR*™»— 1
ooyl = CUpe P 1

where C depends on n, p, \, A, ||bi||=(B,), cllL~(B4), and the modulus of conti-
4 4

nuity of aij(x) in Bs.

Proof. Tt is similar to that of Proposition 4, with the help of W?2P estimates for L
and the Harnack inequality of Krylov and Safonov. (]

Remark 2. If we take p = n in Proposition 6, then by using the Holder continu-

ity estimate of Krylov and Safonov instead of the W2P estimates in the proof of

Proposition 6, inequality (17) holds for some positive constants o and C which

depend on n, p, \, A, ||bil| L~ (B4), and ||c||L~(B,), but independent of the modulus
4 4

of continuity of a;;.
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Nonexistence of Nontrivial Solutions for
Supercritical Equations of Mixed
Elliptic-Hyperbolic Type

Daniela Lupo, Kevin R. Payne and Nedyu I. Popivanov

Dedicated to Djairo de Figueiredo on the occasion of his 70th birthday

Abstract. For semilinear partial differential equations of mixed elliptic-hyper-
bolic type with various boundary conditions, the nonexistence of nontrivial
solutions is shown for domains which are suitably star-shaped and for nonlin-
earities with supercritical growth in a suitable sense. The results follow from
integral identities of Pohozaev type which are suitably calibrated to an invari-
ance with respect to anisotropic dilations in the linear part of the equation.
For the Dirichlet problem, in which the boundary condition is placed on the
entire boundary, the technique is completely analogous to the classical elliptic
case as first developed by Pohozaev [34] in the supercritical case. At critical
growth, the nonexistence principle is established by combining the dilation
identity with another energy identity. For “open” boundary value problems
in which the boundary condition is placed on a proper subset of the bound-
ary, sharp Hardy-Sobolev inequalities are used to control terms in the integral
identity corresponding to the lack of a boundary condition as was first done
in [23] for certain two dimensional problems.

1. Introduction

It is well known, starting from the seminal paper of Pohozaev [34], that the homo-
geneous Dirichlet problem for semilinear elliptic equations such as Au+u|u[P~2 = 0
in  a bounded subset of R", with n > 3, will permit only the trivial solu-
tion u = 0 if the domain is star-shaped, the solution is sufficiently regular, and
p > 2*(n) = 2n/(n — 2) the critical exponent in the Sobolev embedding of H}(Q)
into LP(2) for p < 2*(n), which fails to be compact at the critical exponent. There
are a vast number of extensions of this nonexistence principle to other elliptic equa-
tions and systems which forms an important part of nonlinear analysis with fruitful
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links to concentration phenomena, blow-up arguments, and questions of compact-
ness in variational problems (cf. [26] and the extensive bibliography therein). We
mention explicitly only the pioneering work of de Figueiredo-Mitidieri on elliptic
systems [8] and Brezis-Nirenberg [6] on the recovery of solutions at critical growth
via a suitable linear perturbation. In dimension n = 2, the critical nonlinearity
is of exponential type and strongly related to the Trudinger-Moser inequality (cf.
[7] and the references therein). On the other hand, it has been shown by the first
two authors in [23] that this nonexistence principle also holds for certain two di-
mensional problems of mixed elliptic-hyperbolic type. The point of this note is to
show that the principle is valid for a large class of such problems even in higher
dimensions.

In particular, we consider the nonexistence principle for boundary value prob-
lems of the form

Lu+F'(u)=0 in Q (1.1)
u=0 on X C 00 (1.2)

with © € RN¥*! a bounded open set with piecewise C! boundary, F’(0) = 0, and
L a mixed type operator of Gellerstedt type

L=K(@y)A; +0; (1.3)

where K(y) = yly|™ 1, m > 0 is a pure power type change function having the
sign of y and z € R with N > 1. In dimension 2 (where N = 1), such opera-
tors have a long standing connection with transonic fluid flow, a connection first
established by Frankl’ [11]. In addition, the operator (1.3) is related to problems
of embedding manifolds whose curvature changes sign [17] and the operator has
an associated singular metric of mixed Riemannian-Lorentzian signature which
has been analyzed in [33]. Mixed signature metrics are of interest in the context
of general relativity and quantum cosmology [14]. All such operators are invari-
ant with respect to a certain anisotropic dilation which defines a suitable notion
of star-shapedness by using the flow of the vector field which is the infinitesimal
generator of the invariance.

We will consider both “open” and “closed” boundary value problems in the
sense that ¥ is either a proper subset or all of 9 respectively. The nonexistence
principle can, of course, be regarded as a uniqueness theorem for the trivial so-
lution and it is well known that the presence of hyperbolicity in the equation
(1.1) tends to overdetermine even linear problems with classical regularity. Hence,
the nonexistence principle should be relatively easy in the case of the “closed”
Dirichlet problem. We show this to be true in section 2 for general dimension
n = N+ 1 > 2. The argument follows closely that of the original argument in
[34] for elliptic problems in which one: multiplies the equation by Mu where M
generates the dilation invariance, integrates by parts over the domain, and controls
the signs of the various volume and surface integrals. In addition, the result holds
at critical growth by combining the dilation identity with another energy identity
coming from the multiplier Mu = u,. We note only the need for an additional
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(and natural) geometric hypothesis on the boundary; namely, one needs that the
hyperbolic portion of the boundary is sub-characteristic for the operator L (cf.
formula (2.4)). The condition is natural for applications such as transonic flow in
two dimensions where the hyperbolic boundary is the image under a hodograph
transformation of either the physical boundary in the supersonic region or of a
free boundary at the exit of a transonic nozzle, for example (cf. [4]).

For an “open” boundary value problem, the situation is more difficult. If €2 is
star-shaped, one might suspect that the principle should hold for any ¥ in which
the linear problem has a uniqueness theorem. We have no counterexample as yet
to this idea. In sections 3 and 4, we extend the results of [23] to various situations
in which one knows such a uniqueness result; namely for the Frankl’ and Guderley-
Morawetz problem in R? and for the Protter problem in R¥*! with N > 2. The
results hold true for domains which are suitably star-shaped and whose boundary
splits as X4 UX_ UI" where the boundary condition is placed on the entire elliptic
boundary ¥ and a proper subset ¥_ of the hyperbolic boundary which must
be also sub-characteristic. The set I' on which no data is placed is a piece of
a characteristic surface. The lack of a boundary condition on I" complicates the
control of the corresponding boundary integral in the Pohozaev argument, but
if I' is characteristic and tangential to the dilation flow, a sharp Hardy-Sobolev
inequality ensures that the contribution along I' has the right sign, as was first
done in [23].

In all cases, for the operator L in (1.3) the critical exponent phenomenon is of
pure power type where p agrees with a critical Sobolev exponent in the embedding
of a suitably weighted version of H}(Q2) into LP(). This holds also in dimension
n = N + 1 = 2 unlike the purely elliptic case, where n > 2. The point here is that
the critical exponent associated to (1.3) feels the so-called homogeneous dimension
Q@ =1+ (m+ 2)N/2 which is always larger than two for m > 0 and N > 1 (cf.
section 3 of [24]).

Finally, in section 5, we consider the operator

L=K(y)d; +0.,+0, (1.4)

in R? which was introduced by Bitsadze [5] in domains which are unbounded
with respect to xo (in the Tricomi case where K(y) = y). In this way, one can
think of zo as an auxiliary time variable and one can try to approach the 2-
dimensional Gellerstedt equation as a steady state in a second order evolution
equation. The operator (1.4) degenerates in a slightly different way with respect
to the 3-dimensional Gellerstedt operator. The lack of a certain transversality
property with respect to the type change surface {(x1,72,y) € R : y = 0} allows
us to verify the nonexistence principle only for exponents strictly larger than the
critical Sobolev exponent in problems with an open boundary condition. On the
other hand, for the (closed) Dirichlet problem, one does have the nonexistence
principle with respect to the critical Sobolev exponent.

At the end of each section there are a few complementary remarks concerning
comparisons with existence results. In section 6, we briefly discuss the critical
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growth case for open boundary conditions and the regularity assumptions which
gives an indication to further work along these lines.

2. The Dirichlet problem

In this section we show that the closed Dirichlet problem for the supercritical semi-
linear Gellerstedt equation admits only the trivial solution. That is, we consider
the problem

Lu+F'(u)=0 in Q (2.1)
u=0 on 0N (2.2)

where L is the Gellerstedt operator
L=K(yA, +9;, Ky =yly™", m>0 (2.3)

and € is an open, bounded, and connected subset of RY*! with piecewise C!
boundary that is a mized type domain; that is, QN RQH # () where Rﬁ*l =
{(z,y) € RN x R: +y > 0} are the elliptic/hyperbolic half-spaces for L. We will
denote by Q1 =QnN RQH, the elliptic/hyperbolic regions.

We begin by recalling a few notions which will be used throughout this work.
The hyperbolic boundary ¥_ = dQ N RN will be called sub-characteristic for
the operator L if one has

K(y)lvel* +v; >0, on %_ (2.4)

where v = (v,1,) is the (external) normal field on the boundary. Since 99 is
piecewise C' the normal field is well defined with the possible exception of a finite
number of sets of zero surface measure which will create no essential difficulty
in all that follows. If the inequality (2.4) holds in the strict sense, we will call
¥._ strictly sub-characteristic which just means that X_ is a piece of a spacelike
hypersurface for the operator L which is hyperbolic for y < 0. The operator L
in (2.3) is invariant with respect to the anisotropic dilation whose infinitesimal

generator is
N

V== (m+2)z;0.; — 20, (2.5)
j=1

(cf. section 2 of [24]). This dilation will be used to define a class of admissible
domains for the nonexistence principle in the following way. Given a Lipschitz
continuous vector field V' = —Z;VZI o;(z,y)0s, — B(z,y)0, on RNT! one says
that  is V-star-shaped if for every (zg,y0) € 2 the time ¢ flow of (z¢,yo) along
V lies in 2 for each t € [0, +o00]. If Q is V-star-shaped then 092 will be V -star-like
in the sense that on Jf2 one has

(@.8) v >0 (2.6)
where @ = (aq,...,an) and v is the external unit normal to 0 (cf. Lemma 2.2

of [23]). If the inequality (2.6) holds in the strict sense, we will say that 99 is
strictly V -star-like. The differential operator L is also invariant with respect to
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translations in the x variables, so one may normalize a given problem by assuming
a particular location of the origin without loss of generality.
The dilation generated by V in (2.5) also gives rise to a critical exponent

2[N(m+2)+ 2]
2*(N = 2.
(Nom) =" Nm+2)— 2 27)
for the embedding of the weighted Sobolev space HE(Q;m) into LP(£2) where
4l oy = /Q (9™ [Voul? + u2) dady (2.8)

defines a natural norm for which to begin the search for weak solutions (cf. Propo-
sition 2.4 of [23] and section 3 of [24]). More precisely, this norm is the natural
norm for variational solutions where one notes that the equation (2.1) is the Euler-
Lagrange equation associated to the functional J(u fQ (y,Vu) + F(u)) dzdy
where

£y, Vu) = ;<K<y>|vmu|2 +u) (29)

is the Lagrangian associated to L. With these preliminaries we can state the fol-
lowing result.

Theorem 2.1. Let Q) be a mized type domain which is star-shaped with respect to
the generator V' of the dilation invariance defined in (2.5) and whose hyperbolic
boundary is sub-characteristic in the sense (2.4). Let u € C%(Q) be a solution to
(2.1)~(2.3) with F'(u) = ulu[P72. If p > 2*(N,m) the critical Sobolev exponent
(2.7), then w = 0. If, in addition, the noncharacteristic part of O is strictly V-
star-like, then the result holds also for p = 2*(N,m).

Proof. Consider the primitive F' satisfying F(0) = 0. One multiplies (2.1) by
Mu = —Vu, integrates by parts, and uses the boundary condition u = F(u) = 0
on 0N to find the Pohozaev type identity calibrated to the dilation invariance

/ {(N(m +2)+2)F(u) — (N (m _;2) -2 uF’(u)} dxdy = W .vdo (2.10)
Q 1)
where

W = [(m+2)z - Vyu+ 2yuy|(KVau, uy) — L((m + 2)z, 2y) (2.11)

and £ is the Lagrangian defined in (2.9).

Assume that there exists a solution which is not identically zero. For the pure
power nonlinearity F’(u) = u|u[P~2 the integrand of the volume integral is negative
if p > 2*(N,m). On the other hand, the surface integral is non-negative since 92
is star-like in the sense (2.6) with («, §) = ((m+2)x, 2y), X_ is sub-characteristic,
and u = 0 on 9. In fact, the boundary condition implies that Vu = (9u/0v)v on
0% where u, = (Ou/Jv) is the normal derivative. One verifies easily that

1
W.v= 2u12, (Kval® +v}) ((m + 2)zv, + 2y1) (2.12)
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which is non-negative since €2 is star-shaped and ¥_ is sub-characteristic. This
completes the proof for the supercritical case p > 2*(N, m).

In the critical case p = 2*(N, m), the volume integral in (2.10) vanishes while
the integrand in surface integral is given by the nonnegative expression (2.12)
which then must vanish. If one assumes that the noncharacteristic part of Q is
strictly V-star-like then (2.12) shows that

up, (Klvg|* +v)) =0 on 99, (2.13)

which implies, in particular, that the normal derivative u, vanishes on the el-
liptic boundary and at points of the hyperbolic boundary that are strictly sub-
characteristic. This together with the vanishing of u on the boundary yields u = 0
on . In fact, using the Mu = u, multiplier identity (3.7) of [24] one has

/ (Kuvau, 1(u§ — K|V,ul?) —I—F(u)) cvdo = _m/ ly|™ 1V pu)? dady.
E19) ‘ 2 2 Ja

(2.14)
Using the boundary condition and F(0) = 0, the integrand of the surface integral
in (2.14) becomes

;Vyu,% (K\l/gg|2 + 1/73)

which vanishes by (2.13). From (2.14) it then follows that V,u = 0 on  but since
u = 0 on the boundary, one concludes u = 0. (]

Remarks:
1. As is usual, in place of the pure power nonlinearity F'(u) = |u[?/p it suffices
to have F satisfying F'(0) = 0 and

(N(m+2)—-2)

(N(m +2) +2)F(u) - )

uF'(u) <0 for u>0 (2.15)
This is also the case in all of the results which follow, but will not be mentioned
explicitly again.

2. It is clear that the arguments used above yield analogous results hold for
degenerate hyperbolic operator L = —|y|™A, + 85 and for the degenerate elliptic
operator L = |y|™ A, + 85. In the degenerate elliptic case, the supercritical results
are already known (cf. [31]) and extend to more general classes of degenerate
elliptic operators with poly-homogeneous coefficients [27]. Many complementary
results in the purely degenerate hyperbolic case are contained in [25]

3. As for the existence of solutions to the Dirichlet problem for subcritical
growth, we only know what happens in the linear case (Lu = f(x,y)) for di-
mension two (N = 1) where the problem is weakly well-posed in H}(Q;m) for
f € L*(Q;|K|~Y/2dxdy) as is shown in the forthcoming paper [18].
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3. Open boundary value problems in dimension 2

In this section, we give some simple extensions of the main results in [23] on
the nonexistence principle for two dimensional problems of mixed type where the
boundary condition is placed on a suitable proper subset of the boundary. More
precisely, we consider the two dimensional version of problem (2.1)—(2.3)

K(Y)ugy + uyy + F'(u) =0 in Q (3.1)
u=0 on X (3.2)

where K(y) = yly with m > 0,  is a mixed type domain in the plane and
Y C 99. In [23] we have proved the nonexistence principle for the Tricomi problem
in which 02 = X UT with ¥ = 0 U AC and I' = BC where ¢ is an arc in the
elliptic region and AC/BC' are characteristics of L with negative/positive slopes
respectively that meet in C = (z¢,yc); that is, with x4 < xp,

AC = {(z,y) eR*: yc <y<0; (m+2)(z—za)=2(—y) "2/} (3.3)
BC :={(z,y) eR*: yc <y<0; (m+2)(z—ap)=—2(—y) ™2} (3.4)

Now we consider two other problems which possess a uniqueness theorem for
the linear equation. The first is the Frankl’ problem in which one characteristic arc,
say AC, is replaced by a sub-characteristic arc I'; connecting A to some point,
which we will still call C', on the characteristic of positive slope through B. We call
such a domain a Frankl’ domain. Since the operator L = y|y\m’183+3§ is invariant
with respect to translations in z, we may assume, without loss of generality, that
the point B = (zp,0) € Q with maximal z-coordinate on the parabolic segment is
situated at the origin; that is, B = (0,0). The following result contains Theorem
4.2 of [23] in the case that I'y = AC' is everywhere characteristic.

Theorem 3.1. Let Q C R? be a Frankl’ domain with boundary o UT'1 U BC' with Ty
sub-characteristic for L. Assume that Q is star-shaped with respect to the generator
V' of the dilation invariance for L. Let u € C*(Q) be a solution to (3.1)—(3.2) with
Y =0oUTy and F'(u) = uu[P=2. If p > 2*(1,m) = 2(m+4)/m the critical Sobolev
exponent, then u = 0.

‘m—l

Proof. The proof is exactly like that for the Tricomi problem (Theorem 4.2 of
[23]), but for completeness we briefly sketch the proof. We remark that the flow
of V is tangential to the characteristic BC' and hence the hypothesis that Q is
V-star-shaped imposes a restriction only on ¢ UT'y. Consider the primitive F' with
F(0) = 0. The Pohozaev identity calibrated to the dilation invariance in this case
is (cf. Theorem 3.1 of [23]):

/Q [(m +4)F(u) — muF’(u)} drdy =

5 Wl-vds—F/ (W1+Ws)-vds (3.5)

oul'y BC

where

Wi = [(m + 2)zuy + 2yuy| (Kug, uy) — ;[Kui + ug]((m + 2)z, 2y) (3.6)
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Wy = F(u)((m + 2)z, 2y) + Tgu(Kum, uy). (3.7)

For supercritical p, the area integral is negative for a non trivial u. As for the
boundary integrals, the W; terms are the usual ones corresponding to (2.11) while
the W5 term is “new” and reflects the fact that the boundary condition is not
imposed on BC'. The integral over 0 UT'; is non negative since the formula (2.12)
applies on o UT';. After choosing the parametrization v(t) of the characteristic BC
defined in (3.4) with ¢ equals y as parameter, integration by parts shows that

/BC(Wl +Ws)-vds = /yz [4(—t)(m+2)/2¢/(t)

where ¥(t) := u(y(t)) € C?((yc,0)) N CY([yc,0]). The non-negativity of (3.8) is
equivalent to the validity of a Hardy-Sobolev inequality for ¥ of the form

0 0
vty < G} [ (@) de (39)
yo e
with weights w(t) = (—t)™=2/2 and v(t) = (—t)(™*2)/2 where one also needs
that the best constant Cy, in the inequality satisfies C7 < 16/m?. Lemma 4.3 of
[23] provides exactly this result which is a transcription of a result of Opic and
Kufner (Theorem 1.14 of [32]). This completes the proof. |

2 o2z @ (39

The same proof works for the Guderley-Morawetz problem in which one takes
a simply bounded open and connected set Q (containing the origin, say) and
removes the solid backward light cone with vertex at the origin

K(0) ={(z,y) e R*: (m+2)%a® <4(-y)" "2, y <0} (3.10)

Call Q the resulting Guderley-Morawetz domain. Its boundary will consist of o U
I'y UT's U BCy U BC5 where o is the elliptic boundary which joins A; to As on
the parabolic line, I'; are sub-characteristic arcs descending from A; which meet
the characteristics BC; forming the boundary of (3.10) at the points C;. The
boundary value problem is to solve (3.1) — (3.2) where ¥ = o UT'; UT'5. The result
is the following theorem which contains Theorem 3.1 in the limit when As tends
to B.

Theorem 3.2. Let Q C R? be a Guderley-Morawetz domain with boundary o UT; U
'y UBCyUBCy, where I'y, 'y are sub-characteristic. Assume that  is star-shaped
with respect to the generator V of the dilation invariance for L. Let u € C?(Q)
be a solution to (3.1)~(3.2) with ¥ = c UTy UTy and F'(u) = ulu|P~2. If p >
2*(1,m) = 2(m + 4)/m the critical Sobolev exponent, then u = 0.

Remarks:

1. These boundary value problems (Tricomi, Frankl’, and Guderley-Mora-
wetz) in the linear case are the classical boundary value problems that appear in
hodograph plane for 2-D transonic potential flows (cf. Section 6 of [24], [4], [30]).
The first two for flows in nozzles and jets and the third as an approximation in
flows about airfoils (the real problem is the closed Dirichlet problem). Existence
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of weak solutions and uniqueness of strong solutions in weighted Sobolev spaces
for the Guderley-Morawetz problem were first established by Morawetz [29] by
reducing the problem to a first order system which then give rise to solutions to
the scalar equation in the presence of sufficient regularity. Such regularity comes
from the work of Lax and Philips [16] who also established that the weak solutions
of Morawetz are strong (see also the discussion at the end of section 6). All these
linear problems have suitable uniqueness theorems that we have shown give rise
to a Pohozaev nonexistence principle for supercritical nonlinear variants if the
domains are suitably star-shaped. The key ingredient is that the curves on which
the boundary condition is not imposed are characteristics which are tangential to
the flow generated by the dilation invariance.

2. With respect to existence, one knows that weak solutions exist for the linear
problem under suitable hypotheses on X. In particular, one has weak existence and
uniqueness in H(Q) (H!(;m) with norm (2.8)) for angular (normal) domains
in which the elliptic arc meets the parabolic line in acute (right) angles since
the technique of Didenko [9] employed in [19] ([20]) for angular (normal) Tricomi
problems carries over without substantial changes to these problems with open
boundary conditions. Moreover, for certain sub-critical nonlinearities F’(u) the
first two authors have shown the existence of weak solutions for the semi-linear
Tricomi problem (cf. [22]). Some of these results depend on spectral information
[21] on the linear part which in turn depends on a variant [20] (compatible with
a weak existence theory) of the classical maximum principle of Agmon, Nirenberg
and Protter [1]. The proof of this classical maximum principle requires that the
part of the hyperbolic boundary carrying the boundary data be characteristic.
Hence one could extend the existence results of [22] which are independent of the
maximum principle to the semi-linear Frankl’ and Guderley-Morawetz problems.

4. The Protter problem in higher dimensions

In this section, we consider a generalization of the semi-linear Guderley-Morawetz
problem to higher dimensions. More precisely, we consider the problem

Lu+F'(u)=0 in Q (4.1)

u=0 on X (4.2)

where L is the Gellerstedt operator (2.3) on a bounded open mixed domain 2 C

RN*L N > 2, and the hyperbolic part of the domain Q_ = QN RY*! has the
particular form

Q= {(x,y) cRY xR:

2 2
_\mE2)/2 < }

The “lateral boundaries” of {)_ are characteristic surfaces. The outer part X_,
where (m+2)%(|z|—R)? = 4(—y)™"2, is the boundary of the domain of dependence

(4.3)
()2 < Ja| <R -
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of the point (0, —((m+2)R/2)? (m+2)) while the inner part T, where (m+2)?|z|> =
4(—y)™*2 is the boundary of the backward light cone with vertex at the origin.
Such a domain will be called a Protter domain and the Protter problem consists
in putting boundary data on the entire elliptic boundary 3, and the portion
>._ of the hyperbolic boundary. Protter proposed these boundary conditions in
three dimensions (when N = 2) for the linear equation (cf. [39]) as an analog
to the planar Guderley-Morawetz problem, but even in the linear case a general
understanding is not at hand (see the remarks at the end of the section). Here we
show that the nonexistence principle is valid for the semi-linear Protter problem
for the Gellerstedt equation in general dimension.

Theorem 4.1. Let Q@ ¢ RN be a Protter domain with boundary ¥, U ¥_ U
I'. Assume that 0 is star-shaped with respect to the generator V' of the dilation
invariance for L. Let u € C%(Q) be a solution to (4.1)~(4.2) with ¥ = ¥, UX_
and F'(u) = ulu|P~2. If p > 2*(N,m) the critical Sobolev exponent (2.7), then
u=0.

Proof. The argument is a simple modification of the proofs already given. We note
that the hyperbolic region is automatically V-star-shaped and so there are restric-
tions only on the geometry of the boundary in the elliptic region. The Pohozaev
identity calibrated to the dilation is

(Nm+2)-2)

/ [(N(m +2) 4 2)F(u) — ; (w)| ddy
@ (4.4)
:/Wl -VdU+/(W1+W2)~VdO’
by r
where W7 = W is the expression (2.11) in the Dirichlet case and
N 2)—2
Wo = Fu)((m+2)e.2) + " D T (kv ) (4.5)

is the expression analogous to (3.7) coming from the lack of the boundary condition
on I'. The volume integral is negative for p supercritical and the integral over X
is non-negative just as in the Dirichlet case where in fact the contribution coming
from the characteristic surface ¥_ is zero (see formula (2.12)). This leaves the
integral over the characteristic surface I' where no boundary condition has been
imposed. Using that the dilation flow is tangential to " one sees that on I'

N(m+2)—2

Wi+ Wy = [(m +2)(z - Vzu) + 2yuy + 5

u| (KVu, uy).

Writing I" as a graph

2/(m+2)
m+ 2
:| , T E BR/Q(O),

y=g) == "2k
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where Bg/2(0) is the ball of radius R/2 centered in the origin, and using that the
dilation flow is tangential along I" one finds that the integrand in (4.4) is

(W1 + Wa) - vdo
N(m+2)—2

= [(m+2)(x- Vyu) + 2yuy + 9

u| [(KVau-Vg) —uy|de

where K,u and the derivatives of u are evaluated in (z,g(x)). Setting ¢(x) =
u(z,g(x)) and r = |z|, one sees that the radial derivative ¢, := (x - Vo)/|x|
satisfies

(m+2)rp, = (m+ 2)(z - Vau) + 2yu,

and then using polar coordinates and Fubini’s theorem gives

/(W1+W2)-l/d0
r

m/(m+2) R/2
2
- (m;— ) /N (/ (m +2)r*2 + Onmr® L0y dr) dwn_1
snv-1 \Jo

(4.6)
where wy_1 is surface measure on the sphere S™V=1 and
N(m+2)+m N(m+2)—2
= CNm = . 4.7
@ m+ 2 ’ N, 2 (4.7)

Hence it suffices to show that for each direction on SN~! the inner integral in
(4.6) is non-negative. An integration by parts in the ¢, term plus the change of
variables t = —r with ¢(t) = p(—t) shows that the non negativity of the inner
integral is equivalent to the inequality

0 0
4
(1) 220 dt < | corvera (18)
/—R/2 (@=1)2 ) g/

with a given by (4.7) and ¢ € C%((—R/2,0)) N C*([-R/2,0]) vanishing at the
left hand endpoint. This is precisely the aforementioned Hardy-Sobolev inequality
(3.9) with « playing the role of (m 4 2)/2 in that formula. This completes the
proof. O

Remarks:

1. From the proof, it is clear that one has the nonexistence principle for the
Protter problem in a slightly more general class of domains. Namely, take a mixed
domain €2 which contains the origin and is star-shaped with respect to the dilation
flow. Remove the solid backward light cone with vertex at the origin K(0) from €
and call the difference €2 which has boundary ¥ UT. The hypersurface ¥ which
carries the boundary data splits into an elliptic and hyperbolic part ¥, U ¥X_
and instead of assuming that >_ is characteristic, we now assume that >_ is a
sub-characteristic graph; that is, y = h(z) for z € D with

K(h(z))|Vih(z)*+1>0, z€D. (4.9)
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The integral over the characteristic surface I' in polar coordinates then yields the
expression (4.6) with some function R(w) in place of R/2 where w € SV~1. The
Hardy-Sobolev inequality for each w fixed would then finish the proof.

2. Even in the linear case, the question of well posedness is surprisingly sub-
tle and not completely resolved (see [38] and [2] and the references cited therein).
One has uniqueness results for quasi-regular solutions [3], a class of solutions in-
troduced by Protter, but there are real obstructions to existence in this class. For
example, consider the problem in R? which is the natural analog to the two di-
mensional degenerate hyperbolic Darboux problem; that is consider 2 = _ in
which the domain consists only of its hyperbolic part. It was shown in [36] that the
homogeneous adjoint problem admits infinitely many nontrivial classical solutions
v, € C™(Q), n € N. This implies that for classical solvability of the linear Protter
problem in a hyperbolic domain 2 = Q_ there are an infinite number of side con-
ditions of the form f 1 v, which must be satisfied by the right hand side f in the
equation. The concept of a generalized solution with a possible singularity on the
inner cone I" was introduced in [38] and results in weak well-posedness in this class
when Q = Q_. In addition, [38] contains the construction of a sequence of unique
generalized solutions u,, with Lu, € C™() but which presents a strong singular-
ity at the vertex of the cone I'. The order of the strong singularity of u, grows
with n to infinity. Despite the introduction of numerous techniques, such as nonlo-
cal regularization (cf. [10] and the references therein), the problem of existence of
weak solutions for a large class of f in a mixed elliptic-hyperbolic domain remains
open. It is also an open question if the strong ill-posedness described above for a
hyperbolic domain 2 = Q_ is also present in mixed elliptic-hyperbolic domains.
Finally, we note that uniqueness for the Protter problem with Q_ C R* in the
case of the wave equation has been shown by Garabedian [13].

5. Lateral degeneration: a model problem in dimension 3

In this section, we will discuss the nonexistence principle for a semi-linear problem
(1.1) — (1.2) in three dimensions involving the differential operator

L=K(y)oi +02,+0; (5.1)

introduced in (1.4) where as always K (y) = y|y|™ ! with m > 0. Before proceeding
with the results, we discuss the essential differences between this operator and
the class previously considered. The operator in (5.1) is again of mixed elliptic-
hyperbolic type where y = 0 again gives the type change interface. However, the
degeneration in (5.1) is qualitatively different from that of the Gellerstedt operator
Le = K(y)[02, 4+ 92,1+ 0. By denoting ¢ = y one can rewrite Lg as

Lo =0; + K(t)(02, +92)) (5.2)

which for t = y < 0 is a wave operator with variable speed ¢ = [~K(t)]'/2,

which tends to 0 as ¢t — 07. So the type change surface is transversal to the
axis of the time-like variable ¢ = y. The form (5.2) is a canonical form for the
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hyperbolic operator Lg (it has the form 9?7 — Zij:l aij(2,t)0p,0,, with [a;;]

positive definite). On the other hand, for the operator L the best we can do comes
from (x1,22,t) = (y,x2,21) yielding L = K(x1){0} — [-K(21)]" (02, + 92,)}
which is a wave operator whose speed depends on a space-like variable 1 = y and
tends to infinity at the type change interface. We call this a lateral degeneration
as the degeneration takes place with respect to a space-like coordinate and light
cones are naturally oriented with respect to x as a time axis.

This lack of transversality between the type change interface and the time-
like variable manifests itself in a way that complicates the nonexistence principle.
For the operator (5.1) there is not a full 3-D light cone which traces back from
a point P on y = 0 into the hyperbolic region (a domain of dependence for P).
On each characteristic of L which passes through (x1,x9,y) = (27, 25,0) one has
x2 = x4 constant. For our proof of the nonexistence principle for an open boundary
value problem, we need that the surface I' on which the data is not placed be
characteristic and tangential to a flow generated by the invariance of L with respect
to dilation. This is not possible for the operator (5.1). We can, however, exploit
a two dimensional dilation flow (which is not an invariance in general) to obtain
the nonexistence principle for a range of exponents above the critical Sobolev
exponent.

We now begin the analysis. Associated to the operator L in (5.1), which again
has an associated Lagrangian, we have the natural Sobolev space Ig'& (©2; m) which
is the completion of C§°(§2) with respect to the norm

gy = | (K@, + 12, + 1) dardoad. (53)
Solutions to Lu = 0 are invariant under the anisotropic dilation
ux(x1,x2,y) = u()\(m+2)x1, Az, )\zy), A>0 (5.4)

whose infinitesimal generator is Mu = (m+2)21ug, + 222Uy, + 2yu,. This invari-
ance shows that the critical Sobolev exponent in the embedding of H}(€2; m) into
LP(Q) is
2(m+6)
m+2
Let © ¢ R? be a bounded open set with piecewise C' boundary 9Q =
Yy UX_UT where ¥, =00Qn Ri is the elliptic boundary, I" is a piece of the
characteristic surface defined by

p=2"(m) = (5.5)

(m+ 2z = —2(—y) "2 2 <ay <2, yi(z2) <y<ipp(z2), (5.6)

where y1,72 < 0 are C' functions of z5. We note the strongest result corresponds
to having I" as large as possible since no boundary condition is imposed on I'; that
is, with yo = 0. We assume that Y _ is a sub-characteristic surface with respect to
L; that is,

K(ywz +vi, + u§ >0 (5.7)
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holds on ¥_ where v = (Vg,,Va,,Vy) is the (external) field on 9Q. Again, we
will say that ¥_ is strictly sub-characteristic if (5.7) holds in the strict sense. We
consider the problem

Lu+uluf~?=0 in Q (5.8)
u=0 on ¥ UX_. (5.9)

The main result is the following nonexistence principle.

Theorem 5.1. Let u € C?(Q) be a solution of (5.8)~(5.9) with L given by (5.1).
Assume that Q) is star-shaped with respect to the 2-dimensional dilation flow gen-
erated by the vector field V. = —M = —(m + 2)210,, — 2y0, and that ¥_ is
sub-characteristic. If

2
p =27 (m) = mEs
m

then uw = 0. In particular, the result holds at the critical exponent without further
hypotheses on the boundary geometry.

(5.10)

Comparing (5.5) and (5.10) one sees that 2*(m) > 2**(m) and so the nonex-
istence holds at exponents strictly larger than what one expects in general. One
notes that the gap 2*(m) — 2**(m) = 16/(m? + 2m) tends to zero as m tends
to infinity, so both exponents are nearly 2 for large m. On the other hand, the
exponent (5.10) is exactly the 2-D critical exponent of section 2 and hence one
sees that for solutions independent of xo one does recover the expected result.

Proof. The Pohozaev identity using the 2-D multiplier Mu = (m+2)x ug, +2yu,
and the boundary condition is

/Q [(m +4)F(u) - TguF’(u)] dz1dzady

:/2u§2dx1dx2dy+/Ul-uda+/U2-uda
Q % r

where F(u) = |u|P/p and

(5.11)

1
Ur = [(m+2)arue, + 2yuy| (K, ey uy) =, [Kug, +ug, +uyl((m+2)z1,0,2y)
(5.12)
Uz = [(m + 2)z1ug, + 2yuy + mu/2](Kug,, Ug,, Uy) (5.13)

where we have used the boundary conditions and the fact that V' is tangential
to I'. Notice the presence of the volume integral on the right hand side of (5.11)
which is due to the fact that M does not generate in general an invariance for
L (unless u,, = 0). This “extra term” is non-negative and hence has the correct
sign. The left hand side is non positive and we claim that the boundary integrals
are non-negative using the boundary conditions, the assumptions on the bound-
ary geometry, and the sharp Hardy-Sobolev inequality on I" (where no boundary
condition is imposed). Hence from (5.11) it follows that u,, = 0 on Q and then
that v = 0.
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It remains to prove the claim that the boundary integrals are non negative.
On ¥ where u = 0, we have Vu = (0u/dv)r and hence

Up v =ul[(m+2)zivy, + 2yv)[Kv2 +v2 + ui] >0 on X,
since Y is V-star-like and ¥ _ is sub-characteristic. Now consider the directional de-
rivative ;. u = u, 4 (—y)™/?u,, which is essentially the tangential derivative along
I in the direction of increasing y and note that v = (14+(—y)™)~'/2(1,0, —(—y)™/?)
on I'. By parameterizing I' with (z2,y) and setting o(z2,y) = u(g(y), z2,y) =
u (=2(m +2)"Y(—y)m+2/2 5. y) , one has that ¢, (z2,y) = d4u(g(y), z2,y) and
hence

= va(e2) 2)/2 2 2
/FUz vdo = / / [4(_y)(m+ 252 (=)™ @@y} dy b dus
! y

2 1(z2)

xy y2(w2) 2
/ / [4(—y)(m+2)/2</9§ . (—y)(m_Q)/2<p2] dy b das,
x4 y1(z2) 4

2

because p(z2,y) = 0 on the endpoints y = y1(z2) and y = yo(x2). This last
integral is non-negative due to the Hardy-Sobolev inequality (3.9) for each fixed
2o. This completes the proof. O

We conclude the results of this section by noting that the analog to Theorem
2.1 on the (closed) Dirichlet problem also holds for the operator L defined by (5.1).

Theorem 5.2. Let Q) be mized type domain which is star-shaped with respect to the
generator V= —(m +2)x10z, — 22204, — 2y0y of the dilation invariance defined
in (5.4) and whose hyperbolic boundary is sub-characteristic in the sense (5.7). Let
u € C%(Q) be a solution to (5.8) with uw = 0 on 0. If p > 2**(m) the critical
Sobolev exponent (5.5), then w = 0. If, in addition, the noncharacteristic part of
O is strictly V -star-like, then the result holds also for p = 2**(m).

Proof. Again selecting the primitive F' with F(0) = 0, the Pohozaev identity

calibrated to Mu = —Vu is

2 ~
/ [(m +6)F(u) — m;— uF’(u)} dxidzady = U-vdo (5.14)
Q
where F(u) = |ul?/p and
U= [(m + 2)z1us, + 2ToUqp, + 2yuy ) (Kuy,, Ug,, Uy)

1
2

The volume integral is now non positive for p > 2**(m). Then, using the boundary
condition, one has Vu = (0u/0v)v and hence

(5.15)
[Kuil + uiQ + uZ}((m + 2)x1, 222, 2y).

~ 1
U-v= zug[Kvgl + u§2 + ug][((m+2)x1,2x2,2y) -
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which is non negative under the boundary geometry hypotheses and the theorem
follows using the ideas previously presented. O

Remarks:

1. As for existence results in the linear case, Karatoprakliev [15] has shown
the existence of weak solutions and the uniqueness of strong solutions under strong
assumptions on the geometry of the boundary ¥. These boundary geometry re-
strictions were removed and well-posedness was established in W4 () by the third
author [35] for both the Tricomi and Frankl’ problems under the sole assumption
that ¥_ is (not necessarily strictly) sub-characteristic.

2. For weakly nonlinear F’(u), one has the existence and uniqueness of gener-
alized solutions in the space HE(Q;m), defined by (5.3), for the semilinear problem
as has been shown in [37].

6. Concluding remarks

In this section, we collect a few remarks concerning the critical growth case and
the regularity of the solutions considered herein which gives an indication of possi-
ble extensions. As for the critical growth case, we note that in the classical elliptic
case of the Dirichlet problem for L = A, one uses the strictly starlike assumption
on the boundary to arrive at v = u, = 0 on the boundary and then employs a
unique continuation argument to show that u = 0 (see [40], for example). This
requires some additional regularity on the boundary with respect to that needed
for the validity of the dilation energy identity. Our proof for the Dirichlet prob-
lem with the Gellerstedt operator (which works equally well for the degenerate
elliptic/hyperbolic operators (“)5 + |ly|™Agz,m > 0) uses instead the u, multiplier
identity which adds no additional requirements on the boundary regularity. It
should be noted that this is a ‘hyperbolic technique” in the sense that the w,
multiplier identity is the analog of the u; multiplier identity for non degenerate
hyperbolic equations yields the conservation of total energy along time slices. In
our degenerate situation, this is not a conservation law, but it is not “far” from
being one and yields energy decay for increasing y < 0 for the Gellerstedt operator
(cf. section 5 of [24]). On the other hand, for problems with open boundary condi-
tions (such as Theorems 3.1, 3.2, and 4.1) the absence of the boundary condition
on a part I' of the boundary prevents a direct global application of the identity.
One can combine the unique continuation idea in the elliptic region with a local-
ization of the w, identity on backward light cones to reduce the problem in two
dimensions to the question of uniqueness for the Goursat (Darboux) problem (or
an analog of it in higher dimensions) for the degenerate hyperbolic operator. For
the nonlinearity F'(u) = Cu|u|P~2 with C' < 0 in two dimensions, the uniqueness
has been established in Theorem 4.3 of [24] using the dilation variant of Morawetz’s
conservation laws technique [28]. Uniqueness of the trivial solution in the critical
growth Goursat (Darboux) problem with C' > 0 thus remains open. Finally, we
note that in the problems for which we do not yet have the result for the pure
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power critical growth F’(u) = u|u|?> ~2, the nonexistence principle does hold for
the perturbation F’(u) = u|u|?> =2 — \u with A > 0.

With respect to the regularity of solutions, we have assumed throughout this
work that the solutions are of class C?(£2), which is clearly too much. In fact, even
for problems with open boundary conditions one expects, in general, to have the
possibility of isolated singularities in the first derivatives at parabolic boundary
points. This is compatible with the weighted norms like (2.8) in which it is natural
to find solutions. Moreover, for semilinear problems of the form (1.1) — (1.2) with
subcritical growth and with L given by (1.3) or (1.4), known existence results are
usually, but not always, for generalized solutions in the sense that (for (1.3) for
example): there exists u € HL(Q;m) for which

/Q K () (Vau - Vap) + uypy + F'(u)g] dudy =0 Vi € HY op(m)  (6.1)

where 90 = X UT = 31 U Xcpar U with T' a piece of a characteristic surface
not carrying the boundary condition and 3; the noncharacteristic part of the
boundary carrying the boundary condition. The Sobolev spaces are the closures
with respect to the norm (2.8) of smooth functions vanishing near the relevant
boundary portion.

On the other hand, one would hope to be able to establish the nonexistence
for supercritical problems in the class of strong solutions v € H&(£;m) in the
sense that: there exists a sequence {u;} C C%(2) such that

i ffug = ullggmy = 0= lim || Lug — F'(u)| L2 0) (6.2)

This is the case, for example, for the results in [23]. The problem arises that the
convergence asked for in (6.2) is stronger than the convergence which comes for
free from the existence of generalized solutions. Real work is required to bridge this
gap which would complete an important aspect of the critical growth phenomena
presented here. This is essentially a problem in linear analysis of the type “weak
solutions = strong solutions” as considered by Friedrichs [12], Lax-Phillips [16]
and others, and is the subject of ongoing research.
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Abstract. In this work we investigate the existence and asymptotic behavior
of positive solution to the quasilinear elliptic equation
—Apu+ NulP2u=|u 2w in Q,

with homogeneous Neumann condition. Here we show the existence of least-
energy solution uy for large A and that the maximum of u, concenters around
a point of 99Q.
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1. Introduction

Let Q ¢ RN (N > 2) be a smooth bounded domain. Our purpose in this paper is to
establish the existence of positive solution and describe the asymptotic behavior
to the quasilinear elliptic problem

~Apu+ ANuP 2y = |ulf""2u  in Q,
,gau (11)
|Vul? = 0 on 0f,
v

where Apu = div(|VulP~2Vu) is the p-Laplacian operator, 1 < p < N, p* :=
Np/(N —p), A > 0 is a parameter and 0/Jv is the outer normal derivative.

Research partially supported by PADCT, CAPES and the Millennium Institute for the Global
Advancement of Brazilian Mathematics-IM-AGIMB..
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In the special case where p = 2, the problem (1.1) is also known as the
stationary equation of the so called Gierer-Meinhardt system in biological pattern
formation (see [9] for more details).

In the last years, problem (1.1) has been extensively studied, amongst others,
we can cite the papers due to Ni-Takagi [11], where was studied the case p = 2
in the subcritical case and by Wang [15], Adimurthi-Mancini [1] and Adimurthi-
Pacella-Yadava [2], for the critical case.

It is a known phenomenon that the solutions of the above equation develop
peaks when A tends to infinity. In [6], del Pino and Flores generalize some similar
results for the p-laplacian with nonlinearity with subcritical growth. In this paper
we study the critical case, where the existence of solution is more delicate due to
the loss of compactness of the Sobolev imbedding.

Our goal here, is to prove the existence and study the asymptotic behavior
of nontrivial solution of (1.1). To show the existence, we shall establish a concen-
tration compactness lemma using a similar argument to that given in [10], where
the main tools is a Sobolev inequality due to Cherrier [4]. Since u = A/ (" ~P) also
is a positive solution of (1.1), we need to establish a upper energy estimate that
distinguishes it from those constant solutions for large A.

Using the minimization argument we obtain the existence of a solution with
least energy. To this, we consider Jy : WHP(Q) — R, the functional of Euler-
Lagrange, associated to the problem (1.1) defined by

1 1 “
J,\(u):p/(|Vu|p+/\\u|p) dx—p*/|u\p da.
Q Q

Our main results in this work are the following.

Theorem 1.1. There exists Ao > 0 such that for all X € (Ao, 00) problem (1.1)
admits a positive solution wy € CH(Q) with

1
JA(wA) < 2NSN/?”. (1.2)

In the next result, we shall prove that the maximum point (the peak) will
converge to the boundary of Q). Our strategy will be to use a blow up argument.

Theorem 1.2. Let wy be the solution of problem (1.1) obtained in Theorem 1.1 and
) € Q such that wy(xy) = maxwy(x). Then,
e

dist(xy,00) — 0, as A — +o0.

The rest of this paper is organized as follows. In Section 2, we shall establish
a concentration compactness lemma using a similar argument to that given in
[10] and the proof of some technical lemmata to Section 3. Section 3 is devoted
to prove Theorem 1.1. In Section 4, using the blow up argument we shall prove
Theorem 1.2. Finally, in Section 5 we shall establish a regularity result.



Least Energy Solutions 393

2. Preliminary results

This section is intended to establish some basic results which will be needed in
what follows.
For A > 0, denote

- P P
S\ %f{/g(\w + Auf?) dz},
where
M= {u ceWhrP(Q) / |u|P* da = 1}.
Q
Let S be the best constant of the Sobolev imbedding D17 () — LP" (), that is,

S = inf {/ [Vul? dx ; /|u\p* dle},
Dor(@) Ua Q

where, D}P(Q) is the completion of C2°(f2) with respect to the norm |jul =
1/p
(fQ |Vu|P dx) . It is known that S is independent of 2 and depends only of N

and is achieved in RY by the function
ue(z) = CneN=P/P (¢ 4 |g|p/ (=D @=N)/p
where the constant C are chosen in a form that
—Ajuc=uP 7t in RV,

Proposition 2.1. For each A € (0,00), we have the estimate

1
* SN/v 2.3
< S (2.3)
where
= inf max Jy (tu).
weWLP(Q)\{0} £>0
Proof. See Lemma 3.4 in [5] (see also [15, 1] for the case p=2). O

Corollary 2.2. For each )\ € (0,00) we have

S

Sy < op/N

gY@ =)

In particular, if uy is a minimizer of Sy, then wy = uy is a solution of

(1.1).
Proof. First, observe that
Sy =if {Quw); we W r@)\{0}},

where
Jo(IVul? + Aul?)

@a(u) = (o, lulp™)e/r®

u # 0.
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Thus,
N/p
1 (g (|Vu|P+>\|u\P) N/p
I?Zag{,],\(tu)—N < (f, lulp Yo/ >1/NSy'" u#0.

Consequently,

1

NG (2.4)
Thus, the proof follows from Proposition 2.1. (Il

In the next result, we go on to establish a relation between S and functions
in WHP(Q).

Lemma 2.3. Given & > 0, there exist ¢(§) > 0 such that for each u € WHP(Q)
P 2PN P
[l ey < 7+ Il 0 + )l (25)

This lemma is due to Cherrier [4]. The proof of this inequality follows by
similar argument of [3].

Using this inequality, we shall prove a concentration compactness lemma.

This result will be a fundamental step in the proof of the existence of a minimizer
for Sy.

Lemma 2.4 (Concentration-Compactness). Let (u,,) be a sequence in WP(§2) con-
verging weakly to some u and suppose that for some subsequence there exists two
bounded non-negative measures p,v in Q such that |u,|P" and |Vu,|P converge
weakly in the sense of measure to v and pu, respectively. Then, there exists an at
most numerable set J, (z;)jes € Q and real numbers p; > 0,v; > 0 such that:

‘uk‘p* = p* +Zj€Jyj(5wj,

(2.6)
[Vug|P = = [VulP + 37 5 11j0a,-
Moreover, if x; € Q,
Sl/?/p* < Hjs
and if x; € 09,

S p/p
op/nVi S it

Therefore,

S p/p”
op/n"i < Ky

Proof. The representation of the measures follows from the Sobolev inequality
[ull Lo < Cllullwrre)

and Lemma 1.2 in Lions [10]. Since z; € {2 we assume two cases:
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Case 1: If z; € int( ), consider § > 0 such that B(z;,d) C Q and ¢ € C*(Q)
with supp ¢ C B(x;,9). By Sobolev imbedding

N ,
o 1) = o)
< <~/B(wi,5) ‘V@\p\un\l’) + (/B(xm) ‘<p|p|vun‘p)

Taking the limit in n in the inequality above and using that |un|p* — dv and
|Vun|P — du in the sense of measure, we obtain

o ) 2 o) ] )

; (2.7)
In particular, choosing ¢, := ¢(*_*") in (2.7), where p € C*(Q2) and 0 < ¢ <1,

we get
1 -yl < d,
w(x)—{ 0 if |z —a4] >0,
and taking € — 0, we have

sl/p(/ _}dy)l/p* < (/ _}du)l/p,

because ¢, — X{z,} a.e. in £, where xy,,} is the characteristic function of the set

P
{z:}. Consequently, Sv/" < ;.

Case 2: If z; € 92, by Lemma 2.3, given § > 0 there exist c( ) such that

N By ) ([ 9ue) " 4 (o) [ o)

First we assume that u,, — 0. Taking the limit in the inequality above we obtain

(/ o )1/10* - (21/N 1/p /\<,0|p /p
Q

Taking, § — 0 and using the same idea as in the previous case we obtain

S p/p
Mz—zp/N P

The case u Z 0, follows considering the sequence (vg) given by vg := ur — u and
the Brezis-Lieb lemma [16]. O

3. Existence of a positive solution

The goal of this section is the proof of Theorem 1.1. For this, we first establish
some preliminary results.

Proposition 3.1. For each A € (0,+00), Sy is attained.



396 E.S. Medeiros

Proof. If A > 0, by Corollary 2.2 we have

S
0<Sy< op/N (3.8)
Now, if (uy,) is a minimizing sequence for Sy, that is,
Sy + on(1) :/(|Vun\p+)\|un|p), lnllye = 1, (3.9)
Q

we have (u,,) is bounded in WP(Q). Since, W1P(Q) is a reflexive space, by Sobolev
imbedding we have

up, —u in WHP(Q),
u, —u in LP(Q).

Now we shall use Lemma 2.3 to show that u # 0. Indeed, suppose that v = 0. If
(3.8) holds, we can choose ¢ > 0 such that

N
(211/

<
5 +5>SAJL<1. (3.10)

It follows from Lemma 2.3 that

v (7 4 0) (S5 ou) = [ ) + OOl

Since ||uy ||, — 0, we have

9p/N
1<( g +0)S) <a< 1,

which is impossible. Thus, v # 0 and
/ lulP” = a € (0,1].
Q

Suppose that o < 1. Since |Juy,
Lemma 2.4 we have

1=/du=/\u|p*+2uj:a+21/j.
Q Q

jeJ jeJ

p = 1, if v is the weak limit of |u,|P , as in

Thus,

Z vi=1—a>0.
jeJ
Moreover, using the fact that

Jim \vunv’“/ un]? = S,
Q Q

and denoting by p the weak limit of |Vu,|P, by Lemma 2.4 we obtain

/d,u—kA/|u\p:5,\2/\Vu\p—kz,uj—k)\/m\p.
Q Q Q Q

JjeJ
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Thus,
[ v+ ) < 83 - Y . (3.11)
Q

jeJ
It follows from Lemma 2.4 and (3.8) that
S . .
> on > op/N D) > Sy )P
JjEJ jeJ je
This together with (3.11) implies that
J vl o) < 55 (1= 3057,
@ jeJ

Now, notice that

1= (1 _ Zl/j —I—Zlﬁ)p/p* < (1 B Zl/j)l’/p* _|_Z(yj)p/p*.

jed jeJ jeJ jeJ
Therefore,
p/p” «
/ (|[Vul? + NulP) < S,\<1 -3 uj) = SyaP/?", (3.12)
Q ‘
jeJ

On other hand, by definition of S

Javar 3y = s, [ 1

From (3.12)—(3.13) we obtain

A\ P/P" .
P ) = SyaP/?". (3.13)

Sha?/? < /(\VU\MMU\P) < Srat/?,
Q

that is a contradiction. Thus, ||u

»~ = 1. Consequently,
Sy < /Q(\VU\P + AJul?).
By semicontinuity of norm, we obtain
/Q(\wp Al < nllnéc/fz(\Vun|p + Ajun[?) = Sy,
Therefore,
S = [(VuP+Aul?), with ful = 1.

This proves the Proposition. O

As consequence of the Proposition 3.1, Sy has the following proprieties.
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Proposition 3.2. The function Sy is continuous, concave and nondecreasing for all
A € (0,00). Moreover,

. . S
)1\112}5&20 and AILHQOSA_QP/TL'

Proof. Taking ¢ = c as a test function we get Sy — 0 as A — 0. Now, notice that

(l—t)/(\Vu\p+)\1|u\p) n t(/ VUl + Aoful?
Q Q

/Q|Vu|p+((l—t))\l—i-t)\g)/ﬂm\p.

Thus, (1—1)Sx, +tSx, < S(1—t)r,+¢r,- Therefore, Sy is a concave function. More-
over, S is nondecreasing. In particular, S is continuous with respect to A. By
Proposition 3.1 and Corollary 2.2, if \,, — oo there exist (u,) C WP () such

that g
QAn(un) = S)m < 2p/N'

Denote by So := lim, o0 Si, and suppose that S < s . Let 6 > 0 be such

op/N
that
op/N

Sool g +d)=a<l.

By Lemma 2.3,

||vunHLP(Q + AnHUn”Izp(Q) S)\Hun”ip* )

p/N
500(2 g + 6)HVUTLH§,P(Q) + Sooc((s)Hun”Izp(Q)

aIIVUanp(Q) + Sooc((s)Hun”Izp(Q)a
that is,
(1- a)”vun”Izp(Q) + (An — Sooc(‘”)”“n”’zp(g) <0 with u, #0,

which is impossible. Therefore, limy_, o, Sy = 2ps/ ~ and the proof is thus concluded.
O

Proof of Theorem 1.1. Let u) be a minimizer of S, given in Proposition 3.1. By
the Lagrange multiplier theorem, we have

/Q VP2V Vo + A /Q (ufP~2ug = S), /Q WP “2up  (3.14)

for all o € WP(Q). After a variable change, we obtain that w) = S/l\/(p*fp)u,\ is

a solution of (1.1). Moreover,
_ 1 n/p 1 n/p
Ixn(wy) = nSA < 2nS .
On the other hand, if @y = A\/® ~P) we get
Jy(AV/ 7 =P)) /,\p/(p -p) _ /,\p*/(p*—p) _ 1 AVPIQ.
* Q N
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Choosing,

S
>
A2 e

we obtain a nontrivial solution. Moreover, notice that |uy| also is a minimizer of
Sx. Thus, we can assume wy > 0. Consequently,

—Apwy + M =wh T > 0.

Consequently,

-1
Apwy < w7,

By the regularity result (see Theorem 2 in Lieberman [8]) we have that uy €
C1(Q). Now, notice that the function g(s) = As?~! is nondecreasing, g(0) = 0
and

1
JRUCEREES
0

Thus, Theorem 5 in Vasquez [14] yields that uy > 0. This completes the proof of
Theorem 1.1. O

4. Asymptotic behavior

In this section, we will use a blow up argument to study the asymptotic behavior
of positive solutions of problem (1.1). More precisely, we will prove Theorem 1.2.
The key steps in the proof of this result are:

Lemma 4.1. Let uy be a nontrivial positive solution of problem (1.1) and M) =
max uy(z). Then, My — 400 when A — 0.
Q

Proof. Since uy is a solution of problem (1.1), we have

/Q|Vu,\\p_2Vu>\Vg0+/\/Qu§_1gp:/Qu];\*_lgp, p e WhHP(Q). (4.15)

In particular, if ¢ = 1 we obtain

/Q()\uffl — ui*fl) =0.
Thus, if uy Zu = AV/(P"=P) there exists z, € Q such that
i~ (o) — ] T (o) <0,
that is,

/\l/(p**p) < U)\(Z'o) < maé(uk(x) = M,. (416)
e

Therefore, )\lim My = +oo. O

The next lemma is also crucial in the proof of Theorem 1.2.
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Lemma 4.2. Let uy € WP(Q) such that Qy(uy) < op/N and
0< lm [Julp < /\lim lua]lp < o0, (4.17)
A—00 o0

then
AILH;O Alluallh = 0.

In particular, if uy is a least energy solution, we have

SN/p
lim / [Vuy|P = .
A—oco Jo 2

Proof. Let (\,) be a sequence such that A,, — co. By the above hypotheses, (uy, )
is bounded in W1P(€2). Thus, there exist u € WP(£) such that

u)\n - u? ln Wl,p(Q)7
uy, — u, in LP(Q).

This, together with (4.17) implies that (A,[[ux, [|5) is bounded. Consequently, u =
0. By Lemma 2.3, we have

2p/N [V, |5 [Jux, 15
<(g » +C(9) b -
Hu)\n p* Hu)\an*
Thus,
s IVus, 2 s
i < I <
2p/N — )\nlinoo ||u,\n g* - A,lllgloo Q)\"(UA") = 9p/N’
that is,
[Vux,ll5 S
li P = = 1 .
Mmoo [lun, 12 20N T 0B Qx. (us.)
Therefore,

lim A, fuy, 5 = 0.
Ap—00

If uwy is a least energy solution, we get

ﬂ?=/Wmﬁ+Mmm.
Q

This, together with Proposition 3.2, implies

Sp/N N
= lim S\, VP = lim [ (|[Vux,|” 4+ Mpjua,|?) = lim / |Vauy, 7.
2 Ap —00 Ap —00 Q Ap —00 Q
Therefore,

Sp/N
Jim / P ="
Q 2

A —00

This finishes the proof. U
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Proof of Theorem 1.2. Let (zy) in Q such that

max uy(z) = ux(xy).
e
Since Q is bounded, there exists a subsequence (zy,) and z, € Q, such that
Zy, — To. We claim that z, € 9. Indeed, suppose that z, € int(2). Then,
dist(zy,,00) > a > 0 for some a and n large. This together with Lemma 4.1
implies
lim dist(xy 8Q)M>J\\L/p = 00.

n?

From (4.16) we have that the sequence (€,) defined by:
An
An€b = Mf*ip’

n

is bounded. Thus, we can assume A,e? — a > 0. Defining,
or (@) i= e Py (/0 )

where Q) = (Q — {zx, })/€en, we obtain

—Apua, + /\n€fLU§:1 = U];Z_l in Qy,, (4.18)

dox, =0 on 9y,,
on

and
ur,(0) =1, 0<wy, (z) <1 in Qy,.

By Lemma 5.2 below and regularity results in Lieberman [8], vy, € C2%(Qy,).

loc
Since

lim dist(0Q, xy,)

n— o0 €n

for each R > 0 there exists n, € N such that Bg(xz,) C Qy, for n > n,. Thus,
Qy, — RY. By Theorem 1 in [13]

loa, lcte(Br) < K, n>n,. (4.19)

On the other hand, by the Ascoli-Arzela Theorem and (4.19) there exists w €
C'(Q) and a subsequence vy, such that vy, — w in C*(Bgr). Taking limit in
(4.18), we obtain

/ |Vw\p*2VwV<p+/ wp’lwcp—i-/ w? "twe, e CP(Bg).
Br Br Br

)

Moreover, observing that
0<w<1, w(0)=1,

by the Maximum Principle in Vasquez [14], w > 0. Using a diagonal argument, we
can see
—Ayw+awP™t =wP "tin RV,
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Then, by Pohozaev variational identity (see Pucci and Serrin [12]), a = 0. There-

fore,
/ IVw[P = / wP” . (4.20)
RN RN
By Fatou Lemma, we have

/ |[VwP < liminf/ [Vuy, |P = liminf/ |Vuy, [P < oo,
RN n— 00 N n—oo Jq

n

/ P < 1iminf/ o, 7" thinf/ i <
RN n—oo Qn e @

From (4.20) and Lemma 4.2, we get

SN/p
SN/p S/ [Vw|? §liminf/ [Vuy, |P = ,
RN n—oo Q 2
which is a contradiction. This completes the proof of Theorem 1.2. |

5. Regularity of solutions

In this section, our goal is to prove the regularity of the weak solution of problem
(1.1). To this, by a regularity resuly due to Lieberman [8], it is sufficient to show
a estimate L. Since u € WP(Q), let us start with the following result.

Lemma 5.1. We will denote by B = By N {x,, > h(z')}, where By is the unitary

ball in RN, h(z') is a function defined in the set {x' € RY;|z'| < 1} with h(0) =0
and Vh(0) = 0. Then, for u € H'(By) with supp(u) C By, we have:

(1) Ifh=0,

. /p”
/_ VulP > 2—p/ns(/_ ul? dx)p " (5.21)
B B
(2) For any € > 0, there exists § > 0 dependent only on €, such that if |Vh| <4,
then .
/ IVl > (2*17/”5—6)(/ \uv’“dx)p " (5.22)
B B

Proof. Let @ be defined by a(z', xy,) := u(z’, —x,,) if z, < 0. Now, notice that

1
/\wp - / Vildz
B % B .
. \DP/P
S 1P
25(/31 | dx)
. p/p"
=2-p/ng / ulP dx .
(], uaz)

Taking the coordinate transformation y' = ')y, = x, — h(z'), (5.22) follows
immediately from (5.21) O

v
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Lemma 5.2. Let u € WP(Q) be a nonnegative weak solution of problem

~Apu = a(x)uP~! in Q,
Ou =0 on 082, (5.23)
o

with a € L™?(Q). Then u € L=(9).

Proof. Fixed 3 > 1 and k > 0, define Gj, € C'([0,+00), R) by: Gi(t) = t°
for 0 <t < k and Gk( ) = kP~ for t > k. If u is a solution of (5.23) then,
Gr(u), G (u) and Fy,(u) = [ |G (s)[Pds belong to WP(). Now, we can see that
Gy and Fj have the followmg properties:

(i) Fi(u) < uFi(u) = u|Gy(u)[?,

(ii) uP~1Fy(u) < C1GY(u), where C; is independent of k,

(iii) G (v)u < BGE(u).

Taking v = Fy(u)nP as test function in

/|Vu|p72Vqu:/a(x)up*1v,
Q Q

where n will be chosen later, we have
[ rvarici@p <o [ [wup-tr iAo + [ ol B
This together with (ii) implies
[ rvariGi@p <o [ vt 9B +C [ @G (524
Using the Young’s inequality, (i) and (iii) we obtain
[ v nip < [ gt e o)
< [ (dvaray + @Il Gl
= | [vuPlGitr +cle) [ 1vnpaicytr

< [ VUG P + ()5 / VP |G ()P
Q Q

(5.25)
From (5.24)—(5.25) we get

/ VUl |Gy () PrP < CafBP / VHIPGE (u) + Cs / la(@)|(Gr(wn).  (5.26)
Q Q Q
Now, notice that

/ V(G / (Gl ()Y () + G (w) Vi |?

(5.27)
<c / Vul?| G (w)P? + C / VP GE (u).
Q Q
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Thus, from (5.26)—(5.27) we have

/\v (Gl |p<03ﬁp/ VnlPGE () +c4/ a(@)|(Gr(wn).  (5.28)

Fix z, € Q, let > 0 be a smooth function with supp n C B(x,,d) and n(z) = 1
for z € B(z,, 5) where § sufficiently small. By Lemma 5.1, we obtain

/ IVolP >
Q

for all v € WHP(Q) with supp v C B(z,,8) NQ. Since a € L"/?P(Q), we can choose
¢ sufficiently small such that

«1p/P"

, (5.29)

S
||a||L"/P(B(zm5)) < w+10,”

Using Holder’s inequality and (5.29) we have

A

/la(ﬂf)lpGi(U)np < lallzn/o (.5 1Grw)n);
Q (5.30)

3
1
p
o0, IV (Gl

IN

This together with (5.28)—(5.30) implies

| v < e [ 1varei +, [ 9w (531)
that is
| v Gimr < oo [ 1varerw. (5:32)
where C' is independent of § and k. We get from (5.29)—(5.32) that
«\P/p" p
([ cutom )™ <cor [ [warei). (5.33)
Taking k — oo in (5.33) we have
« _\P/P"
(/ uPP P )p ' < C’ﬂp/ |V [PuP?, (5.34)
Q Q
because 3 > 1. Since z, € Q arbitrary, we have
«“\P/P"
(/uﬁp )pp gCﬁP/uﬂp, for G > 1. (5.35)
Q Q

Now, define the sequence 3; = (p*/p)? for i > 1 and observe that (3;) is a increasing
sequence and f; — oo as i — 0o. Using induction we can see that

Il

Bip™ < MO Brt-+8:) (ﬂf)ﬂi (ﬁg)ﬁi—l ..-(ﬁf,l)ﬁ2 (ﬂf)ﬂl
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where M = ||u] z:. Therefore,
p(ify + (i = 1)} + ... +151)
lull ooy < MYPCBF-H80/Bi0" () pip*
= [[ullp-C* (61)",
(5.36)

where a; = (81 + 57 + ... + 8)/p"B} and by = > gj)*l' Since B; > 1, the

— D*0i

Jj=1
sequence (b;);en is convergent. Taking limit in (5.36), we get ||ullco < Chllu|p+.
This completes the proof of the Lemma. |
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Class of Quasilinear Elliptic Equations
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Abstract. We prove a-priori estimates for positive solutions u of the equation
—div(|Vu|P"2Vu) = f(u) on a bounded domain Q with u = 0 on 9Q and
1 < p < 2. Whenever f(u) = u? our results include the range p—1 < ¢ < p*—1
and nonconvex domains.
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1. Introduction

Let u € C*(Q) be a positive solution of

—Apu = f(u) inQ (1)
u = 0 on 0f)
where Q C RY, N > 2, is a smooth bounded domain, —Ayu = —div(|Vu[P~2Vu),
1 < p < oo. The function f : R — [0,00) is locally Lipschitz continuous and
satisfying the following assumptions:

f(s)>ec18? Vs>0 forep >0andg>p—1, (2)

3k > 0 such that f(s) < cps?™' for0<s<k wherecy >0, (3)
- f(s) . N

slggo P =0 wherep* = N—p and p < N, (4)

. sf(s)—1F(s
lim sup p(}\(,_)pﬂ) (

)
e 5" f(s) b

<0 for some 0 <7 < p*. (5)

Condition (5) is immediately satisfied in the purely power case whenever f(u) = u?
with p — 1 < ¢ < p* — 1. Moreover, by (11) in the proof of Theorem 2.1 one
concludes that we may allow ciu? < f(u) < cou? without assuming (5), provided
c1p* > ca(q +1). This makes ||Vu||L» bounded, then we proceed as in (12). These
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a-priori bounds are important to prove existence of positive solutions, see Theorem
2.3, see also [2, 5, 6].

The blow-up technique of [6] was employed in [2] to ensure that u is a-priori
bounded, provided (Q is strictly convex (i.e. Vx,y € Q, tz+(t—1)y € Q, Vt € (0,1)),
l<p<2and cqu? < f(u) < couf withp—1< ¢ < N]gp:l) and c1,ce > 0. This
result was improved in [10] to 1 < p < N without the convexity assumption. In the
present note we follow the approach of [5] to establish stronger results, including
a more general function f, p —1 < ¢ < p* — 1 and nonconvex domains §2.

2. Statements and proofs

Theorem 2.1. Let u € C1*(Q) be a positive solution of (1). Assume Q is strictly
conver, 1 <p <2, (2), (3), (4) and (5). Then |[ullco(qy is a-priori bounded.

Proof. Here C' > 0 are various constants independent of v and that may change
from place to place. By Picone’s identity [1] and (2) we obtain

_ U
Cl/ u?™ Pl < fé_zwzf < Al/ oY, (6)
Q Qu Q
where A; is the first eigenvalue of —A, and ¢; € VVO1 P(Q) is the corresponding

eigenfunction.

We proceed to prove that u(z) <C on a thin strip S5 = {a € Q : dist(z,0N) <
0} for some ¢ > 0. For this aim it is used the moving planes argument as in
[2, 3, 5]. There are constants v > 0 and § > 0, depending only on 2, such that
for every & € S5 there is a measurable set I, with the properties: |I,| > 7,
I, C {z € Q : dist(z,00) > 6/2} and u(y) > u(x),Vy € I,. Joining these
properties with (6) we obtain

u(w) Py (min (0) < [ u)” P a(u)dy < C.
yel, I,
Consequently,
u(z) < C, Vo € Ss. (7)

We are ready to obtain an a-priori bound of |Vu| on a thinner strip ¥ than Sj.
The interior C** estimates of [4] imply

) 0
ul| ey < C where Qo = {2z € Q: g < dist(z,00) < 2}.
By virtue of the C1'® estimates up to the boundary due to [8], we conclude that

58

. 8
12} (3)
The previous estimates allows us to get an a-priori bound for ||Vul|.». Hypothesis

(3) and (7) imply f(u(z)) < Cu(z)P~! for every x € Ss, therefore

[ullrasy <€ where ¥ = {2 € Q: dist(z,00) <

[ <c, )
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since the integral of f(u)/uP?~! over Q — Ss is bounded by (6). By Sobolev imbed-
ding, (9) and Holder inequality one obtains

pN NJGP pN NJGP (u)
P> N-p > N-p 1
/Q|Vu| 70(/Qu ) ,c(/gu ) (Qup_l) (10)
fu)
P
= C’/Qu (up—l)
We shall use the Pohozaev identity and (8) to obtain
w-N) [ 9P 4pN [ Fa)=-1) [ [Fup@eovde<ca
Q Q I9)
Estimates (10) and (11) together with condition (5) imply

[ <7 [ F+e [utrmswi e,

< (j\;]_vp>7'/ﬂf(u)u+5C/Qf(U)u+Cs,

where € > 0 can be assumed to be very small and C. > 0 is a large constant
depending only on €. Then ||Vul||» < C. Multiplying equation (1) by u® with
a > 1 to be chosen later, we obtain

ooyt ) [ e = [ e (12)

Estimating the left hand side by Sobolev inequality and using (4) yields

Z%

N-—p P N-—p
(/u(atvp:;w> v geC’/u”**pua71+p+C’sgeC</up*)N</uS) v +C.
Q Q Q Q

where s = (O‘_A}fﬁ)N. Thus [, f(u)»"~* < C. An estimate of Moser type, see for

instance [9], says that [[ufcoq) < C if s > N(p;fl), so we take a large enough in

order to comply this condition. O

The convexity assumption on 2 could be removed at the price of a restriction
on the growth of f. For this aim we need the Hardy-Sobolev inequality in the form
stated in [7]:

I
¢!

1 1 1-9 .
< " h = - (Q 1
HLS <OVl where = = " andueWy'(Q),  (13)

the constant C' depends only on 6, s,7,Q and N.

Theorem 2.2. Let Q@ = Qo \ Q1 with Qg strictly convex and Q1 a star-shaped
subdomain of Q. Assume 1 < p <2, (2), (3), (4) and
sf(s) = TF(s)

lim sup p(N42—)

<0 for some 0 <7 < p*. (14)
e "I f(s)4

Then |[ull co(qy ts a-priori bounded.
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Proof. We use inequality (13) and proceed as in (10), we just need the estimate

4

fmrze( [ ) ([ a) " ze [ (000 )T

To finish the proof use (14) with ¢ = f}i\i 00 0 = N}H and Pohozaev identity
(11) taking into account the integral over 9€; and 0. O

The following result for p = 2 was proved in [5]. Our approach is similar, we
define a sequence of approximated problems. We use a-priori estimates to obtain
WO1 P and L°° bounds for the sequence of solutions and than pass to the limit.

Theorem 2.3. Let the assumptions of Theorems 2.1 or 2.2 hold, except (5) or (14).
Moreover, assume that

) (15)

lim sup b1

s—0

then the problem (1) has a nontrivial solution.

Proof. Let s, be a sequence of numbers such that s, > 1 and s, — oo. Define
tn = f(sn)/s,9 and a modified function f, : Rt — RT by

o f(s) for 0<s<s,
fn(S) B { f(sn) + /J'n(s - sn)q for s 2 Sns

where ¢ is given in (2). Let F,,(s) = [; fn(t)dt, then there exists 6, with 0 < 6, <
1/p and s), such that

Fo(s) < 0psfn(s) for s> sl. (16)
Step 1: For each n there exists b, > 0 and u,, € C?(£2) such that

—Apup = fo(un,) In Q
Up >0 on 0N (17)
Uy =0 on 01,

and F,(u,) = by.
Indeed, consider the functional

1
D, (v) = p/Q\VvV’dx— /QFn(v)dx, ve Wyt

We observe that ®,, satisfies the hypothesis of the mountain pass theorem. In
fact, by (16) ®,, satisfies the Palais-Smale condition. We proceed to prove that ®,,
possesses the geometry of mountain pass theorem.

®,, has a local minimum at 0: By (15) and (4) we have that there exists £ < A\
and a constant C' such that

f(s) <tsP™t 4 CsP*71 forall s € RT;
moreover, we can suppose that
f(s) < CsP*7t forall s> 1.
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Consequently
fn(s) < tsP71 4 CsP*7! forall s < s,.
For s > s,, we have

1) = Julsa) + T s st

n

< OsP T4 Okl
< 208 1.
Thus
fn(s) <tsP™1 4 CsP*71 forall n and s € RT;
and we get
F,(s) < {sP + CsP* forall n and s € RT.
Then

®,(v) = 1/ \Vv|pdx—/Fn(v)dx
> /\Vv|pdx—€/vp+0/vp*

14
> (- 3 el = Cllullfys.
so there exists p > 0 and 1 > 0 such that ®,,(v) > n for H’UHWOI”’ =p.

There exists w € Wol’p such that ®,(w) < 0 for all n: We will show that there
exists a constant ¢ such that for all n
Fn(s) >c¢ forall seRT.
s4
Indeed, by (2) and the definition of f,, for s < s,, we have that f,(s)/s? > ¢;. For
s > sy, we distinguish three cases:

Case q > 1: We have that
fn(s) _ fn(sn) fn(sn) (5—sn)1

s4 + s4
_ fnsn ;Il S_an
o (q )
sd — 5
Cl(n+(s 8))
s

s4
Consider the real function h : [s,, 00) — RT

Y

s (s—sp)?

h(s) = 51 + P
since ¢ > 1 this function satisfies 2/2% < h(s) < 1. Thus
f”()> ¢ forall seR™T.

s4 T 24
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Case g < 1: In this case h(s) > 1, thus
fn(s)
s

. >¢ forall seRT.

Case q = 1: Observe that
fn(s) _ fn(sn) + fn(sn) (5 — sn)

s s Sn s

Therefore c
F > 7+l forall s € RT.
n(s) > 7+ 15 r s
Let 1 be the positive eigenfunction associated with A;. We have
P

D, (re1) = 5 /Q|V<p1|pdx—/QFn(r<p1)dx

A 7P rPtlc 1
< M [etds =0 [,
2 Jo p+1Jg

and since, p < ¢+ 1, we can choose R > 0 such that ®,,(Rp;1) < 0 for all n.
Let T = {v € C([0,1], W3); 7(0) = 0 and (1) = w} and set

b, = inf sup @,(v(?)).
If sup (v(#)

Then b,, > 7 and there exists u, € C*(Q) solution of problem (17) with ®,,(u,,) =
b,,. Moreover, it follows that b, is bounded from above.

Step 2: There exist positive constants C; and Cs such that Cy < ||uy||pe < Ca.
We first obtain that {HunHng} is bounded. Let C such that b, < C. Now,

observing that f,, satisfies (4) uniformly in n and using the proof of Theorem 2.1,
we obtain
[Vu,(z)] <C, forall ze€ dQ.

By the Pohozaev identity
(p— N)/ |V, |[Pdx —|—pN/ F,(up)de = (p — 1)/ [VulP(z - v)do < C.
o Q o0
But )
by, = / |V, [Pde — / F,(up)dz < C,
P Jo Q

therefore HunH};VOlp < C, and it implies that ||uy||r~ < C (by the same arguments

as in the proof of Theorem 2.1). It implies that w,, is a critical point of ® for all
n, where

1
d(v) = / [VolPdx — / F(v)dz, ve WyP.
P Ja Q
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And so we have
0 = & (), — / IV |? — / Fln )i,
Q Q

thus C' < [[upl[? 1 < l[unll7 e + Cllun||7~ . and so we have that C' < |[up|| L.

The proof of Theorem 2.3 follows from the fact that the weak limit of w,, is
nontrivial. ]
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1. Introduction

Somehow we have become acquainted with the so called equal-area condition (or
rule) in the set of hypotheses whenever one wishes to show existence of a family of
solutions to scalar semilinear elliptic equation with Neumann boundary condition
which develops internal transition layers, as a certain parameter varies. Sometimes
the equal-area condition also appears in a disguised form by requiring that the
potential in a typical energy funcional is of the type double-well.

The reader is referred to [6], where some examples requiring the equal-area
condition are collected from the vast literature on the subject. See also [4], [3] and
[7].

For each phenomenon the mathematical problem models there is a physi-
cal mechanism of balance underlying the equal-area condition whenever internal
transition layer is created.

In [5] for a singularly perturbed scalar elliptic problem and in [6] for a class of
reaction-diffusion systems, we proved that when there is no explicit space-variable
dependency, the equal-area condition is actually a necessary hypothesis if a family

The first author was partially supported by CNPqg-Brazil through the research grant 302745 /2004-
1 and the second by CAPES-Brazil.
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of solutions is to develop internal transition layer. In both cases we had the zero
Neumann boundary condition.

It is our purpose herein to prove that in order for a typical singularly per-
turbed elliptic problem with nonlinear Neumann boundary condition to develop
internal and superficial transition layers the equal-area condition must hold not
only for the reaction term on the domain but for the reaction term on its boundary
as well.

The elliptic nonlinear boundary value problem which will be the focus of our
attention is

;ﬁs =g(z,v.), x € 09, (1.1)
where © ¢ RY (N > 2) is a bounded domain with C? boundary, 7 the exterior
normal vector field on 9Q, a € C*(Q),a > 0and f: QxR — Rand g: I0x R —
IR are of class C1.

Loosely speaking our main result may be stated as follows for N = 3. Suppose
that there are functions a, 3 € C1(Q) with a(z) < B(z) ,Vz € Q, and a family
{uc} € CH(Q) of solutions to (1.1) which, as € — 0, jumps from values close to «
to values close to [ across a 2-dimensional surface S C  (internal interface) and
also across the closed curve 95 C 9 (superficial interface).

Then necessarily

ediv(a(z)Vue) + f(z,v:) =0, x € Q
{ ea(x)

B(z) B(y)
/ flx,8)dé =0, Vx € S and / g(y,&)dE =0, Yy € 9S.
o(z) o(y)

For the special case that o and § are constants and f and g do not depend
explicitly on the spatial variable, we obtain the two equal-area conditions, i.e.,
ff f(&)de = ff g(&)d¢ = 0. Actually in [2], under these two equal-area conditions,
existence of a family of solutions to (1.1) as above has been proved for N = 3,
a=1and f(z,v) = f(v) and g(x,v) = g(v) having two zeros a and .

In [11] problem (1.1) was considered with N =2, a =1, f =0 and g(y,u) =
w(1 — u)(cly) — u). Here ¢ € C1(09), 0 < c(y) < 1 is such that ¥ % {y € 90 :
c(y) = 1/2} # 0 and it satisfies a transversality condition on X. In this case our
result states that a necessary condition for the existence of a family of solutions
concentrating around 0 and 1 on 92 with interface at a point y in the closed curve
0N is that

! 1 1
0= [ €0 -e)et) ~ ) d = (et — ).
i.e., y € X. Indeed under the above hypotheses the existence of such solutions has
been proved in [11].

The point here is that ¥ cannot be empty if the existence of a superficial
transition layer is to be proved. It is also worth mentioning the fact that the
location of any possible boundary interface is usually difficult to determine. But
in these results, it is known a-priori.
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2. The meaning of internal and superficial transition layer

We want our notion of transition layers to be local in space thus allowing for other
type of concentration phenomena to take place in the domain. But this requires
some care while defining a convenient neighborhood of the surface which will give
rise to the interface.

Let S be a (N — 1)-dimensional surface of class C?, with boundary, which

partitions €2 into two nonempty open disjoint subsets 2, and {2g. Moreover sup-

pose that def 0S5, the boundary of S, is a (N — 2)—dimensional compact surface

of class C? without boundary satisfying ¥ = S N 9Q and that S intersect 9
transversally.
Let W be any open neighborhood of S and setting

Vi wha)\S, 1e{ap (2.1)

we define

VE YV, USUYs (CQ).

Regarding the boundary of 2 we set

def

M= 0@VnoN\Z, [le{a, b}

and define

MY M, US UM (C Q).

Finally let o, 8 € C1(Q) satisfying a(x) < B(z) in Q and define a function vy
in V by
vo(2) = a(@)xv,um., + B(@)xvuM, (2.2)

where x4 denotes the characteristic function of a set A.

Definition 2.1. A family {v.} of solutions to (1.1) in C%(Q) N C1(Q) is said to
develop an internal and superficial transition layer, as ¢ — 0, with interfaces S
and X, respectively, if

—0

(Vejvs Vear) = (vopv,vopar) in L' (V) x LY(M),
with vg given by (2.2).
In particular we may have V = Q and M = 09.

Remark 2.2. Our main result would still remain valid had the convergence in
LY (V) x L*(M) in Definition 2.1 been replaced with uniform convergence on com-
pact sets in V\S and M\X or with LP(V') x LP(M) (p > 2).

The proof still goes through without any modification and the only reason
the L'(V) x L'(M)-convergence was chosen is that for this case we do have an
example that realizes Definition 2.1 for N > 2 and f and g not identically zero.
See [2], for this matter.
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Remark 2.3. Regarding Definition 2.1, the question might be raised as to whether
the requirement on the convergence of the solutions on 9f2 is redundant in the sense
that once the convergence on € is required the convergence on 92 would follow
by continuity of the trace operator acting from W'?(Q) (p > 2) to W =1/7P(9Q).
However since vy does not belong to W1P() the convergence v. — vy cannot take
place in any of this spaces.

On the other hand since vg € BV(Q2) (the space of functions of bounded
variation in ) it would make sense to require convergence only in BV (€2) once
the trace operator is continuous from BV () to L!(9€2). However even in this case
there would be no guarantee that the traces of the solutions converged to vp|gq in
L1(09). One is referred to [1] for a discussion on this matter.

Remark 2.4. In Definition 2.1 we could have suppressed either the internal interface
S or the superficial interface X thus obtaining the equal-area condition for g when
f =0 and for f when g = 0, respectively.

3. Main result

Theorem 3.1. Let {v:}o<c<e, be a family of C*(2) N CH(Q) solutions to (1.1),
uniformly bounded in Q) with respect to €, which develops an internal and superficial

transition layer, as € — 0, with interfaces S and ¥ (in the sense of Definition 2.1).
Then

B(y)

B(z)
/ f(z,&)d¢ =0, Vz € S and / 9(y,0)d¢ =0, Vy € X. (3.1)
a(z) a(y)

Moreover f(z,vo(x)) =0, Ve € V\ S, and g(y,vo(y)) =0, Yy € (OV NON) \ .
The following equalities will be useful in the proof of Theorem 3.1.

Lemma 3.2. Let X = (X1,...,Xy) € CHQ,RY), a € CYQ) andv € C*(Q)N
CH(Q). Then the following hold:

(i) div[(X - V)va(z)Vv] = X - Vodiv(a(z)Vv) + a(z)Vo - V(X - Vo).

(ii) a(z)Vv- V(X - Vo) = a(z)X - V ('V;' )—!—a(x) [zszl o ( 2 51)}
(iii) div(a X (V7)) =aXx - V() + V¥ (adivX + X - Va).

(iv) There ezists a constant C = C(a, X, N) > 0 such that

@) N9x, [ v dv
ax 3:Ej 89@ 8xj

) < C|Vv|*, ¥z € Q.
i,j=1

All the proofs can be accomplished with some straightforward computations.
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Having in mind a future application of the co-area formula we rather take
the neighborhood V' considered in Section 2 in the following way. With dist(-, S)

denoting the usual distance function and S as above, let W = {z € R" : d(x) =
dist(x, S) < §} with § small enough so that the surfaces K, def d=1{6} N Q, and
Kpg o d~*{6} N Qg intersect I transversally.

Remark that K, and Kz are C? (N — 1)-dimensional surfaces whose bound-
aries denoted by C,, and Cj, respectively, are (N —2)-dimensional smooth surfaces.

With this notation 0V, = M; U SU K; and OM; = C; U X where [ € {«, 3}.

We will denote by n; and 7ig the exterior normal vector field on 0V}, I € {a, 5}
and S, respectively. Note that n, = ng and ng = —ng.

Proof of Theorem 3.1. Assume for a while that f(z,vo(z)) = 0, z € V'\ S, and
9(y,v0(y)) =0,y € (9V N OQ) \ 3.

Let X € C’I(Q,IRN) be a vector field such that X, € T,,0Q, y € 012, where
T,,09 denotes the tangent space to 92 at y. Multiplying equation (1.1) by X - Vv,
using Lemma 3.2 and integrating over V' we obtain

2
_5/ div(X - Vv, a(z)Vv.) dz — a/ W;E‘ (adivX + X - Va) dz
v v

. |V |? / S 0X; (Ove Ove
+5/lev(a(x)X( 9 ))dz + € Va(x) Z Ox; \ Oz; Ox; da

ij=1
:/ X - Ve f(z,ve) du.
v

An application of the Divergence Theorem yields

|V, |?
2

~ |Vv5\2 ~
- € X - Ve a(x)Vue - nig — a(x) 9 X -ng| do
Kp

- e’:‘/ <X - Ve a(x)Vue - g — a(z) X-ﬁa) do
Ko

- E/V |V72)5| (a(x)divX + X - Va(z)) do

N
0X; [ Ove Ov,
+ e/va(x) mzzzl oz, <8:ci 8xj> dx

= / X - Voo f(z,ve) do —|—/ X - Voueg(z,ve) do (3.2)
v aVNoaQ

on the accounts that K; =9V NQ and X -7y, =0in 0V, NN (I = a, B). Here o
denotes the (N — 1)-dimensional surface measure.
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Let us call &, the expression on the left-hand side of the above equality.
Consequently the equation becomes

ve ()
o, = X~V$F(x,v5)dx—/v V(/0 X -V f(x,&)dE)dx
oY B

Vau V[g

ve ()
+ X - V,G(z,v:)do — / (/ X - Vzg(z,¢)dC) do, (3.3)
MoUMg MyUMg Jp

where G(z,v;) = f:s g(z,¢)d¢ and F(z,v:) = ;5 f(x,€) dg, with p and 6 arbi-
trary constants and V, is the gradient with respect z. Also ¢(X) = 0 and |S| = 0,
where | - | stands for the Lebesgue measure.

We claim that ®. tends to zero as € — 0. As the proof involves technical
arguments it will be provided afterwards.

Applying the Divergence Theorem once again we have for [ € {a, 5},

X -VyF(x,v.)dx = /F(x,vg)X-ﬁlda—i—/ F(z,v.)X -nydo
S K

—/ F(z,v:)divX dx (3.4)
Vi

\%

because X - 7; = 0 in OV; N ON.
Since My = Ng in 0V, NS and nig = —ng in V3 N S it follows

X - V,F(x,v:)dx z/ F(z,v:)X -fiqdo + | F(z,v:)X -nigdo
VaUVs Ko Kz

—/ F(z,v:)divX dz. (3.5)
VQUV,@
For each x € M; (I = «, ),

V.G(z,v:) = VMIG(z,v.)+ < V.G(z,v.), 7 > 7,

where < -,- > denotes the usual internal product and VMG the gradient relative
to Mj of the function G . Hence

X V.G(z,v.) = X -VMG(z,0.)4+ < V,G(z,v:.),7 > X -7
X -vMG(z,v.), (3.6)
and the Divergence Theorem on surfaces gives
X - V,G(x,v)do = G(z,ve)X -vpdr — | G(z,ve)diva, X do
M, oM, M,
= G(z,v:)X -y dr —|—/ G(z,v)X -y dr
Cl b
- G(z, v )divy, X do, (3.7)
M,

where v is the outward vector co-normal at OM;, that is, |v| = 1, v (y) € T,09,
y € 09, with OM; = C4UY (I = o, 8). In M, N Y the co-normal, denoted by
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vy, satisfies v, = vx. Consequently vg = —vs in OMg N X. Here 7 denotes the
(N-2)-dimensional surface measure. It follows that

X - V,G(z,v.)do :/ G(z,ve)X - vo dr + G(z,ve)X -vgdr
MaUMﬁ Cu C[i

- G(z,ve)diva, X do. (3.8)
MaUMﬁ

Since {ve}o<e<e, is uniformly bounded in © with respect to ¢, F and G are
C*, the sequences {F(z,v:)}o<e<e, and {G(z,v:)}o<e<e, are bounded in Q and

. . . e—0 .
0%, respectively, uniformly in e. Moreover (up to a subsequence) v. — vy a.e. in

V' and vz )gvnan =9 vo|avnae a.e. in OV N IQ. The use of Lebesgue theorem in

the equations (3.5) and (3.8) yields

lim X - VF(x,ve)dx + X -VF(z,v.)dx
e—0 v, Vs

= /F(x,a)X—ﬁada—i—/ F(z,8)X -ngdo
K

« B
— | F(z,a)divX dx — F(z,p)divX dx (3.9)
Va Vs

and

e—0

lim ( X - V,G(x,v:)do + X -V, G(x,ve) da>
M,

Mg

= G(z,0)X -vgdr + /G(w,a)X cvodr — | Gz, a)divp, X do
Cs Ca M.,

— [ G(z, B)divar, X do. (3.10)
Mg
Since f(z,vo(x)) =0in V'\ S,

e—0 v

ve(z)
lim [/ X~wa(x,§)d§] dr = | X -V F(z,v(x))dx
vi [Jo

:/ F(z,v9)X -nydo —/ F(z,v9)divX dz.
oV Vi

Similarly since g(z,vo(z)) =0in (OV NOQN) \ S then

ve ()
lim [/ X -Vag9(z,Q) d(} do = X - V,G(z,v) do
M, P

e—0 M,

= X - VM G(x,v0) do.
M
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Using that divay, (XG(x,v0)) = G(z,v0)diva, X + X - VMIG(x,v0) and applying
Divergence Theorem once more we obtain

X -VMQG(z,v9)do = G(z,v0)X - v dr
M, oM,

- G(z,v9)divy, X do (I = o, ). (3.11)
M,

Recalling that X -7n; =01in 0V;N9OQ, 0V, = SUM UK, (I = o, 8), Ng = Ng
in 9V, NS and ng = —ng in 9VgN S and also OM; = C,UE (I = o, (), vo = vs
in OM, NY and vg = —vy in OMg N X, passing to limit in (3.3), as € — 0, and
using (3.9) to (3.11) we conclude that

O:/s /j(m)f(x,g)dg]XﬂsdaJr/E

()
In order to verify that the last expression implies (3.1) we consider the functional
A: CHRY,RY) = R defined by

A(X)=/S Vj:)f(x,g)dglx-ﬁsdmr/z

Then for any X € T = {X € CY(RN,RY) : X(y) € T,0Q} we have

()

B(x)
/ 9(z,¢) dC] X -vedr. (3.12)

B(z)
/ g(z,¢) dC] X -vsdr.

a(z)

A(X) =0, (3.13)

by (3.12).
It is easy to see that once X € C*(R™,R") is fixed

B(x) B(x)
N(X)Y = /S [ / | S / gz, ¢) d¢

(x)
for any Y € C1(RN,RY).
Thus if X € T and Y € CY(RY,RY) with suppY C Q, we have X +tY €
T, V¢ e R. Thus (3.13) implies

0=AN(X)Y = /S Vj(?) f(z,8)dE

(x

Y-l/ng,

Y-ﬁst'—F/
b

Y - ngdo,

since Y|,, = 0.
B(zo)
Now suppose by contradiction that there exists xg €S such that / fxo, &) dEH£

a(zo)

0. Then there exists an open set A C IR such that

B(x)
/ f(z,6)dé >0, Vo € ANS.
a(z)
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Choose Y € C*IRM,R") so that Y| = ns . Take an open set U € RY
sothat U ¢ ANQ,UNS # Qand n € C*(U) = {¢ € C*(U) : supp(¢) C U}
satisfying0 <n<landnp=1in BCCU, BNS # ®.

IfY =nY then Y € Cl(IRN,IRN), suppY C Q and so

'X)Y:/S[/jf(x,i)d&
[ [ o
/Bms [/jf(x,f)dg] nda:/an [/jf(x,f)af] do > 0,

which is a contradiction. Hence

B(=)
/ Fle,€)de =0, V z € S.
a(z)

Xy - /[/ () dc

VXeTandY € CH(RY, RY).

Similarly we prove that fa(w (z,)d¢ =0, Vzex.

Our goal now is to show that f(x,vo(x)) =0in V' \ S and g(z,ve(z)) =0 in
OV NoQN) \ . We claim that for each z € 2\ S

e|Vue(z)| — 0, as e — 0. (3.14)

Indeed let xg € Q\ S. We may suppose z¢g = 0. As o € int(2) there exists p > 0
such that By, = B(x,2p) CC Q\ S. Define

0

Y-ﬁst’

77Y . ﬁs do

v

Consequently

Y -vsdr =0,

we(z) = ve(e?2), z e B,e2.
Then for £ small enough, we satisfies B, .1/2,
A(2) Awe (2) + V.a(2) - Vowe(2) = f(z,w(2)),

where @(2) = a(e/?2) and f(z,w.(2)) = — f(e'/22, w.(eY/22)).

For each 0 < € < g¢ we have Bp/€1/2 CCB,ei/2. As {ve }o<e<e, is continuous

0
and uniformly bounded in ¢, it follows that {w.}o<c<e, is also continuous and uni-
formly bounded in Bp/sl/Q. In addition, a(z), V.a(z) and f are uniformly bounded
0
in Bp/€1/2, due to the hypotheses on a and f. Therefore by Corollary (6.3) in [8],
0

3C > 0, independent of w,, so that |V, w.(z)| < C,Vz € Bp/2€1/2. But
0

[Vowe(2)] = |vzws($5_l/2)| = 51/2‘vas(x)| <C,
V€ B,/2. Then €|Vve(zg)] — 0, as € — 0.
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It is well known (see [12], for instance) that there exists a constant C' > 0
(independent of €) so that

e|Voe| < C, Vz € Q. (3.15)

In order to show that f(z,vo(x)) =0 on x € V'\ S we argue by contradiction
and suppose that there exists g € V'\ S such that f(xg, 8(x¢)) > 0, for instance.
The continuity of f and § implies the existence of § > 0 so that f(x,(z)) >
0Vz e B(x0,5)

By integrating the first equation in (1.1) on B(zg, §) and using the Divergence
Theorem we obtain

5/ a(x)Vve - npdo = —/ flz,v.) de.
83(9:0,5) B(Io,ﬁ)

where nig is the outward vector normal unitary at B(xg,0).

Taking a subsequence, if necessary, then taking the limit as ¢ — 0, using
(3.14) and (3.15) yield fB(IO’d) f(z, B(z)) de = 0, which amounts to a contradic-
tion.

In the same way, taking a convenient neighborhood in (9V N9oN) \ X, it can
be shown that g(z,vo(z)) =0 on (OV NON)\ X.

It remains to show that ®. — 0, as ¢ — 0, where ®. is given in (3.2).

To that end it suffices to show that

5/ Vo 2de =20 (1= a,B) (3.16)
K
and
6/ |V |2 dz =% 0. (3.17)
|4

Let us first show (3.17). Multiplying equation (1.1) by v. and integrating by
parts in V' we obtain for some C' > 0,

[ 1vertar < c[/ el folde+ [ fuligle, vl do
Vv Vv ovVNoN

+5/ [ve||Vue | do
KQUKﬁ

Since by hypothesis {ve}o<e<e, is uniformly bounded in € and f and g
are continuous, it follows that {f(z,v:)}oce<es, {9(T, Ve)ocecs, are uniformly
bounded in 2.

In addition v. = v a.e in V and on OV N9N. Thus, flx,ve) =9 flx,v) =
0, g(x,ve) =9 g(z,v0) = 0 a.e in V and on 9V N 09, respectively. In this way
utilizing (3.14) and (3.15) along with the Bounded Convergence Theorem we obtain
(3.17).

Let us now show (3.16) when | = «, the other case being alike.

Recall that W = {& € R" : d(z) = dist(z, H) < §}.




Equal-Area Condition 425

Then d is Lipschitz continuous and, for § > 0 small enough, |Vd| =1 a.e. in
W. Recall also that K, = d~1{d} N, and for each t € (0,4) the set

K' € {z eV, dx) =t}

is a smooth (N-1)-dimensional surface.
Hence the co-area formula (see [10], [9]) along with (3.17) yield

&
/ {5/ v%?da} dt = 5/ \VUE\Q\Vde:E/ |V |? dz
0 Kt Va Va
E/ Vo 2dz =20
\4
By consequence

e/ Vo |2 do =20, a.e. in (0, ),
Kt

and we may choose a suitable t € (0,d) so that K* = K,, by taking ¢ smaller if
necessary, and (3.16) is satisfied. O

4. Different diffusibility on 2 and 0}

In this section we present a corollary to Theorem 3.1 which applies to (1.1) when
different diffusion coefficient scalings in €2 and 0f2 are considered, namely,

{ e2div(a(x)Vve) + f(z,v:) =0, 2 € Q

X 4.1
5%(:3)%% = Ag(z,ve), x € 0N (4.1)

where Q, a, f and g satisfy the hypotheses considered in the beginning.

Corollary 4.1. Let {v. }o<e<e, be a family of solutions to (4.1), uniformly bounded
in Q with respect to €, which develops internal and superficial transition layer with
interfaces S and %, in the sense of Definition 2.1. Then:
ff((;)) f(x,€)dé =0 as long as hm Ae =0
(i) fﬁ((gﬂ))g (z,¢)d¢ =0 as long as hm)\ =
B(a )

111 a(a:)

§)d§ = a(x) g(x C)dC =0 as long as hm)\ =k, where 0 < k <

Although we do not care here the same conclusions about « and 3 being
zeros of f and g hold, i.e., in (i) it holds that « and 3 are zeros of f, in (ii) they
are zeros of g and in (iii) they are zeros of f and g simultaneously, in suitable
neighborhoods of the interface S.

The demonstration of each item can be achieved by following ipsis literis the
proof of Theorem 3.1 and using the hypotheses on the scaling at the end.
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The reason such scaling has been chosen relies on the fact that for each
item above we do have an example of a family of solutions to (4.1) which realizes
Definition 2.1.

Indeed \. = /e for (i), \c = 7! for (ii) and \. = k > 0 for (iii) are
examples of scalings considered in [2], where existence of a family of solutions to
(4.1) satisfying the hypotheses of Corollary 4.1 is proved.

5. Reaction-diffusion and advection

Reaction-diffusion problems with an advection (transport) term are also of interest
as far as formation of internal layers is concerned. Let us consider the problem
ediv(a(x)Vue) +eb(x) - Vo + f(z,v:) =0, 2 € Q
{ 6%5 = g(z,ve), x € 99, (5.1)
where in addition to the hypotheses of the Introduction, b is a smooth vector field
on . The advection term in (5.1) can be easily handled by using estimate (3.17).
Indeed the only contribution due to the advection term in the proof of Theorem
3.1lise fQ X - Vue b(x) - Vo. This term, except for a multiplicative constant, is
bounded from above by ¢|Vv.|?, which by (3.17) approaches zero as € — 0.
Therefore Theorem 3.1 still holds true for (5.1).

ca(zx)
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1. Composite membranes: motivation and some preliminary results

The study of vibrating membranes is a classical subject in mathematical physics,
and is at the origin of many important developments in the theory of partial differ-
ential equations. Among the most studied aspects of the subject is the relationship
between the geometry of the membrane and properties of the frequencies of its nat-
ural modes of vibration, given by the eigenvalues of 2"d order elliptic operators,
in particular of the Laplacian. Classic references on the subject are the books by
Lord Rayleigh ([19]), by Courant and Hilbert ([10]) and by Pélya and Szegd ([18]).
A general source for problems on eigenvalues and membranes is [1].

The purpose of this note is to present a survey of recent results on sym-
metry properties (and lack of them) of domains in R" which have minimal first
Dirichlet eigenvalue, when the domain represents a vibrating membrane composed
by materials of two distinct densities (a composite membrane). We discuss both
the bounded and the 1-periodic cases. There are partial symmetry and symmetry-
breaking results. The main technique for the symmetry results is that of rearrange-
ments of functions. For the symmetry-breaking results, one uses eigenvalue esti-
mates which follow from elliptic theory and classical orthogonal polynomial the-
ory (Jacobi polynomials). We present various results and include proofs for the
1-periodic case. The main sources for the results presented below are [4], [7] and
[17]. We end with a list of open problems.

Research supported by Fapesp.
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The composite membrane eigenvalue problem, with Dirichlet boundary con-
dition, is
(%) —Au+axpu = Au in§
e, D v = 0 inoQ ’

where A is the Laplacian, Q C R" is a bounded domain, D C 2 is closed of positive
measure and a > 0 a specified real constant (xp is the characteristic function of
D).

To see how this relates to a vibrating membrane made of materials of distinct
mass densities, recall that a membrane, with fixed contour and made of a material
of varying mass density distribution, is modelled by a domain Q C R™ and by the
wave equation, which, upon separation of the space and time variables, leads us
to the Dirichlet eigenvalue problem:

(%) —Au = Apu in Q
e u = 0 in 0Q

where p > 0 is the mass distribution function. The membrane has a rest shape
given by , the graph of w represents the membrane off the resting position for
the natural vibrating mode and A is the square of the frequency of vibration.

One may also consider the 1-periodic case, i.e., Q = R x ', with ¢/ ¢ R"™!
bounded, and restrict the analysis to mass distribution and solutions which are
periodic in the first variable, for some fixed value of period. All the basic discussion
below extends to that case. A natural way of looking at the periodic situation is to
consider the domain as the submanifold S* x Q' ¢ R"!, where S* is the circle of
radius 27/T (T is the period). Adding the boundary, we again obtain a compact
manifold as in the case of a bounded domain and 052 is given, then, by the compact
set ST x 0Q. We will call S! x Q' the compact model for €2, and denote it also by
Q.

In what follows, every time, in the 1-periodic case, that we consider integrals
over (), including those furnishing volumes, we will be doing calculations in the
compact model.

Assume that Q is sufficiently regular (e.g. has finite perimeter, which, in the
periodic case, means that the compact model has finite perimeter) and take p in
L>°(Q). The spectral theorem gives a positive denumerable sequence of eigenvalues

(0<))\1<>\2§>\3§...

for problem (x)q,,, and associated set of eigenfunctions u,;, which may be taken
mutually orthogonal and normalized, with respect to the (p-weighted) L2-inner
product in €. It is a complete set of functions, in the sense that any sufficiently
regular function v : Q — R such that v = 0 at 992 may be written as the (Fourier)
series

o0

v = Z(U,uﬁul

i=1
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The first eigenvalue, A1, is called the fundamental frequency or pitch of the
membrane. It is simple (1-dimensional eigenspace). In the 1-periodic case, all the
eigenfunctions are periodic for the given period.

Lord Rayleigh studied the values of A; as a function of Q C R?, for constant
p, once the area of  is fixed. He observed that A; for the round disk D(r) =
{(z,y) € R* : 22 + y?> < r?} of radius 7 had, among all domains for which he
could calculate A; explicitly, the least value possible. He conjectured that as a
property characterizing the round disk. It is worth quoting his exact phrasing of
the problem ([19], Vol. 1, p. 339):

We have seen that the gravest tone of a membrane, whose bound-
ary is approximately circular, is nearly the same as that of a me-
chanically similar membrane in the form of a circle of the same
mean radius or area. If the area of a membrane be given, there
must evidently be some form of the boundary for which the pitch
(of the principal tone) is the gravest possible, and this can be no
other than the circle.

Rayleigh’s conjecture was proved true in the mid 1920’s by Faber and Krahn,
independently, now known as the Faber—-Krahn inequality, a prototypical result on
the symmetry of optimal membranes:

Theorem 1 (Faber—Krahn inequality). Consider p constant and fized. For all
bounded domains Q@ C R"™ of a given volume v > 0, one has

A1(€2) > A (B(r)),

where B(r) is the round ball of radius r (centered at the origin), with r such that
its volume is v. If equality occurs, Q@ must be a round ball (maybe centered at some
other point).

The less studied case of variable mass distribution also raises interesting
variational problems for the eigenvalues. The one which leads to the composite
membrane problem is when one considers {2 given, fixes the total mass

M:/pdx
Q

and asks which mass distribution p satisfying these conditions gives the least A\q
possible. Usually, one also assumes the (natural) restriction that the density func-
tion is bounded by two positive values, i.e., 0 < p; < p < pg < 0.

Various authors have considered this problem, starting with the early work
on the 1-dimensional case by Krein [15], then Cox and McLaughlin [11], Cox [12]
and, recently, Chanillo et al [7, 8], Blank [5], Assunc@o et al [4] and the author
[17].

The first (and somewhat surprising) result we mention is that the distribution
function p which minimizes A\; becomes discontinuous. Explicitly, one has:
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Theorem 2. Let 2, 0 < p1 < p2 < 00 and M > 0 be given. The distribution
function p which minimizes A1 in problem (x)q,,, for fized total mass M and
0<p1 <p<pe <o is given by

P = P1XD T P2XDe;
where D is a (closed) subset of Q0 and D¢ its complement. More over, if u is the
first eigenfunction associated to \1 for this configuration, D is a sublevel set of u,
i.e.,
D={xeQ: u(z)<c},
for some ¢ > 0.

The possible values of M are restricted to the interval [p1|Q|, p2|Q] (] - | is
the measure of a set). This result is due to Krein ([15]) in the line and to Chanillo
et al ([7]) in higher dimension, both in the bounded domain case. The proof for
the 1-periodic case follows along the same lines.

The resulting optimal membrane is what is called a composite membrane: it
is made of two materials, distinguished by their mass densities. So, it is possible to
turn this situation around and consider vibrating membranes having this type of
distribution of mass and the associated variational problem for its first eigenvalue.
This eigenvalue problem is the one given by problem (x)q o, p at the beginning of
this section, for a certain range of values of « (see below). In general, one does
not put any restriction on the configuration, like the one that says that the lower
density part is attached to the boundary. This comes up only in the minimizing
situation.

To understand further how the variational problems for the first eigenvalues
of both equations relate to each other, observe that, once €2 is given, the condition
of fixed total mass, in the presence of the bounds on p, becomes a condition on
fixed volume of D, given by

P2 — P1

If one lets D vary among subsets of 2 of a given volume, then the configuration
which provides the minimal first eigenvalue for problem (*)q o p is the same as
the one given by Theorem 2, with volume given by (1). The constant o > 0 is
related to the values of p1, pa and the volume of D (or the total mass), up to
a maximal value of a, which occurs when « is equal to the minimal eigenvalue,
given 2 and the volume of D. We will denote this special value of o by agq s,
where § = |D|/|€?]. The physically relevant situation is when « is less than the
minimal eigenvalue, i.e., when the minimization problems for variable density and
composite membranes are strictly equivalent (for details, see [7]).

From now on, we will consider only the problem of minimizing the first eigen-
value of composite membranes. Denote the first eigenvalue of (%)g.o,p by Ao (D).

D] =

Variational problem for \q ,(D): fix Q@ and o > 0. For each § € (0,1), minimize
X, (D) among all D C Q such that |D| = §|Q.
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We will say that the pair (u, D) is an optimal pair for o and § in Qif |D|/|Q| =
0, u is the first eigenfunction for problem (x)q o, p and the first eigenvalue realizes
the minimum for the volume considered. The resulting configuration (2, D) is
called an («, d)-optimal composite membrane in Q or just an optimal composite
membrane.

Before we move on to the symmetry and symmetry-breaking properties of
optimal membranes, we state existence and regularity results of optimal config-
urations. Since D is a sublevel set of the first eigenfunction u in the optimal
situation, the regularity of w and its properties are relevant issues. Observe that
one cannot expect u to be even C?, since Au is discontinuous.

The main existence and regularity result, in this form due to Chanillo et al
[7] (but see also [15, 11, 12]), is:

Theorem 3. For any o > 0 and 6 € [0, 1], there exists an optimal pair (u, D) for
a, § in Q. Moreover, it satisfies:
1. ue CH(Q)N H2(Q)NCY(Q) for some v > 0 and every o < 1.
2. Let ¢ be such that D = {u < c}; every level set w = s, s > 0, has measure
zero (except possibly for a special case of a and for s = c).

The special case mentioned occurs when a = agq s, the critical value men-
tioned above. Recently, Chanillo and Kenig [9] have improved the regularity of u
to C11(Q) in 1. above.

2. Symmetry and symmetry-breaking for optimal bounded
composite membranes

In this section we restrict ourselves to the case where 2 is bounded. The first
symmetry result we have is as follows. One says that a set A C R" is convex
with respect to a hyperplane @ C R™ if the intersection of A with every line
perpendicular to 7 is a segment.

Theorem 4 (Symmetry with convexity). If Q is bounded, symmetric and convex
with respect to a hyperplane m C R"™, then an optimal pair (u, D) is symmetric and
D¢ is convexr with respect to w. As a special case, if Q is a round ball, solutions
are radially symmetric (D is an annulus attached to the boundary of the disk and
u is radial).

The result for the ball was conjectured by Krein [15] in two dimensions. This
theorem is due to Chanillo et al [7] (an incomplete proof is found in [12]). The proof
follows from Steiner symmetrization plus a fine argument regarding the equality
case.

They also proved that the convexity property is essential for full symmetry,
by showing that if € is the 2-dimensional annulus, depending on the geometry
(ratio between the two radii) and on the parameters (« and §), the minimizing
configuration may fail to be circularly symmetric. The result was extended to
n > 3 by the author [17], and it reads as follows:
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Theorem 5 (Symmetry-breaking for n-dimensional annuli). Let
Q={zeR": a<|z|| <a+1}.

For any o, 0 > 0 there is a constant an,q,s > 0, depending only on n, o and
0, such that, if & > an,a.5, then, optimal pairs (u, D) for o and 0 in Q are not
O(n)-symmetric.

The proof for n > 3 is similar to the one for n = 2, involving eigenvalue
estimates. For n > 3, one substitutes the trigonometric testing functions used for
n = 2 in [7] by some special cases of the classical Jacobi polynomials. For the
3-dimensional case, these are the classical Legendre polynomials with a changed
variable. In the next section, we present the general argument for the 1-periodic
case, which is essentially the same (but even simpler) as the one in this case.

In [7], they also construct 2-dimensional dumbbell configurations where the
symmetry is broken due to the nonconvexity of the domain.

One interesting aspect of the numerical examples presented in [7] which give
the non-circular optimal configurations for the annulus is that, apparently, one
still gets line-symmetry (for some line through the center of the annulus). This
motivated the author to find out if this was a property of annular minimizers. In
fact, the result below includes that result, and extends it to more general domains,
those which are symmetric under an orthogonal subgroup of the isometries of R™.

Observe that in the 2-dimensional annular case, the annulus is O(2)-symme-
tric and O(1)(= Zs)-symmetry corresponds to a line reflection.

Let O(1) be the l-orthogonal group acting linearly on R'. Let k <n. Q CR"
is invariant under O(k + 1) if there is subgroup H C O(n), isomorphic to O(k+ 1)
and acting linearly on R", taking € to itself. The optimal pair (u, D) is O(k)-
symmetric if D is invariant under K and if u(gz) = u(z) for all elements g € K,
where K C H is of type O(k). The following result is from [17].

Theorem 6 (Partial spherical symmetry). Let 2 C R™ be a bounded domain which
is invariant under O(k + 1), k < n. Then, there is an optimal pair (u, D) which
is O(k)-symmetric. Moreover,
1. In case o < aqs, every optimal pair is O(k)-symmetric.
2. In all cases, the intersection of D (and of D) with a k-sphere which is an
orbit of O(k + 1) is always a geodesic disk in the sphere.

Thus, together, Theorems 5 and 6 put the situation for annuli in R" in clear
terms: the best one can hope for minimizers, namely, O(n — 1)-symmetry, actually
occurs, at least in the physically relevant situation.

Remarks. 1. It is sufficient that merely a translation of Q is O(k + 1)-invariant.
Then, the subgroups may be taken to act after such translation.
2. The proof requires extending the usual estimates involving the Dirichlet in-
tegral to some general partial rearrangement setting.
3. The restriction involving the range of o does seem artificial, but at this
point the author does not know how to avoid it. The difficulty appears in
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the analysis of the equality case, when one has a configuration (u, D) which
gives the minimal eigenvalue, and one tries to show that it must be O(k)-
symmetric. This case has a more complicated analytical structure than the
one considered in [7]. But we note that, as mentioned above, o < agq s is the
physically relevant situation of the actual two-materials membrane.

4. For the equality case in rearrangement problems, see [14] in general, [6] for
a sharp result in the spherically decreasing symmetrization case and [17] for
the partial spherical symmetrization case used in the proof of Theorem 6.

3. Symmetry and symmetry-breaking for optimal 1-periodic
composite membranes

We now present some new results concerning the 1-periodic case. The symmetry-
breaking phenomenon for this case was treated by Assungao, Bronzi and Chu-
makova [4] in the 2-dimensional case, i.e., when Q@ = R x (0,1), and was the
result of a NSF Research Experience for Undergraduates (REU) Institute held at
Unicamp (Brazil) in July of 2004, under the supervision of the author. We will
present a simple reflection symmetry result and the symmetry-breaking case in all
dimensions.
So, we consider a domain 2 C R" given by

Q={(z,y) €R": z€R, ye Q cR" '},

where ' is a (sufficiently regular) bounded domain. We will restrict the configu-
rations and functions involved to periodic ones in the z direction. In other words,
all the eigenfunctions, test functions and D considered will be taken of some given
period T in the x variable.

Even though €2 is not bounded, once one fixes the period 7', it is possible to
consider the compact model S* x ' € R™™!, where S! is the circle in R? of radius
27 /T as the domain (2, as mentioned before. In case n = 2, when ' = (0,1), we
get the piece of the cylinder (see Figure 1 below):

2?4+ (2-R?*=R?* 0<y<l1, where R= 27;

All the general properties of minimizers given for the bounded case apply
here, including existence and regularity and the symmetry results when applied to
. For example, if € is convex and symmetric with respect to some hyperplane
7/ ¢ R"™!, then minimizers are symmetric with respect to 7 = R x 7/, analogously
if ' is O(k + 1)-invariant, and so on.

A simple but nontrivial partial symmetry result is that there must be a
reflectional symmetry with respect to a section.

Theorem 7 (Reflectional symmetry in the periodic case). Let Q = R x Q' a > 0
and ¢ € (0,1) be given. There is a minimizing pair (u, D) for o and § in Q which is
symmetric with respect to the section {0} x Q' (or, equivalently, to the hyperplane
m={(z,y) eERxR"': 2 =0}). Moreover,
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1. If a < aqys, then all minimizing pairs are symmetric with respect to the
section {0} x Q' (up to an x-translation).

2. In all cases, the intersection of every line Ly, = {(x,y) € Q: y =yo} with D
(and with D) is a (periodic) disjoint set of segments such that, if one looks
at the compact model S* x Q', DN Ly, is a circle segment, possibly empty
(and its complement is DN Ly, ).

Proof. The proof is analogous to the proof of Theorem 6 above as given in [17].
One performs Steiner rearrangement on the first eigenfunction of some minimizing
pair in the a-direction. In fact, it is given by a partial rearrangement of O(2)-type,
as in Theorem 6, since one has an O(2)-action on S* x Q. In other words, we have
what is known as “circular rearrangement” in the literature (see [14]), getting the
basic estimates for the Dirichlet integral. Since the first eigenvalue is given by the
minimum among admissible functions of the following Rayleigh’s quotient,

R(w = oIVl * 0 o

Jou? ’
the first part follows from the proof of Theorem 4 in [7]. The equality case, when
a < agq,s, follows along the same lines as the proof of Theorem 6 in [17]. 0

One may ask if this partial symmetry result is optimal, in the sense that
it may be just a weak version of the stronger full translational symmetry result
(or, equivalently, of the O(2)-symmetry result in the compact model). The next
theorem shows that, in general, the reflectional symmetry is the best one can hope
for.

Theorem 8 (Symmetry-breaking for 1-periodic membranes). For each o > 0 and
0 € (0,1), there is a constant Tos > 0, depending only on « and 8, such that, if
T > Tu.5, a minimizing pair (u, D) in Q with volume |D| = §|Q| is not invariant
under x-translations (or, equivalently, is not invariant under O(2) in the compact
model).

Proof. The proof follows closely the one in [7] for the 2-dimensional annulus, as
adapted to the 2-dimensional periodic case in [4]. We will only mention the few
modifications needed. Instead of working on 2 with periodic data and functions,
we will fix "> 0, let Q7 be the fundamental domain

Qr ={(z,y) eR": 2€[0,T), yc Q}=1[0,T] x

and consider geometric data and functions which coincide at * = 0 and = T.
Observe that the relevant boundary of Qr will be given by [0, 7] x 9€'. The points
belonging to the sections {0} x " and {T'} x € are thought of, in fact, as interior
points.

A D C Qp which is a-independent (i.e., for which the periodic extension in
the x direction is invariant under z-translations) may be written in the form

D={(z,y) €Qr: ye D; CcQ'}.
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The (periodic) composite membrane problem takes the form

—Au+axpu = ou in Qp
(*)Q/,Q,T,D U(IE, y) = 0 lf Y S aQ/
u0,y) = u(T,y) foryed
Let u be the first eigenfunction for D, with eigenvalue o. For T sufficiently large
(depending on « and 6 = |D|/|Qr|), we will construct a comparison domain D

and a function @ such that
fQT |Vil? + a ff) a2
f 2 <o (2)
Qr

Since the infimum of the Rayleigh quotient (the left-hand side of (2)) gives the
first eigenvalue for problem (x)q, , 1 p, it would follow from (2) that (u, D) cannot
be an optimal pair.

First, pick N = N(0) with 6 <1 —1/2N and consider the piece of Qp given
by

En=Qrn{(z,y): 0<ax<T/2N}.
Next, let @ be the first Dirichlet eigenfunction of the Laplacian on Ey,
(*) —Aa = )\1(EN) in EN,
N @ = 0 in 90BN

extended to zero on Qp \ Ey, and A\ (Ey) be the first eigenvalue. In this case,
OEy is the full boundary of the set Ey. 3

Let D be any (closed) subset of Qr \ Ex with |D| = |D|, which exists by the
choice of N. See Figure 1 for a 2-dimensional representation, taken from [4] (E4
in this picture is our Ey). Since supp@ N D = (), we have

~12 o2 712
Jo, IV +CfoT Xp¥ _ Iy |V~u\ =M (En),
fQT 2 fEN u?

so (2) is equivalent to

M(EN) < o. (3)
In order to prove (3), we will use a third eigenvalue problem, as in [7], which
is intermediate between (x)q/ o.p,r and (x)qo/ 7., as follows. Restrict problem
(%) ,a,p,7 to functions of type

olo) = y)sin (7). (@)

and define v to be the lowest eigenfunction of this restricted composite membrane
problem, which we denote by (*)o , p 7, letting 7 be the associated first eigen-
value. This restricted problem is equivalent to the following eigenvalue problem in
Q'

<*>6/,Q,D1,T,N{ ~Ah(y) + () +oxn, )| ) = Thiy)  fory e o

h = 0 for y € 0V
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s ]

FIGURE 1. Periodic case: symmetric D and test domain D

for h. Thus, h in (4) will be the first eigenfunction of this last problem, and the
eigenvalue 7 is characterized by

g o {1l [+ () )

geEF fQ, 92

; ®)

where F' may be taken as C} (') \ {0}.

As usual, h does not change sign on €', so that we may assume h > 0 and that
h is normalized. We will use u and v to obtain the necessary eigenvalue comparison
(3). The following lemma provide the needed estimates. The proofs are essentially
the same as those for the analogous results in [7].

Lemma 1. Let YR T>0,a>0andé e (0,1) be given. Let D radial, N,
D, o, 7 and v be as above.
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1. One has the following estimate for the gap between T and o:

e (QJIY”)Z. (6)

2. Assume T > 1. There is a constant C = Cqr o5 > 0, independent of T', such

that
/ 2> C v2.
D QT

We can now complete the proof of Theorem 8, repeating the argument in [7].
First, we have

a1V, xor?
fQT v? fQT v?

Also, v(z,y) = h(y)sin(*N¥™), thus v vanishes on the sections z = 0 and z =
T/2N and v and |Vv|| are periodic in « with period T'/2N. So, we may replace
Qr by Ey in the first quotient as the domain of integration. Also, it makes sense
to use v as a test function in the Rayleigh quotient for the Dirichlet Laplacian on

En, so that we get

(7)

Jo IV [, IV0]12

= > M(EN).
o T gt T "
Combining these remarks, (7) and (8) with Lemma 1.(2), we obtain
T>M(EN)+aC. (9)

From (9) and Lemma 1.(1), it follows that

INT\? INT\?
> 7 — > _
o>T < T > > M (EN) + aC ( T > ,

implying that, if T is such that T > 2N7/vVaC = T, s, we get estimate (3),
finishing up the proof. (|

4. Final comments and open problems

Besides the open cases for the larger values of a in Theorems 6 and 7, we present
below a few problems which may interest the reader.

Regarding the regularity of an optimal pair, we mention the following result
on the regularity of the free boundary S = 9D N, proved in [7, 8]: For sufficiently
small o, if Q is a convex domain with C? boundary and (u, D) is an optimal pair,
then S is an analytic hypersurface and D€ is convez.

Recently, Chanillo and Kenig [9] improved this result in dimension 2: if Q C
R? is convex with C? boundary, the free boundary S in the optimal case is a convex
analytic curve, for all @ < agq g, i.e., in the physically relevant range for a. Also,
they proved that if the domain has a line of symmetry, then the free boundaries for
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optimal configurations are rectifiable. Along different lines, Blank [5] has obtained
results concerning the local structure of singular points for all dimensions, and
quite explicitly in dimension 2. Still, optimal and higher dimensional analogues of
these results are lacking:

Problem 1: Get optimal regularity properties for S in general. Is it true that S
is an analytic hypersurface except for a closed subset of positive (> 1) Hausdorff
codimension? What is the structure of singular points?

The property that S = 9D N is a level set of u, in the optimal case, is, in
fact, a property of sufficiently regular critical points for the variational problem,
ie., if (u, D) is a critical point for variations of A\1(D) as a function of D, and D
has finite perimeter, then D is a sublevel set of u and S = u~'(c) for some ¢ > 0
(result by S. Chanillo and the author, ongoing research). This raises the question
about properties of stable composite membranes, i.e., those critical points which
are local minima. For example,

Problem 2: Can one characterize the annuli as the only stable configuration for D
in the case Q is a round ball? What extra properties do stable configurations have?
How about the Morse theory of critical points, and bifurcations?

If one looks in detail at the symmetry-breaking results for annuli and 1-
periodic membranes, it is clear that the estimates for a and T', respectively, are
far from sharp. Also, it is not clear if the transition between the symmetric and
non-symmetric configurations occur only once as a (or T) increases.

Problem 3: Can one obtain a sharp result concerning the symmetry-breaking prop-
erties of annuli and of 1-periodic membranes (in this case, maybe the 2-dimensional
case is an easier task)? Le., does the transition occur only once; if so, what is its
value or, at least, how to better the estimates given by the above theorems?

One may try to extend many classical results which are known for the con-
stant density membrane, like the Payne-Polya-Weinberger problem. PPW asked
which form of the membrane maximizes the ratio A2/\1, and conjectured that
it should be the round ball (in this case the volume constraint is unnecessary).
Ashbaugh and Benguria proved it true in 1992 ([2]). One may ask, for example,

Problem 4: If Q2 is the round ball, given 6 € (0,1), what is the configuration which
mazimizes the ratio Ao/ A1 for the given volume? Is it the annular one?

An interesting and challenging problem may be (see [3, 16]):

Problem 5: Extend the composite setting to the clamped plate problem, i.e., sub-
stitute the Laplacian A by A? in the eigenvalue equation, and study Rayleigh’s
problem for it.

We end with a far reaching and highly open-ended problem:

Problem 6: To study the geometry of the free boundary for a critical (or optimal)
pair.
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This necessarily introduces a non-local geometric setting, since there is no “local”,
or pointwise, PDE characterization of the critical (or optimal) separating hyper-
surface given by the free-boundary, as is the case for many other variational prob-
lems. For example, for the minimal and constant mean curvature surfaces studied
by geometers, both resulting from variational problem involving minimization of
area, without or with volume constraints, respectively.

Acknowledgements. The author thanks Rob Kusner for asking him about the
situation in the 1-periodic setting and Sagun Chanillo for general comments and
calling the author’s attention to reference [5]. The author also thanks Assuncéo,
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1. Introduction

Perturbation of the boundary for boundary value problems in PDEs have been
investigated by several authors, from various points of view, since the pioneering
works of Rayleigh ([11]) and Hadamard ([1]).

In particular, generic properties for solutions of boundary value problems
have been considered in [4], [5], [6], [7], [8], [10], [12] and [14].

More recently several works appeared in a related topic, generally known as
‘shape analysis’ or ‘shape optimization’, on which the main issue is to determine
conditions for a region to be optimal with respect to some cost functional. Among
others, we mention [13] and [15].

Many problems of this kind have also been considered by D. Henry in [2]
where a kind of differential calculus with the domain as the independent variable
was developed. This approach allows the utilization of standard analytic tools
such as Implicit Function Theorems and the Lyapunov-Schmidt method. In his
work, Henry also formulated and proved a generalized form of the Transversality
Theorem, which ia the main tool we use in our arguments.

We consider here the semilinear equation

{ A%u(z) + f(z,u(z), Vu(x), Au(z)) =0 x€Q
u(z) = 375](\?”) =0 z € 90

where f(z,\,y, 1) is a C* real function in R” x R x R"® x R with f(2,0,0,0) =0
for all x € R"™.
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We show that, for a residual set of regions Q@ C R” (in a suitable topology),
the solutions u of (1) are all simple, that is , the linearisation

of

Lu):a — Azﬂ—i—a (-, u, Vu, Au)Ad
1
of . Of .
+ay(,u,Vu7Au) Vu—f—a)\(,u,Vu,Au)u

is an isomorphism.

Our results can be seen as an extension of similar results for reaction-diffusion
equations obtained by Saut and Teman ([12]) and Henry ([2]).

This paper is organized as follows: in section 2 we collect some results we
need from [2]. In section 3 we prove that the differential operator

L=A%+a(@x)A+bx) V+cx) zeR"

is, generically, an isomorphism in the set of C*-regular regions 2 C R™. This result
is used in section 4 to prove our main result, the generic simplicity of solutions of
(1). The most difficult point there is the proof that a certain (pseudo differential)
operator is not of finite range. This was proved in a separate work ([9]).

2. Preliminaries

The results in this section were taken from the monograph of Henry [2], where full
proofs can be found.

2.1. Differential Calculus of Boundary Perturbation

Given an open bounded, C™ region Qy C R"™, consider the following open subset
of C™(Q,R"™)

Diff*(Q) = {h € C*(,R™) | h is injective and 1/|det A'(z)| is bounded in Q}

We introduce a topology in the collection of all regions {h(Q) | h € Diff*(Q)}
by defining (a sub-basis of) the neighborhoods of a given Q by

{h(Q0) | Ik —ig,llcr(ao,rm) < € epsilon sufficiently small}.

When ||h —ig|¢mqrn) is small, b is a C™ imbedding of € in R, a ™ diffeomor-
phism to its image h(€2). Micheletti shows in [4] that this topology is metrizable,
and the set of regions C"™-diffeomorphic to {2 may be considered a separable metric
space which we denote by M,,, (), or simply M,,.

We say that a function F' defined in the space M, with values in a Banach
space is C™ or analytic if h — F(h(€)) is C™ or analytic as a map of Banach spaces
(h near ig in C"™(2,R™)). In this sense, we may express problems of perturbation
of the boundary of a boundary value problem as problems of differential calculus in
Banach spaces. More specifically, consider a formal non-linear differential operator
U — v

v(z) = f(x,u(x),Lu(a:)), x € R”
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where

du du 0?*u 0?u n
Lu() = (u(@), 5" (@), 5 " (@), 52 om0, (2),... ), v R

More precisely, suppose Lu(-) has values in R? and f(x,\) is defined for (z, A) in
some open set O C R™ x RP. For subsets {2 C R™ define F by

Fo(u)(z) = f(x, Lu(x)), z € Q (1)

for sufficiently smooth functions u in § such that (z, Lu(z)) € O for any = € Q.
Let h :  — R"™ be C™ imbedding. We define the composition map (or
pull-back) h* of h by

h*u(z) = (wo h)(x) = u(h(x)), z € Q

where u is a function defined in h(£2). Then h* is an isomorphism from C™ (h(2))
to C™(Q) with inverse h* ™ = (h~1)*. The same is true in other function spaces.
The differential operator

Fh(Q) : DF}L(Q) cC™(h(Q) — Co(h(Q))

given by (1) is called the Fulerian form of the formal operator v — f(-, Lv(+)),
whereas

W Fyoyh* " h*Dp, ,, € C™(Q) — C°(Q)
is called the Lagrangian form of the same operator.

The Eulerian form is often simpler for computations, while the Lagrangian
form is usually more convenient to prove theorems, since it acts in spaces of func-
tions that do not depend on h, facilitating the use of standard tools such as the
Implicit Function or the Transversality theorem. However, a new variable, h is
introduced. We then need to study the differentiability properties of the map

(u, h) = h* Fyoyh™ . (2)

This has been done in [2] where it is shown that, if (y, A) — f(y, \) is C¥ or
analytic then so is the map above, considered as a map from Dif f™(Q2) x C™(2) to
C%(Q2) (other function spaces can be used instead of C™). To compute the derivative
we then need only compute the Gateaux derivative that is, the ¢-derivative along
a smooth curve t — (h(t,.),u(t,.)) € Dif f™(2) x C™(Q). For this purpose, it is
convenient to introduce the differential operator

0 0 Oh._,0h
D= _ —U(x,t U(x,t) = -1
t ot (Jf, )81'7 (Jf, ) (ax) ot
which is is called the anti-convective derivative.
The results below (theorems 2.3, 2.6) are the main tools we use to compute

derivatives.

Theorem 1. Suppose f(t,y, \) is C* in an open set in Rx R™" x RP, L is a constant-
coefficient differential operator of order < m with Lv(y) € RP (where defined). For
open sets Q C R™ and C™ functions v on Q, let Fo(t)v be the function

y— f(t,y, Lo(y)), y € Q,
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where defined.

Suppose t — h(t,-) is a curve of imbeddings of an open set Q@ C R™, Q(t) =
h(t,Q) and for |j| <m, |k| < m+1 (t,x) — 0,02h(t, ), OFh(t,x), OFu(t,x) are
continuous on R x Q near t = 0, and h(t, -)*71u(t, 1) is in the domain of Fo.
Then, at points of €2,

Di(h* Fagy (00"~ )(w) = (" gy (0" ) (w) + (0" Fig (08 )(u) - Dy
where Dy is the anti-convective derivative defined above,

Fo(t)u(y) = 1 (1., Lo(y).

and

Fytp-w(y) = O3 (4.9, To(y) - Luly), y € @

is the linearisation of v — Fg(t)v.

Example. Let f(z, A, y, 1) be a smooth function in R” x R x R™ x R and consider
the nonlinear differential operator

Fa(v)(z) = A%(z) + f(z,v(z), Vo(z), Av(z))

which does not depend explicitly on t.
Suppose also that h(t,z) = x4+ tV(z) + o(t) in a neighborhood of ¢ = 0 and

x € Q. Then, since gt (Fg(u)> =0 and F§(u) - w = L(u)w, we have, by Theorem

i

or (1 P 0)

= _Dt (h*Fh(Q)h*fl(u)> ‘
= h*F}qyh" ! (u) - Dy(u)

- L(u)(g:: - V~Vu)

V. V(Azu + flz,u(x), Vu(z), Au(x)))

- h;lhtv@*Fh(mh**l(u)) ‘

t=0 t=0

=V (B B b ()

t= t=0

where

L(u) = A% + of

oA

of
op

2.2. Change of origin

of

(-, u, Vu, Au)A + ay

(,u, Vu, Au) -V + . (-, u, Vu, Au).

We can always transfer the ‘origin’ or reference region from any {2 C R", to another
diffeomorphic region. Indeed, if H : 2 — ) is a diffeomorphism we define, for any
imbedding h : Q — R"™, another imbedding h = ho H~!: Q — R™.

17 = (@), i = A" su No(#) = Ny ([ (@) = N2 then h(Q) = A(S),

h* Fyeyh™ " tu(a) = b Fy, g (h*) " ha(@),
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W Buoyh™ u(x) = E*Bh(fz)(ﬁ*)flﬂ(@a
using the normal
(h)sNa (@)
I(A=1) 2 Ny (Z)]]
(h=1)iNa()
[(h=1)t, Na(2)]|
Ny (h(z)).

This ‘change of origin’ will be frequently used in the sequel, as it allow us to
compute derivatives with respect to h at h = i, where the formulas are simpler.

Niey(n(@) =

2.3. The Transversality Theorem

A basic tool for our results will be the Transversality Theorem in the form below,
due to D. Henry [2]. We first recall some definitions.

A map T € L(X,Y) where X and Y are Banach spaces is a semi-Fredholm
map if the range of T is closed and at least one (or both, for Fredholm) of dim
N(T), codim R(T) is finite; the index of T' is then

index(T) = ind(T) = dimN(T) — codimR(T).

We say that a subset F' of a topological space X is rare if its closure has
empty interior and meager if it is contained in a countable union of rare subsets
of X.

We say that F' is residual if its complement in X is meager. We also say that
X is a Baire space if any residual subset of X is dense.

Let f be a C* map between Banach spaces. We say that x is a regular point of
f if the derivative f’(z) is surjective and its kernel is finite-dimensional. Otherwise,
x is called a critical point of f. A point is a critical value if it is the image of some
critical point of f.

Let now X be a Baire space and I = [0, 1]. For any closed or o-closed F C X
and any nonnegative integer m we say that the codimension of F' is greater or
equal to m (codim F> m) if the subset {¢ € C(I™, X)) | ¢(I"™)N F is non-empty }
is meager in C(I™, X). We say codim F = k if k is the largest integer satisfying
codim F > m. codim F > m.

Theorem 2. Suppose given positive numbers k and m; Banach manifolds X,Y, Z
of class C*; an open set AC X xY ; aCF map f: A — Z and a point £ € Z.
Assume for each (z,y) € f~1(€) that:
1. gi (,y) : To X — TeZ is semi-Fredholm with index < k.
2. (o) Df(z,y) : T, X x Ty)Y — T¢Z is surjective
or

9 dim (X33} = e
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3. (z,y) —y: fHE) — Y is a-proper, that is f~1(€) is a countable union of
sets M; such that (z,y) — y: M; — Y is a proper map for each j. [Given
(@n,yn) € M; such that {y,} converges in'Y, there exists a subsequence (or
subnet) with limit in M;.]

We note that 3 holds if f=1(¢) is Lindelof (every open cover has a countable
subcover) or, more specifically, if f=1(&) is a separable metric space, or if X,Y
are separable metric spaces.

Let A, = {z|(z,y) € A} and

Yerie ={y | € is a critical value of f(-,y) : Ay — Z}.

Then Yeris is a meager set in'Y and, if (z,y) — y: f~1(&) — Y is proper, Yo i is
also closed. If ind g£ < —-m <0 on f71), then (2(a)) implies (2(3)) and

Yerit ={y | £ € f(Ay,9)}

has codimension > m in Y. (Note Yot is meager iff codim Yo > 1.)

3. Genericity of the isomorphism property for a class of linear
differential operators

Let a: R" — R, b: R"” — R" and ¢ : R® — R be functions of class C> and consider
the (formal) differential operator

L=A%+a(x)A+b(x) V+clz) zecR™
We show in this section that the operator
Lo:H'NHQ) — L*Q) (3)
u — Lu

is, generically, an isomorphism in the set of open, connected, bounded C3-regular
regions of R™. More precisely, we show that the set

T = {heDiff*(Q)| the operator h*Lh(Q)h*_l from H* N HZ(Q) into L*(1)
is an isomorphism } (4)

is an open dense set in Diff*(€2). Observe that the operator h*Lh(Q)h*71 is an
isomorphism if, and only if the operator Lyq) from H* N H3(h(Q)) to L?(h(Q2))
is an isomorphism, since h* and h* ™" are isomorphisms from L?(h(Q)) to L*(Q)
and H* N HZ(Q) to H* N HZ(h(2)) respectively. Consider the differentiable map

K : H*n H3(Q) x Diff*(Q) — L*(Q)
(u,h) —  h*Lyoyh™ . (5)
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Proposition 3. Let a: R" — R, b: R" — R", ¢: R™ — R be C? functions, Q C R"
an open, connected bounded C*-regular region, and h € Diff4(Q). Then zero is a
regular value of the map (application)

Kn:H*NHZ(Q) — L*Q)
u — h*Lyoyh* ',
if and only if h*Lh(Q)h*_l s an isomorphism.

Proof. First observe that Kj is a Fredholm operator of index 0 since Ljq) is
Fredholm of index 0 and h*, Rt are isomorphisms. If 0 is a regular value then
the linearisation of K} at 0, which is again Kj, must be surjective. Being of index
0 it is also injective and therefore an isomorphism by the Open Mapping Theorem.
Reciprocally, if Kj is an isomorphism, it is surjective at any point. O

From 3 and the Implicit Function Theorem it follows that 7 is open . We
thus only need to show density. For that we may work with more regular regions.

It would be very convenient for our purposes to have the following ‘unique
continuation’ result.

If u is a solution of Lou = 0 with g;’g =0 in a open set of OS), then u = 0.

Such a result is not available, to the best of our knowledge, but the following
‘generic unique continuation result” will be sufficient for our needs. We will not
prove it here since the argument is very similar to the one of 11 below.

Lemma 4. Let Q C R™ be an open, connected, bounded C°-reqular region with n > 2
and J an open nonempty subset of 2. Consider the differentiable map
G : By x Diff’(Q) — L2(Q) x H2(J)

defined by

Glu,h) = (W Lyoyh* ™ u, b A | )
where By = {u € H*N HZ(Q) — {0} | |lul| < M}. Then, the set

Ci; = {h € Diff’(Q) | (0,0) € G(Bas, h)}
is meager and closed in Diff®(€).

Theorem 5. Let a : R" — R, b: R” — R"” and ¢ : R™ — R be functions of class
C3. Then the operator Lq defined in (3) is generically an isomorphism in the set
of open, connected C*-regular regions @ C R™, n > 2. More precisely, if 2 C R"
(n > 2) is an open, connected C*-regular region, than the set T defined in (4) is
an open dense set in Diff*(Q).

Proof. By proposition 3, all we need to show is that 0 is a regular value of K} in a
residual subset of Diff*(). Since our spaces are separable and K, is Fredholm of
index 0, this would follow from the Transversality Theorem if we could prove that
0 is a regular value of K. Let us suppose that this is not true, that is, there exists a
critical point (u,h) € K~1(0). As explained in (2.2), we may suppose that h = igq.
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Since we only need to prove density, we may also suppose that Q is C5-regular.
Then, there exists v € L?({) such that

/ vDK (u,iq)(u, h) = 0 for all (u,h) € H* N HZ(Q) x C°(Q,R") (6)
Q

where DK (u,iq) from H* N HZ(Q) x C°(Q,R™) to L?(f) is given by
DK (u,iq) (i, h) = Lo(i — h - Vu).
Choosing b = 0 and varying @ in H* N HE(Q), we obtain

/ vLot =0 for all 4 € H* N HZ ()
Q

and v is therefore a weak, hence strong, solution of
Liv=01in Q (7)
where L from H* N HZ(Q) to L?(Q) is given by
Liv = A*v +aAv + (2Va —b) - Vv + (¢ + Aa — div b)v.
By regularity of solutions of strongly elliptic equations, v is also a strong solution,
that is, v € H* N HZ(Q) N C*»*(Q) for some a > 0 and satisfies (7) (Note that
u € H%(Q), since Q is C5—regular.).
Choosing @ = 0 and varying h in C(2,R"), we obtain

0:—/Qng(h~Vu) :/Q{(h-Vu)L}}v—ng(h~Vu)} :/BQh-NAUAu,

for all h € C5(Q,R™) since Aulpo = 234 gy Thus AvAu =0 in 9. This is not a

contradiction (or at least it is not clear that it is). We show now, however, that it is
a contradiction generically; it can only happen in an ‘exceptional’ set of Diff4(Q) .
The result then follows by reapplying the argument above outside this exceptional
set. To be more precise, consider the map

H: B2, x Diff’(Q) — L2(Q)° x L(99)

defined by
H(u,v,h) = (K (u,h), h*Lj, gyh" " v, B* AR* " uh* Ah* ™ olaq)

where B2, = {(u,v) € H4OH§(Q)2 | llull,||v]] < M}. We show, using the
Transversality Theorem that the set

Hr = {h € Diff*(Q) | (0,0,0) € H(B%,,h)}

is meager and closed in Diff 5(Q) for all M € N. We may, by ‘changing the origin’ if
necessary assume that the ‘generic uniqueness property’ stated in Lemma 4 holds
in Q We then apply the Transversality Theorem again for the map K, with h
restricted to the complement of Hjs, obtaining another subset Has of Diff5(Q).
such that 0 is a regular value of K}, for any h € H,; Taking intersection for M € N,
the desired result follows.
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To show that Hjys is a meager closed set we apply Henry’s version of the

Transversality Theorem for the map H. Since our spaces are separable and

%f (u,i9q) is Fredholm it remains only to prove that the map (u,v,h) — h :

H~1(0,0,0) — Diff’(Q) is proper and the hypothesis (263). We first show that
(w,v,h) — h : H7(0,0,0) — Diff°(Q) is proper. Let {(tn, Vny hn) fnen C
H=(0,0,0) be a sequence with h, — iq in Diff’(2) (the general case is simi-
lar). Since {(un,vs)}nen C B3,, we may assume, taking a subsequence that there
exists (u,v) € HZ(Q)? such that u,, — u and v, — v in HZ(Q). We have, for all
n €N,

(A2 aB bV ) =0 s KAy = (B 4540
Since A? is an isomorphism, it follows that
Un = _h;(A2)71<0A-I-b-V—i-c)h;*lun (8)

By the results in section 2.1, the right-hand side of (8) is analytic as an application
from HZ(Q) x Diff’(Q) to H* N HZ(Q). Taking the limit as n — 400, we obtain
that u € H* N HZ(Q) and satisfies A%u+ aAu +b- Vu + cu = 0. By Lemma 10
of [10] we have, for h € Diff>(Q2) and v € H* N H3(Q)
B AR (0) = A%(0) + LP (o) with | LPull a0y < e(h) el sy
and €(h) — 0 as h — iq in C*(Q,R").
Since u, — u in HZ(Q) and h,, — iq in Diff®(Q) as n — +oo, we obtain
1A% (= w) + L (= w)l| 2() = [P A% (un — )| 220
= 1A%, o+ B (0l + bV 4 ) gy
— |A%u+ aAu+b- Vu+ cul|p2) =0 9)
as n — +00.
Since {(un,vn)} C B3, and h,, — iq in Diff’(Q), we have
1L (un = w)ll 20y < 2Me(hn). (10)
It follows from (9) and (10) that |A*(u, — u)||p2() — 0 as n — +oo. Since A? is
an isomorphism from H* N HZ(Q) to L%(Q), we obtain u,, — u in H*N HZ(Q)
and, therefore ||ul| 1npz2(q) < M, for all n € N. Similarly, we prove that v, — v
in H* N HZ(Q) and [l ganmz@ < M from which we conclude that the map
(u,v,h) — h: H~1(0,0,0) — Diff?(Q) is proper.
It remains only to prove (2(3), which we do by showing that
DH
dim { RADH (0.1
R(%Ij (u,v, h))

Suppose this is not true for some (u,v,h) € H~1(0,0,0). Assuming, as we may,
that h = iq it follows that there exist 01,...,0,, € L? (Q)2 x L1(99Q) such that, for

} = oo for alll (u,v,h) € H~1(0,0,0).
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all h € C°(Q,R™) there exist @, € H* N H3(Q) and scalars ¢y, ..., ¢, € R such
that

m

DH (u,v,iq)(i,0,h) = cibs,  0; = (0},07,067). (11)
i=1
Using theorem 1, we obtain
DH(u,vie)() = (DHi(uv,ia)(), DHa(u,v,i0)(), DHs(u,v,i0)())

where

DH, (u,v,iq) (i, 0,h) = Lo(i—h-Vu)

DHy(u,v,iq) (i, 0,h) = L0 —h-Vv)

DHs(u, v, iq) (i, 0,h) = {AUA(u — I V) + AuA (b — - Vo)

thoN a?V(AuAU)} \39

It follows from (11) that

i=1
Ly —h-Vv) = > b} (13)
i=1
Zczﬂ? = {AUA(u —h-Vu) + AuA(d — h - Vo)
i=1
+hen 2 (AuAv)H . (14)
ON o0
Let {u1,...,u;} be a basis for the kernel of L and consider the operators

Ap - L*(Q) — H* N HL(Q)

Cp: H?(0Q) — H* N HL(Q)
defined by
w=AL(z) +CL(g)
where Lw — z belongs to a (fixed) complement of R(Lg) in L?(Q), gl"\} = g on 012

and [, w¢ = 0 for all ¢ € N(Lg). Let also {v1,..., v} be a basis for the kernel of
L{, and consider the operators

Ap-: L*(Q) — H*N Hg(Q) and

CL-: H2(09) — H* N HL(Q)

similarly defined. We have shown in [9] that these operators are well defined.
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From equations (12) and (13), we obtain

w—h-Vu= leﬁu + i ciALO! — Cp(h - NAu) (15)
i=1 i=1
since (i —h-Vu)| =—h-NJ| =—h- Naulog and
d—h-VuzZI:nwi—i—ici.AL*ﬁil—CL*(iL-NAv) (16)
i=1 i=1
since é)N( —h- Vv)’ . —h- NgN'; Lm = —h- NAuv|ag.
Substituting (15) and (16) in (14), we obtain that
{h N a?v (AuAv) — [AuAcL*( - NAv) + AvAC (- NAu)] }\m (17)

remains in a finite dimensional space when A varies in C?(Q, R").

The set U = {x € 00 | Au(x) # 0} is nonempty since we have assumed that
generlc unique continuation’ holds in Q. Therefore, we must have Av|y = 0. If
h=0in 00— U, then h- NAv = 0 in 9 and, therefore

AuACL-(h - NAv) = AuACp-(0)

belongs to the finite dimensional space [AuAwy, ..., AulAv] where {vy,..., v} is
a basis for the kernel of N'(Lg,). It follows that
) P ) ) P
N ° (AuAv) — AvACL(h- NA ] = h-N AA‘
{h 8N( uAv) vACL(h u)}U h 8N( u U)U
. 0
- h~NAu6N(Av)’ (18)

remains in a finite dimensional space, when h varies in C*(Q,R"™) with h =0
in 0Q — U. Since Au(z) # 0 for any = € U, this is only possible ( dimQ > 2) if

97| = 0.But then v = 0 in Q by Theorem 6 below, and we reach a contradiction
proving the result. O

During the proof of theorem 5 we have used the following uniqueness theorem,
which is a direct consequence of Theorem 8.9.1 of [3].

Theorem 6. Suppose @ C R™ is an open connected, bounded, C*-regular domain
and B is an open ball in R™ such that B N OSY is a (nontrivial) C* hypersurface.
Suppose also that u € H*(QY) satisfies

|A%u| < C’(|Au| + |Vu| + \u|> a.e. in Q

» ou 0Au )
].007”. somé positive constant C' and u = N = Au = ON = 0 in BNON. Then u
is identically null.
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4. Generic simplicity of solutions

Let f(x, \,y, i) be a real function of class C* defined in R x R x R™ x R satisfying
f(x,0,0,0) = 0 for all x € R™. We prove in this section our main result: generically
in the set of connected, bounded C*-regular regions Q C R™, n > 2, the solutions

u of
2 ) _ -
{ A*u+ f(u, Vu,Au) =0 inQ (19)

u= 9 =0 on 0f)

are all simple. We choose p > 7, so that the continuous imbedding p, WP N

WP () < €>%(2) holds for some a > 0.
It follows then, from the Implicit Function Theorem, that the set of solutions
is discrete in W4P N Woz’p(Q) and, in particular finite if f is bounded.

Remark 7. Since we have assumed f(z,0,0,0) =0 in R™, the null function u =0
is a solution of (19) for any @ C R™. It follows from theorem 5 that u = 0 is simple
for Q in an open dense set of Diff*(Q2). We therefore concentrate in the proof of
generic simplicity for the nontrivial solutions.

Proposition 8. Let Q C R™ be an open, connected bounded C*-reqular region and
flx, Ny, 1) aC? real function defined in R™ x R x R™ x R. Then, zero is a reqular
value of the map

B - W2P AW P(Q) — LP(Q)
uw — AR a4 b fC R T e, VR T, AR T ),

if and only if all solutions of (19) in h(Q) are simple.

Proof. The proof is very similar to the one of proposition 3 and will be left to the
reader. O

Proposition 9. A function u € WP N WZP(Q) is a solution (resp. a simple solu-
tion) of

2
uzg}\‘,zOonOQ (20)

{ AR tu 4 b f (- R, VRS, AR T ) =00 in Q,
if and only if v = h* " u is a solution (resp. simple solution) of (19) in h(RQ).

Proof. Let u € WP N Woz’p(Q). Since h* and h* " are isomorphisms, we have

h*AQh*—lu + h*f(-,h*_lu,Vh*_lu,Ah*_lu) -0
— AR+ (R T e, VA e, AR T ) = 0,
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It is clear that uw = 0 in 9Q if and only if v = 0 in Oh(Q). Writing y = h(z), we
obtain
ov

8Nh(m (y) = Nh(Q)(y).Vy(uOh_l)(y)

= Nyo)(y)- (hfl)Z(y)VxU(x)

= Nuoy®)- (ha) )

ou (2) 1
ON " ||(ha ') Na(2)|

(z) No(z)
((hz )" (@)Na(x) - (h; 1) (z) No(x))

where we have used that u = 0 in 9. Since h ! (x) is non-singular it follows that
61\?:(9) (y) = 0 if and only if 3% (z) = 0. Thus u is a solution of (20) if and only if
h* 1w is a solution of (19) in A(RQ). Finally, since h*L(u)h* " is an isomorphism
in WP N WP (Q) if and only if L(v) is an isomorphism in WP 0 WP (h(S)) so
the result follows. O

It follows from (9) and (8) that, in order to show generic simplicity of the
solutions of (19) is enough to show that 0 is a regular value of F},, generically in

h € Diff*(Q). We show, using the Transversality Theorem, that 0 is a regular value
of

Fy:Bu xVuy — LP(Q)
(u,h) — B AR w4 R f( R T, VR T e, AR T ) (21)

where By = {u € W*? N WZP(Q) — {0} | ||u|| < M} and Vj; is an open dense set
in Diff*(Q), for all M € N. Taking the intersection of Vs for M € N we obtain
the desired residual set.

Remark 10. Applying the Implicit Function Theorem to the map Fj; defined in
(21) we obtain that the set

Fu = {h € Diff*(Q) | all solutions u of (20) with lullywanamwzr o) < M
are simple }

is open in Diff*(Q) for all M € N. To prove density, we may work with more
regular (for example C*) regions.

If we try to apply the Transversality Theorem directly to the function F
defined in W4? N WP (Q) x Diff*(Q) by (21) we do not obtain a contradiction.
What we do obtain is that the possible critical points must satisfy very special
properties. The idea is then to show that these properties can only occur in a small
(meager and closed) set and then restrict the problem to its complement. In our
case the ‘exceptional situation’ is characterized by the existence of a solution u of
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(19) and a solution v of the problem

L*(u)v=0 inQ
v = g]{, =0 on 00

satisfying the additional property AuAv = 0 on 02. We show in Lemma 12 that
this situation is really ‘exceptional’, that is, it can only happen if h is outside an
open dense subset of Diff*(Q) (for u and v restricted to a bounded set).

We will need the following ‘generic unique continuation result’.

Lemma 11. Let Q C R"™ n > 2 be an open, connected, bounded, C°-reqular domain,
J a nonempty open subset of Q and f(x,\,y,pn) a C? real function defined in
R™ x R x R™ x R with f(-,0,0,0) = 0. Consider the map

G: Ay % DIHS(Q) — LP(Q) x sz,l,,P(J)
defined by
Gluh) = (W20~ B F (b, VR, AR ), h*Ah*‘lu‘J)

where Anr = {u € WP A WFP(Q) — {0} | |lul| < M}, and p > 7. Then

Ciy = {h € Diff’(Q) | (0,0) € G(Ar,h)}
is a closed meager subset of Diff>(Q).
Proof. We apply the Transversality Theorem. Observe that G is differentiable. In
fact it is analytic in h as observed in section 2.1, and the differentiability in w follows
from the smoothness of f and the continuous immersion W4?PNWZ?(Q) ¢ C2*(Q)

for some « > 0. We compute its differential using Theorem 1 (see example 2.1 of
section 2.1).

DG(u,ig) (i, h) = (L(u)(u—h-Vu),

L . 0Au
{A(u—h-Vu)+h-N e }’J)
To verify (1) and (2), we proceed as in the proof of theorem 5. We prove that
(26) holds showing that
dim { R(DG(u, h))
R(%5 (u, )

Suppose, by contradiction this is not true for some (u, h) € G71(0,0). By ‘changing
the origin’ we may suppose that h = iq. Then, there exist 61,...,60,, € LP(Q2) x
W2 »P(J) for all h € C5(Q,R™) there exists & € WP N WgP(€) and scalars
c1,...,¢m € R such that

} — oo for all (u,h) € G~1(0,0).

m

DG(u,iq) (i, h) = Z cib;,

i=1
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that is,

L(u)(i—h-Vu) = Z ci0; (22)
i=1
. : 0Au =
{A(u—h~Vu)+h~NaNHJ - ;c,ei (23)
where
15} 15}

L(u) = A* + gi(-,u, Vu, Au)A + ajyc(-,u, Vu,Au) -V + aﬁ(-,u, Vu,Au). (24)
Let {u1,...,u;} be a basis for the kernel of Lo(u) = L(u) and

WLrAW P ()
consider the operators

Apy : LP(Q) — WP 0 W, P(Q)

Cugw : W2 P(9Q) = W N WG 7(Q)
defined by
w = Arw)(2) +Crw(9)

if L(u)w — z belongs to a fixed complement of R(Lo(u)) in LP(£), g]'\”[ = g on 0}
and [, wp = 0 for all p € N(L§(u)). (We proved that these operators are well
defined in [9].)

Choosing h € C5(Q,R") such that A = 0 on 9Q — J, we obtain from (22),
that

l m
W—h-Vu= Zﬁzuz + Z AL ) (67) (25)
i=1 i=1
since @ — h - Vu € Wh? N WP ().
. A
Substituting (25) in (23), we obtain that h - N%]\?‘J remains in a finite
dimensional subspace when & varies in C?(€, R™). Since dim € > 2 this is possible

only if 0aAu =0 on J so u satisfies

ON
A%+ f(,u, Vu,Au) =0 in Q

u = gﬁ[ =0 on 0f) (26)
Au:%%\}‘zo on J.

We claim that u satisfies the hypotheses of Cauchy’s Uniqueness Theorem 6.

Indeed, since u € W*P(Q) N C*>*(Q) for some a > 0 (p > 4) and is a so-

lution of the uniformly elliptic equation A%u + f(-,u, Vu,Au) = 0 in Q then



458 A.L. Pereira and M.C. Pereira

u € WHP(Q) N CH*(Q). Furthermore, u = g}\‘, =Au= %AN“ =0on J C 90 and

|A%u| < |f(,u, Vu, Au)
< |f('?u7vua Au)_f(707070)|
< mgx{\Df(~,u,Vu7Au)|}(|u|+|Vu|+|Au|>.
We conclude that v = 0, which gives the searched for contradiction. |

Lemma 12. Let Q C R™ n > 2 be an open, connected, bounded, C°-regular domain
and f(x, A, y, 1) aC? real function defined in R™ x R x R™ x R with f(-,0,0,0) = 0.
Consider the map

Q : A]\/[,p X AM’q X D]\/[ — LP(Q) X Lq(Q) X Ll(aQ)
defined by
Qu,v.h) = (WA Tt 0 fC R, VR AR ),
h*L*(h*_lu)h*_lv,h*Ah*_luh*Ah*_lv‘ )
o0

where Aprp = {u € W2 A WEP(Q) — {0} | |lull < M} and p=* + ¢~ = 1 with
p >3, Aug = {u e WHNWHQ) — {0} | |lull < M}, Dy = Difi*() — €37,
C{S given by Lemma 11 and

of

L*(w) = A2+6'u(-,w,Vw,Aw)A
of of
+[2V(au(-,w,Vw,Aw)> — ay(~,w,Vw,Aw)] -V
of . (Of
"‘A[au('awyvlu,Aw)] — div <8y(-,w,Vw,Aw)>
of
+a)\(-,w,Vw,Aw).

Then
En ={h € D ](0,0,0) € Q(Arrp X Aprg, h)}
is a meager closed subset of Diff?(Q).

(Observe that L*(w) is the formal adjoint of L(w) defined by (24).)

Proof. We again apply the Transversality Theorem. The differentiability of @ is
easy to establish, and its derivative can be computed using theorem 1 (see example
2.1)

DQ(u, v, iq) (i, b, h)
= (L(u)(u —h-Vu), L*(u)(0 — h- Vo) + (6360 (u) - v) (i — h - Vu),

{A(u — - Vu)Av + AuA (o — h - V) + h - Na?\f (AUAU)} ’89)



Generic Simplicity of a Nonlinear Plate Equation 459

where %ﬁ: (u) - v is the second order differential operator given by

* 2 2
(aai) (u) 'U)z = (aa)\aflufu—l— 8(?/5; - Vo + 3quU)AZ
2 2 2
+[2V(aaxgu”+ai/aj; v”aé v)
2 2 2
(oroy™+ ot 7 i) -7
[(32f *f *f

v+ -V +

ax2" " 9y NI A”)

0% f 0% f 2f
A
+ (8/\8,uv * Oyou Vot Ou? )
0% f 62f *f
—di , VU A .
v (axa a2 " "t ayou DIE
(We have written f instead of f(-,u, Vu, Au) to simplify the notation.)
The hypotheses (1) and (3) of the Transversality Theorem can be verified as
in the proof of Theorem 5. We prove (23) by showing that

{ R(DQ(u,v,h)) }:oo
R(agﬁ) (u,v,h))

for all (u,v,h) € Q71(0,0,0). Suppose this is not true for (u,v,h) € Q~1(0,0,0).
‘Changing the origin’, we may assume that h = iq. Then, there exist 0y,...,60,, €
LP(Q) x L() x L'(8Q) such that for all i € C5(€, R™) there exists @ € WP N
WEP(Q), & € W1 N W2(Q) and scalars ¢, . .., ¢y € R such that

dim

DQ(u,v,iq) (i, 0, h) Zcz is

that is,
L(u)(i—h-Vu) = icﬂ} (27)
i=1
L) (0 — h - Vo) + (%g(u).v)(u—h-vu) = Y of? (28)
and

Z it = {A(u — h-Vu)Av + AuA(0 — h - Vo)

+h-N a?V(AuAU)} \m. (29)
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Let b basis for the k l of L =L
et {uy,...,u;} be a basis for the kernel of Lg(u) (u) Wasawir(a)’

{v1,...,u} a basis for the kernel of L§(u) and consider the operators
Ap) : LP(Q) — WP 0 Wy P(Q)

Criwy : W30 P(0Q) — WHP A WP (Q)
defined by
w = Arw)(2) + Crw(9)
where L(u)w — z belongs to a fixed complement of R(Lg(u)) in LP(Q), g% =gon
09, [owe =0 for all ¢ € N(Lj(u)) and
Apequy 1 LUQ) — W0 Wy (Q)

Creuy : W3 0(89) — Whe A Wy (Q)
defined by
where L*(u)t — z belongs to a fixed complement of R(L§(w)) in LI(£2), {;91&/ =gon
O and [, tp = 0 for all ¢ € N(Lo(u)). (We proved that these operators are well
defined in [9].)
From (27) and (28) it follows that

l m
U — h -Vu = Z &ul + Z CiAL(u) (911) - CL(U)(h : NAU) (30)
i=1 i=1

v—h- Vv = ZT}Z'UZ' + ZCZ-AL*(u)(ezZ) - CL*(u)(h . NAU)
=1 =1

—Ap-w ((aafu () ~v> (@~ h- vu)). (31)
Substituting in (29), we obtain that
{h N a?v (AuAv) — AvA (cL(u)(h : NAu))
+AuA[Ap- ) ((aafu () 0)Crgay (- NAU)) = Cpoguy (- NAW)] }\m

remains in a finite dimensional space when h varies in C?(Q,R™), that is, the
operator

T(h) = {h-N 6?V(AuAv)—AvA(CL(u)(h~NAu)> (32)
+AuA[Ap- ) ((aafu (w) - ©)Cri(h- NAW)) ) = Cpoiuy (b NAO)] |

defined in C5(Q, R™) is of finite range.
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We proved in [9] that, if dim £ > 2, a necessary condition for T to be of finite
range is

0
6N(AUAU) = 0 on 09. (33)
Thus the functions u, v must satisfy
A%y — f(-,u,Vu,Au) =0 in (34)
U= g}\‘[ =0 on 0f)
L*(w)v=0 in
{v:g;\’,:O on 0f) (35)
and also 5
Aulv|gg = 3N(AUAU)‘OQ =0. (36)

Let U = {z € 092 | Au(z) # 0}. Observe that U is a nonempty, since
i € DY (given by Lemma 11).

0A
U‘ = 0. Therefore v € WHINW ()

satisfies the hypotheses of theorem 6. Thus v = 0 in {2 and we reach a contradiction,
proving the result. O

By equation (36), we have Av|y =

Theorem 13. Generically in the set of open, connected, bounded C*-regular regions
of R™ n > 2 the solutions of (19) are all simple.

Proof. Consider the differentiable map
F: By x Uy — LP(Q)
defined by
F(u,h) = h* A2+ h* f (-, b u, VA, AR )

where By = {U e WHrn Woz’p(Q) — {O} ‘ HUH < M}, P> T2L7 Uy = Dy — By,
Dy is the complement of the meager closed set given by Lemma 11 and Ejy is the
meager closed set given by Lemma 12. Observe that Uy, is an open dense subset

of Diff4(Q). We show, using the Transversality Theorem, that the set
{h € Uy | uw— F(u,h) has 0 as a regular value }

is open and dense in Ups. Our result then follows by taking intersection with M
varying in N.

As observed in Remark 10 we may suppose, that our regions are C>-regular.
Also by Remark 7, we only need to consider the nontrivial solutions.

As in the previous results, the verification of hypotheses (1) and (3) of the
Transversality Theorem is simple, so we just show that (2«) holds.

Suppose, by contradiction, that there exists a critical point (u,h) € F~1(0)
and, h = iq. Then, there exists v € L(2) such that

/Qu DF(u,ig)(i,h) =0 (37)
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for all (i, h) € WP N W P(Q) x C°(Q,R™) where DF (u,iq) : WP N WP () x
C3(Q,R") — LP(Q) is given by
DF(u,ig)(i,h) = L(u)(t—h-Vu)
with L(u) = A% + gi(~,u,Vu,Au)A + gi(-,u,Vu,Au) -V + g§(~,u,Vu7Au).
Taking h = 0 in (37), we have

/ v L(u) 4 =0 Ya e W n WP (Q),
Q

that is, v € N(L*(u)). Since 99 is C5-regular and f is of class C*, it follows by
regularity results for uniformly elliptic equations that v € W54(Q) N CH*(Q) for
a > 0 and satisfy

{ L*(w)v= 0in Q (38)

vzgf\’,: 0 on 9.

If & = 0 and & varies in C*(Q, R"), we obtain

0 = —/QUL(u)(h~Vu)

(h - Vu)L*(u)v — vL(u)(h - Vu)
A }

—/ h-NAvAu, Yhe C’(Q,R™).
o0

Therefore, we have h- NAvAu =0 Vh € C5(, R") from which AvAu = 0 on
o0
0f). Since iq € Uy, we reach a contradiction, proving the theorem. O
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the Initial Data
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Abstract. We find an estimate for the blow-up time in terms of the initial data
for solutions of the equation us = (u™ )z +u"™ in R x (0,T) and for solutions
of the problem us = (u™)ze in (0,00) x (0,T) with —(u™)-(0,t) = u™(0,t)
on (0,7T) with m > 1.

Mathematics Subject Classification (2000). 35K55, 35B40.

Keywords. Parabolic equations, blow-up time.

1. Introduction

In this short note we find an estimate for the blow-up time in terms of the initial
data for solutions of the problems

up = (u™) e +u™, (z,t) e R x (0,T),
{ u(z,0) = ug(x), x €R, (1.1)
and
up = (U™)ga, (z,t) € (0,400) x (0,7,
—(u™)(0,¢t) = u™(0,¢t), te (0,7), (1.2)
u(z,0) = ug(x), z € (0, 400).

For both problems we assume that m > 1 and ug is nonnegative compactly sup-
ported and smooth in its positivity domain.

A remarkable and well known fact is that the solution of parabolic problems
can become unbounded in finite time (a phenomena that is known as blow-up),
no matter how smooth the initial data are. The study of blow-up solutions has
attracted a considerable attention in recent years, see [10], [14] and the references

Supported by ANPCyT PICT No. 03-00000-00137, CONICET and Fundacién Antorchas
(Argentina).
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therein. For our problems it is known that all nontrivial solutions blow up in finite
time (see [8], [14] for (1.1) and [6] for (1.2)), in the sense that the solution is defined
on a maximal time interval, [0,T) with T' < 400 and lim; ~r ||u(-, t)|| L~ = +o0.

It is interesting to investigate the dependence of the blow-up time with respect
to the initial data. For continuity results for the blow-up time as a function of the
initial data we refer to [1], [2], [7], [9], [11], [12] and [13].

Our concern here is to obtain bounds for 7' = T'(ug) in terms of wg.

Let us look first to (1.1). The main tool involved in our analysis relies on
the natural scaling invariance of the problem. There exists a family (parame-
trized by T) of self-similar, compactly supported, solutions of the form wu(xz,t) =
(T — t)~Y/(m=D(z). These solutions w4 blow up at time T and have initial data
up(x,0) =T~V Do(z).

Theorem 1.1. The blow-up time T of a solution of (1.1) with initial datum ug

verifies
m—1 m—1
min(w) STSmaX<<p> . (1.3)
x uo xT ’LLO

The self-similar profile (x) is a solution of 0 = (¢™)" (z)+¢™(z)— ', o(x)
that is composed by a finite number of disjoint copies of a radial bump, see [3],
[4]. The radial bump is explicit, it takes the form

o(z) = (a1 COSQ(ng))i,

for some explicit constants a, c1, cq, see [14]. Therefore the bounds provided by
Theorem 1.1 are computable.

Remark that when the support of ug and the support of ¢ do not coincide
then one (or both) of the estimates is immediate.

With the same approach we can prove a similar result for solutions of (1.2).
In this case there exists a unique self-similar solution of the form w(x,t) =
(T — )=/ m=Vy(z).

Theorem 1.2. The blow-up time T of a solution of (1.2) with initial datum ug

verifies
m—1 m—1
min(¢) STSmax<w> . (1.4)
x uo xT ’LLO

The profile 9 is explicit and has the form

Y(x) = crl(ca —2)4)%
see [5], [6].
Finally, we remark that the same approach can be also used to deal with equa-
tions involving other operators and/or source terms like u; = div(|Vu|9=2Vu) +

u9~t. We only need the existence of a self-similar solution (that comes usually
from a scaling invariance law) together with a comparison result.
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2. Proof of the results

Proof of Theorem 1.1. To prove Theorem 1.1 we will make use of the comparison
principle that holds for solutions of (1.1).

Let us begin by the lower estimate. Consider the set
A= {T D ugp(,t) > u(x,t) forall 0 <t < T} .

By the use of the comparison principle we have that this definition is equivalent
to
A= {T s YY) = up(z,0) > uo(x)} .
Remark that A is closed. Assume that
mwin ;'00
is positive (otherwise the estimate holds trivially) and let
T = sup A.
For every T' > T we have that 7' ¢ A and then there exists a point o such that
T_l/(m_l)cp(xo) < up(zo)-
Then, every T > T satisfies

R QD(JTO) m—1 o m—1
T > ( ) > min < ) .
U (IL‘()) T Ug
Therefore, we obtain
m—1
T > min ( 14 ) .
T ()

Now we just have to observe that by the definition of A we have up(z,t) > u(z,t)
for every 0 <t < T'. Therefore u(z,t) is bounded for 0 < ¢ < T and hence

m—1
T2T2m1n<“0> .
xT ’LLO

This proves the lower bound in (1.3).

To prove the upper bound on T we proceed as before but in this case we have
to consider the set

B= {T s up(r,t) <wu(wx,t) forall t < T},

which is equivalent to

Let
T = inf B.
As before for any 7' < T there must be a point 21 with

TV V(1) > ug(zy).
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Arguing as before, we get
m—1
T < max ( 14 ) .
x uo

By the definition of B we conclude

That is

m—1
T§T§max<@> .
uo

x

This shows the upper bound in (1.3) and finishes the proof. |
Proof of Theorem 1.2. The proof of Theorem 1.2 is completely analogous to the
previous one. O
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Systems
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Abstract. In this paper we study the following system of semilinear elliptic
equations:

—Au = g(v), in Q,
—Av = flw), in Q
u=0 and v=0, on 99,

where € is a bounded domain in R, and f, g € C(R) are superlinear nonlin-
earities. The natural framework for such systems are Sobolev spaces, which
give in most cases an adequate answer concerning the “maximal growth” on
f and g such that the problem can be treated variationally. However, in some
limiting cases the Sobolev imbeddings are not sufficiently fine to capture the
true maximal growth. We consider two cases, in which working in Lorentz
spaces gives better results.

a) N > 3: we assume that g(s) = s?, with p+ 1 = NJXQ, which means that p
lies on the asymptote of the so-called “critical hyperbola”, see below. In the
Sobolev space setting there exist several different variational formulations,
which (surprisingly) yield different maximal growths for f. We show that this
is due to the non-optimality of the Sobolev embeddings theorems; indeed, by
using instead a Lorentz space setting (which gives optimal embeddings), the
different maximal growths disappear: we then infer that the critical growth
for fis f(u) ~ el M

b) N = 2: in two dimensions the maximal growth is of exponential type,
given by Trudinger-Moser type inequalities. Using the Lorentz space setting,
we show that for f ~ el*I” and g ~ e!*1" we have maximal (critical) growth
for

1

+

p

1
q

=1,

which is an analogue of the critical hyperbola in dimensions N > 3.
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1. Introduction

We consider the system of equations
—Au= g(v), in Q
—Av= f(u), in Q (1)
ulog = v|ag =0
where Q € RY is a bounded domain, and the nonlinearities f and g satisfy:
f is continuous and superlinear;
g is of the form g(s) = sP
(here and in what follows, we write sP := sgn(s)|s|?).
Dimension N > 3:
It is known, see de Figueiredo—Felmer [5] and Hulshof-van der Vorst [11], that for
the “model problem”
fs)=s,g>1, and g(s)=s,p>1,
“critical growth” is given by the so-called “critical hyperbola”
1 1 2
pil g1 TN )
For exponents (p, ¢) lying on this curve one finds the typical phenomena of non-
compactness, and non-existence of solutions was proved in [18], [12], using Po-
hozaev type arguments, while for exponents (p, g) below this curve one has com-

pactness, and the existence of solutions was proved in [5], [11].

On the other hand, in [8] it was shown that for g(s) = s? with 0 <p < 2,
i.e. when p + 1 is on the left of the asymptote NA_’2 of the hyperbola, then the

nonlinearity f(s) may have an arbitrary growth.

In this paper we consider the case p + 1 = NJXQ, that is p + 1 lies on the
asymptote of the critical hyperbola; we consider

—Au= yni2 , in Q
(PN) —Av= f(u), inQ QCR3.

ulog = v|gn =0

We will see that then the maximal admissible growth of the nonlinearity f(s)
is of exponential type and is determined by Trudinger—Moser type inequalities.
However, we encounter the following somewhat surprising situation: There exist
several different Sobolev space settings to treat this system. All these approaches
yield the same critical hyperbola, and thus seem to be equivalent; however, in the
limiting case p+ 1 = NIX 5, these different approaches yield different (in fact, a
continuum of) “critical growths” for f, in the form

f(s) ~ e‘sl”N*t, te(0,2).
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It was pointed out to us by H. Brezis that this may be due to the fact that
Sobolev’s inequalities can be slightly improved by working in Lorentz spaces, see
[3]. This improvement is minuscule, and has no effect for the “critical hyperbola”;
but for the limiting case, as observed in [3], the Trudinger—Moser inequality has
a “magnifying effect”. Indeed, we will prove by using a Lorentz space setting that
the varying critical growths for f mentioned above become one, namely:

Theorem 1.1. The mazimal growth for the nonlinearity f(s) in system (PN) is:

NN2
f(s) ~ el
Dimension N = 2:

In dimension N = 2 one sees from (2) that any polynomial growth for f and ¢
is admitted, and hence the critical hyperbola is not defined. One expects that, as
for the scalar equation (see [2], [9]), the maximal growths are of exponential type,
given by Trudinger-Moser type inequalities. Indeed, considering the associated
functional J(u,v) on the space Hg(2) x HJ(2) it was proved in [6] that then the
maximal growth for both nonlinearities is the classical Trudinger—Moser growth

f(s) ~ el | g(s) ~ el

Also in this case one expects that by working in different spaces one can obtain a
“critical curve”, containing nonlinearities f and g with different maximal growths.
Indeed, using again a Lorentz space setting (i.e. considering J(u, v) on the product
of two different Sobolev—Lorentz spaces), we will prove an analogue of the critical
hyperbola:

Theorem 1.2. Consider system (1), with Q C R? bounded, and consider nonlinear-
ities of the asymptotic form

f(s) ~ell” and g(s) ~el®!".

Then the mazimal growths for f and g for system (1) is given for p > 1 and ¢ > 1
satisfying

+ =1.
P q

2. One functional — different Sobolev space settings

In this section we consider system (PN), N > 3. We will describe three different
Sobolev space settings, and will show that they all yield the critical hyperbola (2).

2.1. The W' setting

The natural functional associated to system (1) is

T, v) = /Q VuVuds — /Q (F(u) + G(v))dz | 3)
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with F(s) = [; f(t)dt and G(s) = [; g(t)dt, and a natural space to consider this
functional is the Sobolev space Hg(Q) x H}(Q2). In order to have a well-defined
C'-functional on this space, one has to impose the growth restrictions:

2N

|F(s)| < e|s|* +d, |G(s)| <c|s|* +d, where 2* = N9

However, if we consider the asymptotic case where G(s) ~ |s| "2 these conditions
are too loose for G(s), and they are too restrictive for F'(s), where we look for a
larger growth limitation of possibly exponential type.

As proposed in [7], the functional

J(u,v):/QVqu— Nﬁ/ﬂwwz —/F(u)

can be defined on the space W, "*(2) x WOI’B(Q), with | + [13 = 1, by estimating

’/ VuVu
Q

To guarantee that the second term in the functional is well-defined we need to
require

< [IVllallVolls.

Whe(Q) c La"2(Q)
which yields the condition
N Na N

N2~ % T N—a & No1 T

By i + [13 = 1 we obtain § = N, and we then look for the largest possible

growth ¢(s) such that [, ¢(u)d is finite for v € WA (Q) = WHN(Q). Indeed, by
Pohozaev [14] and Trudinger [17] we have

WY (Q) € Lg(9)

Q.

where L is the Orlicz space with the corresponding N-function

os) =

see also Adams, [1]. Thus, in this case we obtain the maximal admissible (= criti-
cal?) growth for the primitive F(s):

N
‘SlN_l

F(s)~e

2.2. The H* setting

We recall that the critical hyperbola (2) was originally obtained (see [11], [5]) by
working in fractional Sobolev spaces H*®(2), given by functions u whose “fractional
derivative of order s” lies in L2. These spaces can be defined via interpolation or
Fourier series, see Adams [1]. Considering the operators A® : H*(Q) — L2(Q)
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which associate to u € H?® its fractional derivative of order s, one can then define
the functional

I(u,v):/QASuAtv—/QG(u)—/QF(v), with s +t =2, (4)

on the space H*(2) x H!(£2). Critical points of I(u,v) correspond again to solutions
of system (1). Since H® C L~"2s this gives for F(v) = |[v[P™! and G(u) = |u|+!
the growth conditions

+1= b1 2N
PTi=N_9s » 97 T N9
which yields
1 1  N-25 N-2 2
+ = + = ]_ — s
p+1 g+l 2N 2N N

i.e. again the critical hyperbola.

2.3. A “mixed approach”

We now combine the two methods, i.e. we consider the functional I(u,v) in (4) on

the space
1 1
W Q) x WP Q) , s+t=2, +  =1.
o B
By the embeddings W** C LN@Q&, this gives the following conditions for p + 1

and g + 1:

« BN
p+1:N—sa ’ q+l:N—tﬁ ’
and hence we obtain again the critical hyperbola:
T S O T T
p+1 ¢+1 « N (B N N
For the asymptotic “borderline case” (PN) we now get:
N aN
N -2 =ptl= N — s«
which implies
B N
TN
and hence by } + § =1
N N
p= 2-s t°
The space Wg° () = Wg’y () is a limiting Sobolev case, and by Strichartz [16]
we have N
We () = Wy'* () € Lo(®)
with

N
p(r)y =€ 0<t <2,
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N
Thus, the maximal growth for F is F(u) ~ el"" ™" 0 <t < 2, i.e. we have found
a variable “critical growth”, depending on the choice of ¢ !
We emphasize once more that we have found for system (PN), by using
different variational settings, different maximal growths for the nonlinearity f.
This is of course somewhat disturbing. We now turn to

3. The Lorentz space approach
We now change from Sobolev space settings to Lorentz spaces.

3.1. Lorentz spaces

We recall the definition of a Lorentz space: For ¢ : 0 — R a measurable function,
we denote by

po(t) =Nz € Q = o(x) >}, t=0,
its distribution function. The decreasing rearrangement ¢*(s) of ¢ is defined by

d*(s) =sup{t > 0; ue(t) >s}, 0<s<|Q.
The Lorentz space L(p, q) is given as follows: ¢ € L(p,q), 1 <p < o0, 1 < g < o0,

if
00 1/q
folla = ([Tl ) <o,

We recall (see Adams [1]):
1) L(p,p) = LP,1 < p < +o0.
2) The following inclusions hold for 1 < ¢ < p < r < o0:

L" C L(p,1) C L(p,q) C L(p,p) = L C L(p,r) C LY.

3) Hélder inequality:
p / q

d = :
’/Qfgx S A

Furthermore, we recall the following embedding results:

<|f

p,q”ng/,q’ , where p/ = »

Theorem A. Suppose that 1 < p < N, and that Vu € L(p,q); then v € L(p*,q),

N
where p* = b and 1 < q < oo.
N-—p
For the next theorem, see H. Brezis [3]:

) N
Theorem B. Suppose that w € WP with 1 < p < ; then u € L(p*,p) with
J
11

p* p N
This improves Sobolev’s theorem, which gives u € LP" = L(p*, p*), which is
a larger space than L(p*,p).
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The following refinement of Trudinger’s result (see H. Brezis and S. Wainger
(4], H. Brezis [3]) is of particular importance for our considerations.

Theorem C. Assume Vu € L(N,q) for some 1 < q < oo. Then el*l*™" ¢ L.
Furthermore, there exists > 0 (depending only on q) and ¢ > 0 (depending only
on m(Q)) such that

q
/ T <oy [Vul|n,g < 1.
Q

We make the following

Definition Let Q € RY be a bounded domain. Assume that1 < p < 00, 1 < g < 00,
and set
WoL(p,9)(2) = cl{u € C5°(Q) : [ Vullp,q < 0}

On W¢L(p,q) we have the norm

||U||1;p,q = [[Vu P,q

with which W3 L(p, q) becomes a reflexive Banach space.

3.2. The functional in the Lorentz space setting

We consider again the functional
J(u,v) :/Vqudx—/ F(u) — ngz/ \U\Nj\l2dx. (5)
Q Q Q

We want to consider the term fQ VuVwdz on a product of Lorentz spaces, i.e. we
want to estimate

| / VuVodz| < V0]l | Vel i

where we determine p, g and p’, ¢’ such that the last term in J(u, v) is well defined,
i.e.

ve vz =L N, N,
By Theorem A we obtain the following condition for p:
N «_ Np
N—2 P T N_p
and hence
N N
P=No1 0 1T N2

Thus, we have to impose

Vo e L(y 1, nYs) s

Next, we calculate
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and hence we get the condition
Vue L(p',q) = L(N, g) .
N
By Theorem C above we now find for Vu € L(N, ) that e/*/"™* € L1(Q).

Thus we have

Theorem 3.1. The functional

J(u,v) = / VuVudr — / F(u) — NA?Q/ ‘U‘Nl\i%lx
Q Q Q
is well defined on the space

WoL( Y5 625 () x W L(N, 5)(9)

and the mazimal growth for F(u) is given by

ful M2
F(u)~e .

4. N =2 : an exponential “critical hyperbola”
In this section we assume that  C R? and consider again the system
—Au = g(v), in O
(P2) -Av = f(u), in Q
u=0 and v=0, on OJf.

For the scalar equation —Au = f(u) in Q, v = 0 on 0N, critical growth is given
by the Trudinger-Moser inequlity, i.e. F'(u) ~ elul”. For the system, we look for
an analogue of the critical hyperbola. By considering the functional on the space
H} x H} one seces that the nonlinearities G(v) ~ el** and F(u) ~ el*” lie on
this “critical curve”. We assume that F(t) and G(t) have “exponential polynomial
growth”, i.e.

F(t) ~ ell” | and G(t) ~ el | for some 1<p, ¢<+o0.
‘We prove:

Theorem 4.1. Let Q C R? be a bounded domain. Then we have an “exponential
critical curve” given by

p q 1 1
(F(s),G(s)) = (1" el*I") | with ) + J =1.
Proof. We consider the functional
J(u,v) = / VuVudz —/ F(u) —/ G(v) , (6)
Q Q Q

and we want to consider the term fQ VuVudz on a product of Lorentz spaces. Note
that if we choose W L(p, q) with p > 2, and hence 0 < p’ < 2, then W!(p, q) C L*>®
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and WIL(p',q') C L((p')*,q') with (p’)* < oo. This suggests the choice of the
Sobolev—Lorentz spaces W1(2,q) and W'L(2,¢'), i.e. we want to estimate, using
the Holder inequality on Lorentz spaces:

‘ / VuVudx
Q

By Theorem C we then have

1 1
< HVUHL(Q,q)HVUHL(Q,q’) , 7 + =1.

q/

’
q q
21 r_q
™t et and VTN e L',

and thus the maximal growth allowed for F(s) = [ f(t)dt and G(s) = [; g(t)dt
is given by
q

)~ p=g= *

1 and G(v) ~el" . O

5. Critical and subcritical growth

5.1. Some considerations

Critical growth for (scalar) elliptic equations is connected with several phenomena:
for subcritical growth one has compactness and hence existence of solutions; at
critical growth, there is loss of compactness, and one finds concentration behavior
and nonexistence of solutions.

Turning to elliptic systems, we have seen that in N > 3 critical growth is given
by the “critical hyperbola”, which is obtained by the embeddings H*x H* C LIt!x
LP*L see [11], [5], or alternatively by the embeddings W x W18 ¢ Latl x [p+L
see [7]. In analogy to the situation for the scalar equation, we find

e for subcritical growth one has compactness, and the existence of solutions can
be obtained via variational methods; we point out that additional difficulties
arise due to the strong indefiniteness of the functional, see [11], [5];

e for critical growth, i.e. for nonlinearities which lie on the critical hyperbola,
loss of compactness is known [10], and nonexistence of solutions for nonlin-
earities on the hyperbola has been proved using Rellich-type inequalities, see
[12].

In section 3, Theorem 3.1, we have considered the system (PN) corresponding
to the limiting case on the asymptote of the critical hyperbola, and we have seen
that then the maximal growths are obtained by the limiting embedding of Lorentz—
Sobolev spaces
N

WoL( N ) x WyL(N, §) C LN-2 x LemN% ) (7)
Similarly, in section 4, Theorem 4.1 we have seen that for system (P2) the limiting
embeddings are given by

1
W()lL(2»Q) X WOlL(2vql) cL [ ‘q’ X L [s]? > + =1. (8)
e'® € qa q
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In the next section we will prove existence results for systems which are subcritical
with respect to the embeddings in (7) and (8). The behavior of the critical cases
remains open.

5.2. Existence of solutions for subcritical equations
In this section we prove the existence of solutions for systems (PN) and (P2)
in the “subcritical case”. In the case of (PN) we restrict ourselves to dimension

N =3 (i.e. to (P3)), since for N > 4 the nonlinearity v~"> becomes sublinear,
which requires different variational methods than the ones adopted here, see e.g.
[8]. As mentioned, we consider the functional

T, v) = /Q VuVo - /Q Plu) /Q Gv) )
on the space

Es =WyL(3,3) x WoL(3,3), if QCR® forsystem (P3)

and on the space
By = W{L(2,q) x WeL(2,q'), if ©QCR? for system (P2) .

We point out that we are in a “subcritical situation” if one of the nonlinearities
is subcritical with respect to these embeddings. We will assume in both cases
that G(s) is subcritical; in case (P3) this is justified by the observation that F
subcritical means that we are “on the left” of the critical hyperbola, and then we
can refer to [8]. On the other hand, in the case (P2) the situation is symmetric
with respect to f and g, and we may assume without restricting generality that g
is subcritical.

We make the following assumptions on f and g (our aim is to give simple
assumptions, at the expense of greater generality):

A1) f and g are continuous functions, with f(s) = o(s) and g(s) = o(s) near the
origin.
A2) There exist constants g > 2, v > 2 and s¢ > 0 such that

O0<uF(s)<sf(s) and 0 <vG(s) <sg(s), V]s| > s .
A3) There exist constants s; > 0 and M > 0 such that
0<G(s) < Mg(s) forall s> sq.

We remark that this assumption implies that g has at least exponential
growth; in fact, as is easily seen, it also implies the assumption A2) for g.
A4) f has at most critical growth, i.e. there exist constants a1, as and d such that

f(s) <ai+azls|*, in the case (P3)

f(s) <aq —l—aged\slq/ g = q31 , in the case (P2).
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Ab) g is subcritical, i.e. for all > 0 holds (see [9])

lim s|3 =0, in the case (P3)

=0, in the case (P2) .

Examples.
Case (P3): F(s) = |s]* , G(s) = el*I” — 1 —|s|?, with 0 < 8 < 3;
Case (P2): F(s) =elsI" —1—s|9 , G(s) = elsl” —1— |s|?, with 1 < 8 < q.

Theorem 5.1. Under assumptions A1)-A5), systems (P3) and (P2) have a non-
trivial positive (weak) solution (u,v) € Es3, or (u,v) € Ea, respectively.

Proof. The proof follows ideas from [6] and [7].

We note that the functional J given in (6) is strongly indefinite, being unbounded
from above and below on infinite dimensional subspaces. If working on a Hilbert
space H, one can find suitable subspaces H@® H~ = H such that J|g+ is positive
definite and J|g- is negative definite near the origin. Since we are working on the
Banach space E, the subspaces H, H~ have to be replaced by infinite dimensional
manifolds. We proceed in several steps:

a) The tilde map
Consider the bilinear map [, VuVudz on the space W¢L(p,q) x Wi L(p', q'), where
p = pfl and ¢’ = qﬁl. We recall that
p=15,q=3 and p'=3,¢ =3 ifN=3
p=2,1<q¢< and p'=2,1<¢ <o if N =2.
For u € W¢ L(p, q) denote with u € W L(p/,¢’) the unique element such that
sup /Vqudx :/ VuVudz = ||Vullpqll VUl g
{oeWG L(p",q): Vol o =1Vullp.q} /O Q
and hence
/ VuVide = ||Vul2, = Va2, - (10)
Q
The existence and uniqueness of @ follows from the reflexivity and convexity of
W¢L(p,q), see [7].
We can thus define the “tilde-map”: W} L(p,q) — W L(p',q') , u+ u. This

map is clearly continuous; it is nonlinear, but positively homogeneous: pu = pu,
for all p > 0.

On the product space E = W L(p, ) x Wi (p', ¢') we can now define two continuous
submanifolds

Et ={(u,u) : ue WyL(p,q)}, E~ ={(u,—u) : ue WyL(p,q)}.
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As remarked in [7], the nonlinear manifolds E™ and E~ have a linear structure
with respect to the following notion of tilde-sum:

(D) F (5.3) = (uty,0F2),
and one has

E=FE'® E", withnorm |w|% = |(w,0)|% = Vul?,+ V02 4 -

b) Linking structure
Next, we verify that the functional J has a linking structure in (0, 0):

Using A1) and A4) one estimates, for given € > 0,

F(s) < es? +clsf? , G(s) < es? + clsf%el” | in case (P3)

F(s) <es? + c\s\Sed‘SV]/ , G(s) < es®+¢|s]?el*l” | in case (P2).
Claim 1: There exist p > 0 and ¢ > 0 such that J(u,u) > o for ||(u, @)z =p .
Indeed, using (10) and

J(u, ) :/VuVu—/F(u)—/G(ﬂ)
Q Q
1
2 2 3 ~12
Vel s = [l —c [+ 19,
—e/ |m2—c\|a||g(/ c2lafy1/2, N =3
Q Q
1 uq’
IVul2, — / Jul? — efjul / (2l )12
2 Q Q

1, ~ - 19 .
IVl e [ R - clali [ N —2.
Q Q

Now, we use that for N = 3 we have by Theorem A

v

[ulls < di[|Vulls 5, [[ulle < d2l| V]33

and by Theorem 3, [4], there exists a § > 0 such that

/ 2 < ¢ if [all3s <6,
Q

and similarly for N = 2:

lulls < ds||Vulla,y and / P <o i [|Vullag <61
Q

ull¢ < da|Vu

s and [ <o |Villa < 0n
Q

With these estimates the claim follows easily.
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Next, fix ey € W'L(p,q) and & € W'L(p', ¢') with [[Veilp,q = Vel ,q =
1, and let

Q= {r(er,e1)tw; we E™, |w|g < Ro,0 <r < Ry}

Claim 2: There exist Ro, Ry > 0 such that I (2) <0,V 2z € 0Q, where 9Q denotes
the boundary of @ in R(ey,é1)+E .
i) For (u,v) € 90Q N E~ we have (u,v) = (u, —u) and hence

J(u, —) /VUVU—/ /G —||Vu|\pq <

ii) Let (u,v) =r(e1,€1) ¥ (w,—w) = (re; + w,req — w) € 0Q, with ||(w, —w)||g =
Ro, 0 S T S Rl.
First set Ry = 1. Then

J(u, ) S/V(rel +w)V(re/1_\;/w)

/ V(w—re;)V(w — 7"61 / V(2re;)V(w — 7"61)

< —|[V(w —rer) 2., + 2/ Vrexl|p.glV(w —rer) | g
< —va\lﬁ,q - HvrelHﬁ,q + 2[|[Vwllp,qlI Vrerllp,q
+2‘|V7"€l||p7q(”vw”p,q p7q)

< —IVwl3 4 +4r[Vwlpq +72 <0,

for 2(|[Vwl? , = Vw2, + V@2, = (w0, —©)[|F = Rg sufficiently large.

Note that this estimate now holds for all p > 1, with 0 < r < p and
l(w, —w)||% = p Ro.
iii) Let 2 = p(e1,€1) + p(w, —w) € AQ, with ||(w, —w)||g < Ro. Then by A2), for
6 = min{u, v} > 2

Hud) = [ Fioer+ pu) o =pw) = [ Floer+ pu)+ Gloir = pu)

< 21V er + 0)llpall Vier — )l g — / lper + pul? + e
Q

—c/ Iper — pw|? + c1
Q

|p,q>2—cp9{/ errul’+ [ e?—/we}mq.
Q Q

J(u,?) < p?(1 + Ro)? — ¢p?Sp 4+ 2¢1 <0 (11)
for p > R; sufficiently large, where

5o = inf {/ |e1+w|9+/|e1/iiu|9}>o
(w,—w)||[e<Ro LJQ Q

< p*(|IVer

pat | Vw

It follows that
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Finally, defining Ry = R1 Ry, the claim holds.

c) Palais-Smale sequences are bounded
Let (up,vp) € E with |J(up, Up)| < d, and

1T (tns ) (6, 0)] | < nll (B ) B+ €0 — 0, Y (6,9) € E. (12)
Then ||(un, on)|lg < c.

Indeed, choosing (¢, ¥) = (un, By) = 2z, in (12) we get, using A2),

J n)Un n)tn > n n
/ (u )u / g(,U )'U < 2 ‘/ C7’LL C'U

+5nH(unv®in)”E

2 2 S -
<2d+ /ﬂ%%ﬁ /MW%+WWMWM
HJo v Ja

from which we get

/f(un)un < c+enll(un, 0n)llE /g(gn)ﬁngc""gn“(umin)”E (13)
Q Q

and then also

/ Flun) <c, / G <c. (14)
Q Q
Next, taking (¢, 1) = (v,,0) and (¢,v) = (0,4,) in (12) we have
Vo2, < /Qf(un)vn + enll(vn; 0)||E (15)
and
IVl < | 9)+2a0T)]z (16)
n =7 ﬁn .
Setting V,, = and U,, = - we obtain
1VUnllp.q Vin |p g
IVl < [ f@)Veten and [Vl < [ 9@ +ea. (7)

We now use the following inequalities: for any o > 1 (and setting o’ = ) holds:

I st <t 4 o1 s for s,t>0

@

(e —1) + s(logts)t/*,  forallt>0 and s> ()
(eta—l)-i-z;,lsa/ , for allt > 0 and ogsge(é)“’.

Proof of 1) and 1II).
I) Consider sup,so{st —t*} = st —tg, with t; = (is)ail, and hence sty — t% =

(;)al—lsail _ (i)“ilsail — tz;/lso/'
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IT) For fixed s > 0, consider sup,o{st — (e!” — 1)}, and let t, denote the (unique)
point where the supremum is attained; then s = at®~! £
i) ts > (é)alflz then s = at® le! > ¢ and hence (logs)a > t,, and then

sup{st — (e!" —1)} = st, — (e'* — 1) < st, < s(logs)'/?.
>0

i) 0 < ts < (;)ail and s > e(a)” : then st, < s(i)ail < s(longs)clx, by the
assumption on s.

i) 0 <t < (é)l—la and 5 < ea)” : in fact, the second inequality in II) holds
always, since by I) st < t* + 2‘;,1 @ < (eta -1)+ 2‘;,1 sa/, for all s, > 0.

We apply the above inequalities I) and IT) to the estimates in (17). We dis-
tinguish the two cases:

Case (P3): choosing a = 3, o/ = g, inequality I) becomes st < t3 + css'/2, and
then we obtain by the first estimate in (17), setting ¢ = |V}, ()| and s = | f (un(2))],

and using A4) and (13)

1/2

IVoullss < [ Wl 4 [ £V )]+,
Q Q
<AVl g+ [ 1fnler + calunPJ2 4+,
25 Q

< c—|—c/ flun)un + en
Q
< c+enl|(Un, Un)||E + En-

Similarly, the second estimate in (17) is estimated by inequality II), with a = 3,
and t = |Up ()], s = |9(Un(x))|, and, using A5) and (13),

~ 7 13 ~ ~
Wilyy < [ et [ lo@ltos @)+,

<c+ c/@g(%n)ﬁn +én
< c+epl|(Un, Un)||E + En-
Adding the two estimates yields
IVonlls 3+ [[Vinllz 3 < ¢4 2¢[|(un, 0n)ll & + 260
and hence |[(un,0n)||E < c.

Case (P2): we proceed similarly, applying inequality II) with a = ¢’ and ¢ =
[V (2)], s = | f(un(x))], to the first estimate in (16):
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W%MqSAﬂMMﬁ%
|Vh|q/ - n 1 + n l/q/ n
glje 1»+l]ﬂuﬂ[% PV + e
<c +/Qf(un)un +éen

<c+en+enll(tn, Un) E-

Applying inequality II) with o = ¢ and ¢t = \(~Jn|, s = |g(vn)]|, to the second
estimate in (17), and using A5) and (13) yields

wwm/sémmm+%

sl&ﬁ—n+4mmmmym@mw+% o)

< c+/ 9(50)n + 2
Q

S c+ EnH(unvfﬁn)HE + En-
Joining the two inequalities yields again the boundedness of ||(un, Un )| &

d) Finite-dimensional approximation
Note that the functional J is strongly indefinite on the space E (i.e. positive
and negative definite on infinite dimensional manifolds), and hence the standard
linking theorems cannot be applied. We therefore consider an approximate problem
on finite dimensional spaces (Galerkin approximation):

Denote by (e;)ien an orthonormal set of eigenfunctions corresponding to the
eigenvalues ()\;),i € N, of (—A, H}(2)), and set

‘E’rJLr = Span{(eiagi) | L= 17 . ‘7’”‘}
E. =span{(e;,—¢€;) |i=1,...,n}
E,=E; ® E;.
Set now @, = QN E,, Q as in b) above, and define the family of mappings

T, ={y€C(@Qn E, & (er,e1)]) | 7(2) =z on 9Qn}
and set

= inf J .
cn = Inf max (v(2))

It is now quite standard (see [15], [7]) to conclude that:

For each n € N the functional J,, = J|g, has a critical point z, = (un,v,) € Ey,
at level ¢, with

J(zn) = ¢y € [0, Ry] (19)
and

T (za)[(6,9)] =0, for all ($,9) € E, (20)
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| vevi= [ a@oi i

, V(.)€ By (21)
| vavo= [ s
e) Limit n — oo

By d) we find a sequence (up,v,) € E, with

and hence

J(Un,0n) — ¢ € [0, R1] and J) (un,0p) =0, in E,,
and by c) we have ||(un,n)||g < ¢ . Then (un,v,) = (u,v) in E. Furthermore,
we may assume that
Up — v in LY, forall a>1;
indeed, in the case (P3) we have by properties 1), 2) of Lorentz spaces, for all
4 > 0, the following continuous embeddings

—8§N (3—8)3
5

3
W(JlL(372) CW(}L(3—5,3—5):W01’3 JCLN (3-8 = ],

and hence a compact embedding into L%, for all 1 < a < (3756)3

Similarly, we have in the case (P2):

WyL(2,q) C Wy L(2—6,2—0) = W01,2—5 o e 7
and hence again a compact embedding into L%, for all 1 < a < (2755)2 .

Using (13) and (14) one concludes now as in [9], Lemma 2.1, that

| sy = [ s . [ o) = [ o@

Thus, in (21) we can take the limit n — oo to obtain

/Q Vuve = /Q 9(®)0
/Q Vive = /Q flu)o

Hence (u,v) € E is a (weak) solution of (22).

, V(4,0)€EUE, =E. (22)

Finally, we prove that (u,?) € E is nontrivial. Assume by contradiction that
u = 0, which implies that also v = 0. Since ¢ is subcritical, we obtain by A5), for
all § > 0,

lg(t)] < csedlt° Wt eR, in case (P3)
lg(t)] < cse’l!l” | VteR, in case (P2).
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Now we choose 1 = ,, in the first equation of (22), and estimate by Hélder
~ ~ 2. 3 ~ ~ .
\/ (@) | < es]le”™ | Lo |[Tnll e < d5]|Bnll e, in case (P3)
Q

\/ 9(@a)0n | < eslle”™ | o |[Tnll e < dsl|Tallze , in case (P2) |
Q

since [[Vonlls s < ¢ and |[Vp[[2,q < ¢, respectively, and hence by Theorem C
above, for § > 1 sufficiently small:

e o = [ T <o and g = [ e <
Q Q
Since ||Uy ||« — 0, we conclude by the first equation in (21) that
/ Vu,Vv, =0 . (23)
Q

This in turn implies, by choosing ¢ = u,, in the second equation in (21), that also
Jo f(un)un — 0. By assumption A2) we now conclude that

/QF(un)—>O, and /QG(un)—>O. (24)

Finally, by (23) and (24) we now obtain that J(u, Un) = [, Vun V0, — [ F(un)+
G(v,) — 0; but this contradicts (19), and thus (u,v) # (0,0).

This completes the proof. O
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Abstract. We survey recent work of Burghelea, Malta and both authors on
the topology of critical sets of nonlinear ordinary differential operators. For
a generic nonlinearity f, the critical set of the first order nonlinear opera-
tor Fi(u)(t) = w'(t) + f(u(t)) acting on the Sobolev space H, of periodic
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second order operator Fa(u)(t) = —u”(t) 4+ f(u(t)) on Hp (Dirichlet bound-
ary conditions), the critical set is ambient diffeomorphic to a union of isolated
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a Hilbert manifold but is still contractible and admits a normal form. The
third order case is topologically far more complicated.
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1. Introduction

We survey recent work of Burghelea, Malta and both authors on the topology
of critical sets C' of (nonlinear, ordinary) differential operators F. Our approach
is geometric, in the sense that we study the geometry and topology of C' and
its image F(C) with the purpose of understanding the function F. Pioneering
examples of this point of view for nonlinear differential equations are the results
on the Laplacian coupled to a special nonlinearity by Ambrosetti and Prodi ([1]),
interpreted as properties of a global fold by Berger and Podolak ([2]).

We begin this paper with a two dimensional example in which most of our
claims can be followed visually. We then consider differential operators of increas-
ing difficulty. For generic nonlinearities f : R — R, set Fy(u) = v’ 4+ f(u) on the
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Sobolev space H; of periodic functions ([14]), with critical set Cy. We show that
if C'1 is not empty then there is a global diffeomorphism in the domain of F; con-
verting C1 into a hyperplane. There are two parts in the argument. First, we prove
that the homotopy groups of C; are trivial. We then use the fact that, under very
general conditions, (weak) homotopically equivalent infinite dimensional Hilbert
manifolds are actually diffeomorphic. For some classes of nonlinearities, we achieve
a global normal form for Fy.

We proceed to the second order operator Fy p(u) = —u” + f(u) acting on
H? ([0, 7]), the Sobolev space of functions satisfying Dirichlet boundary conditions
([4]). The critical set C p now splits into connected components Ca p ,, one for
each positive integer value of m for which —m? is in the interior of the image
of f’. Again, there exists a diffeomorphism taking each Cs p ., to a hyperplane.
The proof of the triviality of homotopy groups of Cs p ., requires a very different
strategy than the first order case.

Second order operators on Hg (the space of periodic functions) are more
complicated, in the sense that the critical set is not a manifold, but with suitable
hypothesis is still contractible and admits a normal form ([5], [6]). In brief, the
critical set looks like a union of a hyperplane and infinitely many cones, with
nonregular points at the vertices. Nonregular points in the critical set correspond
to potentials h(t) = f'(u(t)), u € HY, for which the kernel of the linear operator
v — —v” + h(t)v is a subspace of dimension 2 of H2. The diffeomorphism of H}
through which the critical set achieves its normal form takes the set of nonregular
critical points to a disjoint union of linear subspaces of codimension 3.

The third order case is yet more complicated: consider the set C3 , of pairs
(ho, h1) for which the kernel of the linear operator u — " + hiu' + hou is a
subspace of Hg’ of dimension 3. In the final section we show that the space C is
homotopically equivalent to X, the set of closed locally convex curves in the sphere
S? with a prescribed initial base point and direction. It turns out that the space
X1 has three connected components ([11]), two of them having a rich algebraic
topological structure, not equivalent to any finitely generated CW-complex ([18],
[20], [21], [22]).

The authors acknowledge the support of CNPq, Faperj and Finep.

2. A finite dimensional example
Consider
F:C—C
22" +53 4+ 2

which is clearly a smooth (but not analytic) function from the plane R? to itself.
In this section, we identify C and R? indiscriminately. How many solutions has
the equation F'(z) = 07
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Our approach to the question ([13], [19]) breaks into a few steps. First, we
compute the critical set C' of F' by searching for points in the plane in which the
Jacobian DF is not invertible. Some numerical analysis reveals that C' consists of
two simple curves C; and C, bounding disks (0,0) € D; C D,. A finer inspection
verifies that, as expected from Whitney’s classical theorems on planar singularity
theory ([23]), the generic critical point is a fold, i.e., after local changes of variables
the function takes the form (z,y) +— (x,?) close to the origin. Also, nonfold points
are cusps, with local normal form (z,y) — (z,y> + zy). Again, with the help of
some computation, one finds out that the curves C; and C, have five and eleven
cusps, respectively. What may be more informative is the geometry of the images
F(C;) and F(C,), presented in the picture below.

FIGURE 1. The critical set of the function F(2) = 27 + 5z + 2z
and its image.

We now count preimages. Simple estimates suffice to prove that F' is proper,
and that, for sufficiently large (w1,w2) € R?, the equation F(z,y) = (w1, ws)
has seven solutions. From properness, points in the same connected component of
the complement of F(C) have the same number of pre-images. Now, consider two
points p and ¢ in components sharing a boundary arc of (images of) folds. From
the normal form of a function at a fold point, the number of preimages of p and ¢
under F' differ by two. The sense of folding indicates that the number of preimages
increases by two whenever one gets closer to the origin when trespassing an arc
of images of folds. Adding up, from the knowledge that points in the unbounded
connected component of the complement of F/(C) have seven preimages, we learn
the number of preimages of each component. Thus, the origin has 17 preimages.
In a nutshell, the number of preimages of a point under a function F' may become
large when the image of the critical set C' intersects itself abundantly.
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In the following sections, we shall consider functions between separable in-
finite dimensional Hilbert spaces. In many cases, the critical set turns out to be
surprisingly simple.

3. The first order operator

We consider the differential equation

W' () + fu(t) = g(t),  w(0)=u(r)
where the unknown u is a real function and f : R — R is a smooth nonlinearity.
In the spirit of the example in the previous section, we define the operator

Fy:H) — L*
ur—u + f(u)
where H} = H}([0,1];R) = H'(S';R) is the Sobolev space of periodic functions
with weak derivative in L? = L2([0, 1]; R). It is easy to verify that the differential
DFy(u)v =v" + f'(u)v

is a Fredholm operator of index 0 and therefore u belongs to the critical set C; C
H} of F if and only if the equation

V() + f(u®)o(t) =0, v(0) =wv(1)

admits a nontrivial solution v, i.e.,

1
Ci=(ue B |6 =0}, érlw) = [ Fult)ir
0
An equivalent spectral interpretation for C is
Ch = {U € H; | 0e O'(DFl(u))} .

It is not hard to see ([14]) that DF;(u) has a unique real eigenvalue. We assume
that f” has isolated roots which are distinct from the roots of f’: this implies that
0 is a regular value of ¢; and therefore that C is a smooth hypersurface in H;.
An H-manifold is a manifold modeled on the separable infinite dimensional Hilbert
space H: (1 is an H-manifold. With these hypothesis, the topology of C is trivial

([14]):

Theorem 1. Assume Cy to be nonempty. Then Cy is path connected and con-
tractible. Furthermore, there is a diffeomorphism from H; to itself taking Cy to a
hyperplane.

A natural finite dimensional counterpart of this theorem is false. Indeed, let

Cf ={ueR" | ¢}(u) =0},  ¢f(u) =) f'(u)-
k

For f(x) = 2% —x, C} is a sphere. Thus, our theorem goes hand in hand with the
well known facts that in an infinite dimensional Hilbert space H, the unit sphere
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is contractible and there is a diffeomorphism of H to itself taking the unit sphere
to a hyperplane.

The rest of this section outlines the proof of theorem 1. First, one proves
([15]) that the homotopy groups 7, (C1) are trivial. We consider only k = 0, i.e.,
path connectedness of C7, the other cases being similar. This is done first in the
space C? (with the sup norm): more precisely, set

O = {u € C°([0, 1)) g1 (u) = 0}

it is easier to build a homotopy in the sup norm, since it is weaker. Take two
functions u(t) and uy(¢) in CY so that

1 1
/0 Fluo(t))dt = /0 Flun(B)dt = 0.

Let s € [0, 1] be the parameter for the desired homotopy h(s,t): we want h(0,t) =
ug(t),h(1,t) = ui(t),h(s, ) € C). Define a discontinuous function hg : [0,1] x
[0,1] — R by ho(s,t) = uo(t) if (s,¢) € A C [0,1] x [0,1] and ho(s,t) = ui(t)
otherwise, where A looks like the set in figure 2: for each s, A, = {t | (s,t) € A}
is a rather uniformly distributed subset of [0,1] of measure 1 — s. For each s,
¢1(ho(s,+)) = 0. The function H equals hy except on a set of very small measure,
where it is defined so as to obtain a continuous h for which ¢;(h(s,-)) = 0.

FIGURE 2. The set A (shaded).

In order to prove that the homotopy groups 7 (C1) are also trivial, we use
the following theorem ([4]) with Y = H,, X = C°([0,1]), M = C?, N = C} and i
the inclusion.

Theorem 2. Let X and Y be separable Banach spaces. Supose i : Y — X is a
bounded, injective map with dense image and M C X a smooth, closed submanifold
of finite codimension. Then N = i~*(M) is a smooth closed submanifold of Y,
and the restrictions i : Y — N — X — M and i : (Y,N) — (X, M) are homotopy
equivalences.
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Since C, being an H-manifold, is homotopy equivalent to a CW-complex,

weak contractibility implies contractibility and Cy is contractible (and, by theorem
2, CY is contractible too). The connected components of the complement of C;
are also contractible. Indeed, let h : SF — H; — (1 be a continuous map; since
H; is obviously contractible, h can be extended to h : B*t!l — H;. Since C is
contractible, h can be redefined to take each connected component of h=* (H; -Ch)
not touching S* to C;. A normal vector to C; can then be used to push the image
of h away from C}, yielding h : B**1 — H; — (. Thus, the homotopy groups
Wk(H; —C1), k > 1, are trivial and therefore the connected components of H; -4
are contractible. To complete the proof of theorem 1, we use the following result
([4]):
Theorem 3. Suppose f : (V1,0V1) — (Va,0V2) is a smooth homotopy equivalence
of H-manifolds with boundary, Ko C Vo \ V2 a closed submanifold of finite codi-
mension and K; = f_l(Kg). Suppose also that f is transversal to Ko and the
maps [ : K1 — Ky and f : Vi — K1 — Vo — Ko are homotopy equivalences.
Then there exists a diffeomorphism between (V1;0V1, K1) and (Va; 0Va, Ka) which
is homotopic to f as maps of triples.

Set Vi = H} and consider the functional ¢; : H) — R defined above. Write
Vo = L2([0,1]) = (1)@ (1)*, where (1) 2 R is the vector space of constant functions
and (1), the space of functions v of average v equal to zero, is a hyperplane in V5.
Set f: Vi — Vi to be f(u) = (¢1(u),0). Set Ko = (1)* so that the critical set C;
equals K1 = f~1(K>), and the genericity condition on f ensures that C; = K; is
a hypersurface of V1 and f is transversal to K>. Notice that 0V; = 9V, = (). Since
K, = (1 is contractible, we obtain that f is a homotopy equivalence between K3
and K5. Similarly, since the connected components of V; — K; are contractible,
f:V1— Ky — V, — K5 is a homotopy equivalence and Theorem 1 follows.

The proofs of theorems 2 and 3 are rather technical and shall not be discussed
here. A simple spinoff is the following density result which may be of independent
interest,.

Theorem 4. Let X be a Banach space, V. C X a dense (linear) subspace and
M C X a finite codimension submanifold. Then the intersection V N M is dense
mn M.

4. More on C and Fi(C)

For the first order differential operator Fy, generically, it is easy to prove that the
critical C7 stratifies by complexity of the singularities, which are infinite dimen-
sional counterparts of the familiar Morin singularities ([16], [14]). In a nutshell, the
Morin singularity is the generic situation for a germ from (R™, 0) to itself whose Ja-
cobian at 0 has a one dimensional kernel. There is essentially one elementary Morin
singularity in each dimension, with very simple normal forms: the fold = — z2,

the cusp (v,y) — (z,y> + zy), the swallowtail (z,y, 2) — (x,y, 2* + y2? + x2), the
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butterfly (z,v, z,t) — (2,7, 2, > + 2t> +yt> + xt),. .. One should take into account
Morin singularities arising by taking cartesian products: the fold x — x? embeds
into the (non-elementary) fold (z,y) — (22,%). Even in infinite dimensions, Morin
singularites are always cartesian products of an elementary singularity (for which
one defines a natural order, given by the degree of the top polynomial of its normal
form) and the identity mapping with the appropriate codimension ([14]; also [9]
for infinite dimensional cusps).

What is the topology of the finer strata? For the first order differential op-
erator F; with a generic nonlinearity f, the subset X5 of critical points which are
nonfold points again has trivial topology. The proof of this statement begins with
the following result:

Theorem 5. For a generic smooth nonlinearity f : R — R, there is a diffeomor-
phism from H; to itself taking the sets Cv and ¥o of Fy respectively to the zero
level of the functional ¢1 and to the zero level of the pair (¢1, ¢1,2), where

1
¢1,2(U)=/0 ' (u(t))dt.

Consider now a vector valued extension of the argument used to prove that
the homotopy groups of C; are trivial ([15]). Let M be a compact, finite dimen-
sional manifold with a smooth Riemannian metric inducing a normalized measure
i, so that u(M) = 1. Let V a separable Banach space of continuous real val-
ued functions on M, which is closed under multiplication by functions of C*°(M)
(here, multiplication in C*°(M) x V' — V is continuous). For a smooth function
fn: M xR — R"™ define N,, : V — R"” as the average of the Nemytskii operator
associated to f,

N (v) = y fn(m,v(m))dp.
Let IT; : R* — R* be the projection on the first k coordinates. We say that 0 is a
strong regular value of N, if 0 is a regular value of each composition Ny = I 0 Fj,.
Finally, let Z;, = N,;l(O): if 0 is a strong regular value of N,,, the sets Zj, are nested
submanifolds of V' of codimension k.

Theorem 6. Suppose 0 is a strong regular value of N, as above. Then the levels
Zy. are contractible. Moreover, there is a global homeomorphism U : V — V taking
each Zy to a closed linear subspace of V' of codimension k. If V' is a Hilbert space,
¥ can be taken to be a diffeomorphism.

Thus, for a generic nonlinearity, the zero levels of ¢; and (¢1, ¢1,2) are ambi-
ent diffeomorphic to nested subspaces of codimension 1 and 2, and we obtain the
topological triviality of C7 (again) and of . Theorem 5 is necessary because the
set of nonfold points is not described naturally in terms of zero levels of vector
Nemytskii operators. This is the reason for which we do not know how to address
topological properties of higher order strata.

The image F(C1) clearly depends on the nonlinearity. We list a few facts
([14]), some of which had been known ([12]).
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1. Suppose f is strictly increasing, onto the interval (a,b). Then Fy is a diffeo-
morphism onto the strip

{weL?|a< (w1) <b}.

2. If f is strictly convex, F} is a global fold. If f is generic, and all critical points
of F} are folds, then F} is a global fold. There are nonconvex linearities for
which F} is a global fold.

3. If f is a generic polynomial of even degree, positive leading coefficient, taking
negative values, then F} has cusps.

4. Suppose f : R — R is proper, with derivative f’ assuming both signs and
third derivative with isolated roots assuming only one sign. Then F} is a
global cusp, in the sense that diffeomorphisms on H; and L? convert F} to
the normal form

F RZxH—-R2xH
(z,y;0) — (2,9° + 2zy;v).

The last example establishes a conjecture by Cafagna and Donati ([7]) on the global
topology of operators associated to the nonlinearity f(z) = az + bx? + ca?#+1,
a>0,a°+b*>>0andc<0.

From the examples, the number of preimages of an operator associated to a
generic nonlinearity given by a polynomial of degree less than or equal to three is
bounded by the degree of the polynomial. This is false for polynomials of degree
four. The counterexample in [14] was obtained by adjusting coefficients of the
nonlinearity in order to obtain a butterfly in the critical set of F}j. Singularity
theory combined with a degree theoretic argument imply the existence of a point
with six preimages, five of which are near the butterfly. Both nonlinearity and
special point were computed numerically.

On a related note, Pugh conjectured that the equation

u'(t) = ap () (ut)® + - + a1 ()u(t) + aot),  u(l) = u(0)

would have at most k solutions. The conjecture was essentially verified by Smale
for k = 2 and k = 3 if as(t) > 0 for all t. The general conjecture was proved false
by Lins Neto ([10]) but is correct in certain special cases ([8]). Our example has
the special feature that a; is constant in ¢ for ¢ > 0.

5. The second order case, Dirichlet conditions

Let H? = H?([0,7],R) be the Sobolev space of functions with second weak de-
rivative in L? = L%([0, 7]; R), satisfying Dirichlet boundary conditions and for a
smooth nonlinearity f now consider the operator

Fyp:H} — L?
u —u" + f(u)
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with differential given by DFs p(u)v = —v"” + f/(u)v. Again, by Fredholm theory,
the critical set Cy p of Fy p consists of functions u € H]% for which DF, p has
zero in the spectrum.

For a more explicit description of C5 p, define the fundamental solution vy,

—vf + f(wvr =0, 01(0) =0,v1(0) =1,

and consider the (continuously defined) argument w(t) of the vector (v} (t),v(t))
for which w(0) = 0. Notice the implicit dependence of w on vy, which in turn
depends on u. Then
Co.p ={uc Hy | w(r)/m € Z}.

Thus, there must be different connected components of Cy p for each value of
w(m) = mmn. Said differently, the fact that the eigenvalue 0 of DF5 p(u) may be the
m-th eigenvalue in the spectrum (counting from below) induces different critical
components of F» p. Define the functional ¢o p(u) as the value of the argument at
m of the fundamental solution v; associated to u and consider subsets Cs p ., which
partition Cs p, given by the mm-levels of ¢ p. For a generic set of nonlinearities f,
the set Ca p y, is nonempty if and only if the number —m? belongs to the interior
of the image of f’: in this case, Ca,p n, is path connected and contractible.

We want to prove that arbitrary functions from a sphere S* to Ca,p,m are
homotopic to constants. Theorem 6 is not the appropriate tool anymore, among
other reasons because the functional ¢ p depends on the derivative w’. From the
topological theorems of section 3, it suffices to control the deformation in the
sup norm. Contractibility then implies a global change of variables in H? which
flattens the connected components Cs p ., into hyperplanes. The stratification of
the critical set in Morin singularities still applies, but there are no results at this
point about the global topology of the finer strata.

The idea behind the construction of the homotopy is to change u so as to
approach a function u, which is constant equal to a value x,, with the property
that f’(z,,) = —m? except for two small intervals at the endpoints. Notice that
the (fundamental) solution of

=0, v(0)=0,0(0)=1

is the function v(t) = sin(mt)/m. In general, define the m-argument w,,(t), the
argument of the vector (v} (¢), mvi(t)). Since w(t) = wp, (¢) f w(t) = km, k € Z, the
sets C. p m are ma-levels for both w(m) and wy, (7). Better still, the m-argument
of v(t) = sin(mt)/m varies linearly from 0 to mmn for ¢ € [0, 7]. In figure 3 we show
an example of u € Cy pm, m = 2, and in dotted lines the constant value z,,;
below we show the m-argument w,, of v and the constant function x,,.

The homotopy squeezes the graph of w,, between parallel walls advancing
towards the line y = mt, as shown in figure 4. A corresponding u is obtained by
changing its original value in the region of the domain over which the graph of wy,
has been squeezed—there, the new value of u is x,,. The value of wy,(7) for this
new u equals mm, but such w is discontinuous and therefore not acceptable. We
make amends: the region where the graph of w,, trespasses the wall by more than

"
v —m
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FiGURE 3. Graphs of u and z,, and their m-arguments

a prescribed tolerance is taken to x,, and in the region where the graph of w,, lies
strictly between the walls, u is unchanged. Hence, there is an open region in the
domain where u assumes rather arbitrary values in order to preserve its continuity.

FIGURE 4. The function u gets squeezed

Similar results were previously obtained for the special case when f is a
convex nonlinearity ([17], [3]). The trivial topology of each connected component
Cs,p,m then follows from the fact that each such set is a graph over the hyperplane
in H3, of functions orthogonal to sint.
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6. The second order periodic case

Things get more complicated for the second order operator with periodic boundary
conditions. As is well known, the associated linearizations do not necessarily have
simple spectrum. Critical sets now are not submanifolds, and one has to be careful
about nonregular points. Still, a description of the global geometry of the critical
set is possible ([5], [6]).

For any smooth nonlinearity f : R — R denote by F5, the differential oper-
ator

Fpp: HY — L?
ur— —u" + f(u)
where H? = H2([0,27];R) = H*(S';R) and L? = L*([0,27];R) = L*(S};R). We
are interested in the critical set Cy, C Hg of F5p. Again, the differential of F3

is the Fredholm linear operator DF ,(u)v = —v” 4+ f/(u)v of index 0.
Let ¢ C R3 be the plane z = 0 and, for n > 0, let ¥,, be the cone

22 4+ 9? = tan® 2, 27rn—72r<z<27rn—|—72T

and ¥ =, 50 Zn.

Theorem 7. Let f : R — R be smooth function such that f' has isolated critical
points and [’ is surjective. Then the pair (H3,027p) is diffeomorphic to the pair
(R3 x H, ¥ x H).

The set €3 , C C2;, of potentials u for which all solutions v of

=" () + f'(u(t))v(t) = 0

are periodic is the set of nonregular points. It follows from theorem 7 that C3 ,
is a submanifold of codimension 3, taken by the diffeomorphism mentioned in the
theorem to the set vertices of the cones, i.e., to points of the form ((0,0,27wn), *) €
R3 x H.

The proof of theorem 7 requires the topological study of the monodromy map.
For h € L?, let v1,v2 € H?([0,27];R) be defined by

vl (t) = h(t)vi(t), v1(0) =1, v1(0) =0, v2(0) =0, v5(0) =1

and define 3 : [0,27] — G by B(O) =1 and
3 ui(t) v (t))
t) =
0= (i) 246
where G = SIT(E,/R) is the universal cover of SL(2,R). Finally, define & : L? — G

by &e(h) = B(27r). The map &, is not surjective: its image is an open set G, C G
diffeomorphic to R3. The map &, is in a sense a projection:

Proposition 6.1. There exists a smooth diffeomorphism ¥y : G4 x H — L? such
that €4 0 Wy, is the projection on the first coordinate.
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Further results in infinite dimensional topology are needed to handle the
nonregular points.

7. The third order case

In the second order periodic case, the set C3 , plays a very important role. For the
harder third order case, it is natural to start by considering its counterpart, the
set C5, C (H?(S"))? of pairs of potentials (ho, k1) for which all solutions v of

V" (t) — ha(t)V'(t) — ho(t)v(t) =0 (1)
are periodic, i.e., satisfy
v(0) = v(27m), 0'(0)=7'(27), "(0)=1"(27).

For (ho, h1) € C3 ,, let vo,v1, v be the (fundamental) solutions of (f) with initial
conditions
Vo V1 V2
vy vp vy | (0)=1
v vy
and normalize:
1

M= g (), 01 (1), 2 1)

A straightforward computation yields

det(y(0),7'(0),7"(0)) =1, det(y(t),~'(t),7"(t)) > 0 for all .

Conversely, a curve « : [0,27] — S? is locally convez if det(y(t),~'(t),~v"(t)) > 0
for all ¢t. Notice that this implies +'(t) # 0 for all ¢. Let X be the set of locally
convex curves v (with appropriate smoothness hypothesis) satisfying

Y(0) =7(2m) =e1, Y(0)=+'(21) =€z, AP (0) =~ (2n)

and let X} C X7 be the set of curves v with det(y(0),7/(0),7”(0)) = 1. Clearly,
the inclusion X} C X/ is a homotopy equivalence. The map just described from
C3 , to X1 is a diffeomorphism; we proceed to construct its inverse. Given v € X1,
set

(vo(t), v1(t), va(t))-

r(t) = (det(y(t). 7/ (£),7"(®)

and V(¢) = r(t)y(t). We then have det(V(¢t),V'(t),V"(t)) = 1 for all ¢, which
implies that the vector V() is a linear combination of V(¢) and V’(t). In other
words, there exist unique real valued functions hg and hy with V'’ (t) = ho(t)V (t)+
h1(t)V'(t), so that each coordinate of V' is a periodic (fundamental) solution of (})
and the pair (ho, k1) belongs to C3 ,. Thus, C3 , is homotopy equivalent to X;.

The space X has been studied, among others, by Little ([11]), B. Shapiro,
M. Shapiro and Khesin ([21], [22], [20]). Little showed that X has three connected
components which we shall call X_; ., X; and X_;. One of the authors (S., [18])
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established several results concerning the homotopy and cohomology of these com-
ponents. It turns out that X_; . is contractible and X; and X_; are simply con-
nected but not homotopically equivalent to finite CW-complexes. Also, mo(X_1)
contains a copy of Z and m2(X1) contains a copy of Z?. As for the cohomology,
H"(X1,R) and H"(X_1,R) are nontrivial for all even n, dim H*"~2(X{,R) > 2
and dim H4"(X_1,R) > 2 for all positive n.

These results indicate that the topology of the critical set of third order
operators is far more complicated than the lower order counterparts.
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Abstract. Using a careful analysis of the Morse indices of the solutions ob-
tained by using the Mountain Pass Theorem applied to the associated Euler—
Lagrange functional acting both on the full space Hg () and on its subspace
H, &T(Q) of radially symmetric functions we prove the existence of non-radially
symmetric solutions of a problem of Ambrosetti—Prodi type in a ball.
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1. Introduction

We consider the semi-linear elliptic problem

—Au = (uh)P —tp; in Q
(P1) { u = 0 on 0N
where @ = {x € R" : |z|] < 1}. 1 is the eigenfunction corresponding to

the first eigenvalue \; of (—A) with zero Dirichlet data on the boundary and
normalized by taking ¢1(0) = 1. ¢ is a real parameter. Due to requirements of the
variational method used here, we have to restrict the values of the dimension n to
1 <n<6.

In [2], it has been proved that (S;) with g(u) = u? admits a non-radially symmetric
solution for large ¢ > 0 even if € is a ball. It is also easy to see that the result in [2]
follows if g(u) = |u[P where p € (1,"*2)ifn > 3and p € (1,00) if n = 2. Motivated
by the results in [2] it has been proved in [1] that (.S;) has a non-symmetric solution
in  where  is a smooth bounded domain in R™ where p € (1,"%2) if n > 3 and

€ (1l,00) if n=2:

(S) { —Au

(%

g(u) —ter in Q
0 on Of2



506 P.N. Srikanth and S. Santra

where g(u) = |ulP. In [1] the method works for nonlinearity of the form g(u) =
alu™P 4+ blu~ [P for a > 0, b > 0. It is not clear whether the method [1] works
for a nonlinearity of the form g(u) = (u™)P because of the estimate one needs to
control the negative solution. In this note we conclude that the result in [2] holds
for g(u) = (u™)P.

So our main results are the following.

Theorem 1. For t > 0 sufficiently large, all the non-negative radial solutions of
(P;) have Morse index larger than 1.

As a consequence of this theorem, we have

Corollary. For t > 0 sufficiently large a solution of (P;) in Hj () with Morse
index 1 has to change sign.

Theorem 2. For t > 0 sufficiently large the radial solution of (P;) has Morse index
1 in the space Hj . (Q) and has Morse index at least 2 on the whole space Hg(S2).

Theorem 3. For t > 0 sufficiently large (P;) has solutions which are not radially
symmetric.

2. Proofs of the Theorems

The regularity results imply that the HE(§)-solutions obtained here are indeed
classical solutions, and this fact will be used throughout the paper. Also note that
if u is a positive solution of (P;) then u* = w.

Remark 1. To start with, using this fact we obtain the following properties of the
radial solutions of (P;). We recall that a radial solution ;u of (P;) satisfies the
equation
—tUryr — (n 1)tuT = (tu
r
and boundary conditions tu,(0) =¢u(1) = 0.

+)P _ t‘Pl»

1) Each non-negative radial solution of (P;) has at most a finite number of points
of maxima and minima.

2) At a point of maximum a; of a non-negative radial solution ;u we have
P (ar) — tpi(ar) > 0. Also, there is an open interval (a, d;) where uP(r) —
ter(r) > 0.

3) At a point of minimum m; of a non-negative radial solution ;u we have
tuP (my) —tp1(my) < 0. Also, there is an open interval (e, m;) where (u?(r)—
te1(r) < 0.

4) The proofs of Theorem 1 and Corollary go in the same way as in [2] so we
will not prove this in our note.

5) If ug is a negative solution to (P;), then we have

—Au —tp; in
u = 0 on OfQ.
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Hence the solution to this problem is ug = —tfll which is unique.
6) When the nonlinearity is u? , then one can easily show that

lut [l < CVE
which is a consequence of the negative part satisfying
||tu* HLoo S C\/t

However in the context of the problem we are discussing the negative part
behaves like
lew™[[Loe ~ ¢
which calls for a subtle argument to obtain the main result of the paper. In
fact, this seems to be the main reason why the results of [1] do not seem to
work for nonlinearities like (u™)?.
7) Since n < 5, the functional associated to the problem (P;) is

1 1
Li(u) = Vul|? — /u+p+1+t/ u ,Yu e HH(Q
=y [1vup= L[t H@)

and it satisfies the Palais—Smale condition.

The strategy used to prove Theorem 1 consists in showing that any positive
solution ;u of (P;) has Morse index at least two, for ¢ large. This can be done by
just considering three types of positive solutions:

Type I: ;u has a unique maximum at 0.
Type II: ;u has at least two maxima.
Type III: ;u has a unique maximum at a point a; € (0, 1).

Lemma 1: Suppose tu is a positive radial solution of (P;) having unique mazimum
at the origin, then for large t such a solution will have a high Morse index.

Proof. Similar as in [2]. O
Note, by definition, if ;u is a solution of (P;), its Morse index is given by the
dimension of the space where the form below is negative definite, that is,
(=Aw — p(u)Prw, w) <0, we H Q).
Since the linearized problem is given by
—AC) = (p (uF)PH()

it follows that, if the weight gets very large on a interval of fixed length, then the
Morse index also gets large.

Remark 2. We have made no assumption (;uP —t¢1)(0) # 0. All we want in Lemma
1 is that “0” is the unique maximum. In the case (zu? —tp1)(0) = 0, ru decreases
near “0” can be seen by differentiating the equation

—tUpyT — (’I’L - 1)tuT = (tup - t<p1)r

to obtain tuyrr-(0) < 0 and su..-(0) = 0. Note u,..(0) = 0 follows from (;uP —
t1)(0) = 0. This implies ;u? — ty1 > 0 in an interval (0, dy).
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Lemma 2. If ;u > 0 is a radial solution of (P;) for some t > 0 with more than one
mazximum, then its Morse index is at least 2 on the radial space.

Proof. There are two possibilities. A) The solution has precisely two maxima: 0
and a; > 0; B) The solution has two maxima 0 < a;, < at, < 1, and eventually
more. We assume that those are the two largest ones.

The proof in either case follows in the same way as in [2]. The basic fact is to use
the function F'(r) := ;uP — tp1, and noting that

—AF(r) = (pu?™ ) F(r) — p(p — 1)eu P~ — thigp
and observing also that p(p — 1);u? 'u2 + thior > 0,Vr € [0,1). O

Lemma 3. Suppose that for all t large there exists a radial positive solution ju in
(0,1) of (P;), with Morse Index 1 on the radial space Hg ,.(Q) with ( uP —te1)(0) <
0, then ax — 1 as t — oo, where a; is the unique mazimum in (0,1).

Proof. From the fact that there is a unique maximum, we have yu, > 0 in (0, a;)
and ;u, < 01in (at,1). We denote by b, the unique point in (0, a;) where (;uP —
to1) = 0, ie, (yuP — tp1)(bs) = 0. The uniqueness of b; follows from the fact
that ;u is increasing in ([0, a;) whereas ¢; is decreasing in (0, 1). The proof of this
lemma is essentially contained in Lemma 1, and similar to [2]. O

Remark 3. Let b; be the point in (0, a;) as specified in the proof of Lemma 3. If
by = 0,Vt large, we see easily that the Morse index cannot be 1. It is also clear
from Lemma 3, since a; — 1, one should have that b — 1 as well in order to
maintain Morse index 1 in the context of the positive solutions we are discussing.
We will now prove that b; — 1 will lead to a contradiction, thus completing the
proof of Theorem 1.

Lemma 4. Suppose that for all t large there exists a radial positive solution su in
(0,1) of (P;), with Morse index 1 on the radial space with ( wuP — typ1)(0) < 0.
Then by cannot converge to 1 as t — oo, where by is the unique point in (0,a)
such that ( wu? — tp1)(by) =0, ay being the unique mazximum in (0,1).

Proof. See [2]. O

Proof of Theorem 2. By Theorem 1, we know that the solution obtained by Moun-
tain Pass in Hj () has to change sign . Note that there cannot be more than one
positive part if the Morse index is 1. Note that the fact that each positive part
contributes to the Morse index by 1 in the radial space follows from
bi
< —Au— (pup_l)u7 U >HE (b)) = _/ (W +tp1)u <0

5T a;
in each (a;,b;), where (a;,b;) are disjoint intervals of positivity of u, ul(a, ) €
Hévr(ai, b;). In this context, due to the above facts we need to look at two types
of solutions.
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Type IV: the radial solution ;u has a (unique) positive maximum at 0 and a unique
negative minimum at a; € (0,1).
Type V: the radial solution ;u has a (unique) negative minimum at 0 and a unique
positive maximum at a; € (0, 1).

All other possibilities are covered by reasonings similar to the ones used to
handle Types I through V. We proceed now with the proof of Theorem 2 by
showing Lemmas 5, Proposition 1 and Lemma 6.

Lemma 5. Suppose u is a radial solution of (P;) with ;u(0) > 0 and with a negative
part. Then yu has Morse index at least 2 on the space H}(S2).

Proof. Note that, under the assumptions of this lemma, a typical solution is of
Type IV. Dropping the prefix “t” for the solution we have that it satisfies the
equation i.e.
—Au = (WwhP —tp; in Q ()
U =0 on 0N

In the course of our proof, we will discuss the case Q C IR® (see Remark 4 for
the general case), just to make the idea more explicit. Denoting the coordinates
by (z,y) = (rcosf,rsind), and differentiating (1) with respect to x and writing
w = u, cosf, we see that w satisfies

—Aw = (puPHw —tpi,cos0 in  B(0,d;)
—Aw = —tpi,cosb in  B(0,a;) — B(0,dy)
w = 0 on aB(O, at)

Note that w, < 0 in (0,a;), where a; is the first minimum of v and u(d;) = 0 .
Since 1, < 0, we have

+)p71w0, w0> <0 H&(Q)

where wy is defined by w in B(0,a;) and zero elsewhere. Note that u™ contributes
to the Morse index and wg also contributes to the Morse Index and wg and u™t
are orthogonal. In fact the Morse index of u is at least 2. In fact the Morse index
of u is at least 3 since w; = u, sin § will play the same role as w.

Hence the lemma. O

(—Awo — p(u

Remark 4. It is clear u,, (i = 1,...,n) will work exactly like w,. cosf if we are in
higher dimensions, leading to Morse index being (n + 1).

Remark 5. In view of Theorem 1 and Lemma 5 it is clear that Theorem 2 will
follow if we can show that radial solutions with ;u(0) < 0 and having a unique
zero in (0, 1) has Morse index at least 2 on the whole space for ¢ large. A typical
solution we need to consider is of Type V . Note that if ;u(0) < 0 and has two
nodal zeros, then arguments as the ones used in Lemma 5 would lead to a high
Morse index on the whole space.

Let d; denote the unique zero of ;u in (0,1), a; the point of maximum and b;
is the unique point in (dy, a;) such that uP(by) — tp1(by) = 0.
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Remark 6. If ;u denotes a solution as discussed in Remark 5, we have that
lew™ ||~ < tif ju, > 01in [0, a;], where ;u~ = max(— ;u,0).

It is easy to show that ||;u™||L~ < t. We now proceed to show that ||u™||f= <

Ctrit for C independent of ¢, for all solutions under consideration which is a major
cause of difficulty.

Proposition 1. Suppose tu is a radial solution of (P;) for t > 0 with ;u(0) < 0 and
with u changing sign at a unique point, say d¢ in (0,1) with ;u > 0 in (di, 1),
having a unique mazimum “a;” and u,. > 0 in (0,a¢). Then there exists C > 0
independent of t such that

leut || o= < C ot (2)

Remark 7. In the context of Theorem 2, which is our main goal, it is clear, from
earlier discussions, that now we need just to consider solutions satisfying hypothe-
sis of Proposition 1. That is, solutions starting with ;u(0) < 0 and having a unique
positive maximum at some point “a;” with tu, > 0 in [0, a¢]. Note that argu-
ments similar to Lemma 5 would imply a higher Morse index if ;u,, < 0 in some
subinterval of [0, a;]. Also as observed earlier two positive maxima would make the
solutions to have higher Morse index on the radial space itself. Also ;u(0) > 0 has
already been taken care through Lemma 5.

Proof of Proposition 1. Similar to [2]. O

Remark 8. In the context of solutions discussed in Proposition 1 it is clear that
arguments of Lemma 3 are applicable and that a; — 1 as t — oo as long as we
assume ;u has Morse index 1 on the Radial space.

Lemma 6. Let ;u be a solution of (P;) with Morse index 1 on the radial space and
satisfying the hypothesis of Proposition 1, then d; — 1 as t — oo.

Proof. Similar as [2]. O

Proof of Theorem 2 (completed). In order to finish the proof of Theorem 2, we
have just to use the previous lemmas to show that a radial solution of Type V,
has Morse index higher than 1 in the full space H} (). This is done next. We will
discuss the proof Q C R?, and Q C IR", n > 3, separately.

Recall that we are working in a situation where the solution is like in Type
V. Let us first discuss the case when Q2 C IR", when n > 3.

Let yw = u(r)(x1 + x2 + -+ + x, ), then

Aw = (21 + 22+ + 20) Agu — 2 gty
i=1

Hence

n
—Ayw = (11 + 22+ -+ 2p) (P —ter) — QZtUmi-
i=1
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Then ;w satisfies on (d¢, 1) the equation

—Aw = p(uP N )w — (p— 1P (21 + 22 + -+ 2)
—t(z1 + x4 w1 — 23 g, in Qg
tw = 0Oon 3th

where Q4, = {r: d; <r < 1}. Thus

(=Avw — p(uP Nw,w) = —(p—1) / (T1+ 22+ +an)? P da
Q

—t/(xl + a9+ -+ xn)fugoldx
Q

-2 / (r1+22+ -+ xn)tuztumdx
Q i=1

i.e.
—Ayw — pleuP Vwpw) = —(p—1 2Pt —t | e + 0
2
Q Q Q

Now let ;u(r) > 0 in Qg,. In order to prove that the solution has Morse
index higher than 1 on the whole space, it is enough to show that the function
(F(r) = —(p—1)uPr? — toir? + ngu(r) is negative in (dy, 1). We will show this to
be the case for t large.

By Lemma 6 we know that d; — 1. Hence taking ¢ > 0 large enough we can
assume r? > 2 in the region of interest. Observe that (F(r) < 0 if ;uP~(r) >

dn - Hence ;F(r) > 0 can occur only if 0 <; uP~(r) < . 2" . Now note that

3(p—1) 3(p—1)
tF(dt) < 0 and tF(l) =0.
First we claim that
[Aeur(r)] < tlpr,r(r)] Vr € (de, ar). (3)

Proof of the claim. We have
—(urr™ ™), = ()P = tp)r™

and integrating from 0 to s , where s < a;, we have

— ™) dr = P tdr — ¢ 1t
( . ¥
0 0 0

Hence we have

S S
—s" hu(s) = /tupr"’ldr—t/ o1 tdr
dy 0
S S
= 5"l (s) = t/ <p1r"_1d7‘—/ cuPr™ Ly
0 dy
t
= s""hu(s) < = 5"l .(s).

A1
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Thus we have
Atleur (r)| < ter e (r)]
as tur(r) > 0in (di, at).
Note that in this case p < "*2 and \; > "22. For r € (d¢,a;) and 0 <,
uP=1(r) < 3(§f1) we have

Fr(r) —p(p — D) (r)euP = (r)r? — 24uP (r)r — tgol,ﬂ“? — 2ty + nyuy(r)

t t
FT s — T
- t t(’f') _ _p(p_ 1)tu t(r) tup 1(7,,)72 + |4P1,r(7’)|7'2 +ntu t(r)
p
ot ET)T — 2017 (4)

Now let us look to what happens to ¢ F.(1). We have ; F,.(1) = —n/yu,-(1)]|4+t|¢1,-(1)]-
Hence we have (F,.(1) = t{—”ltu;(l)l + t|1,(1)]}. Dropping the prefix t for the
time being, we have

=" g (r))r = (WP = tor)r" ™

in (0,ay).
Multiplying both sides by "~ !u, and integrating between 0 to a; we have

at at at
—/ (" (1) (7 g () dre z/ uPu, "2 dr — t/ upp1m2" " 2dr
0 dy 0

at 1 at at
— (r"tu,), (r g )dr = / (uPth) r?2dr — t/ uppr 2 dr
/0 p+1 0

de
1 “ 1 2n — 2 ag

= — / (r"tu,)?).dr = wPt (ay)a, 22 — n / P23 g,

2 0 P + 1 D + 1 4
_t/ Ur<,017”2n72d7"

0

1 2n—2 [*
=0=— P (a))a, 22 + / P23 .
pr1® (aar p+1 /g
+t/ uppy "2 dr. (5)
0

Again we have in (aq, 1)

n—1 n—1

up(r))r = (uP — tor)r
Multiplying both sides by r"~lu, and integrating between a; to 1 we have

1 1 1
1
—/ (r"tu,), (P ) dr = +1/ (up+1)rr2"_2dr—t/ uppr 2 dr
at p a at

_(7»
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1 [t 1 on—2 1
= — / ((r"tu,)?)pdr = — uPT (ay)a "2 — " / uP T2 =3y
ar p+1 p+1 Ja,

1
—t/ ur<p1r2”72dr
at

om—2 (1

21 1
N _UT( ) _ up+1(at)at2 n—2 / p+1,2n=3 .
2 P+ 1 p+ 1 at
—t/ uppr 2 2dr
2(1 1 2n—2 [*
= ur(1) = uP (a)a "2 + " / uP L2 =34y
2 P +1 p +1 at
1
+t/ uprr 2 dr (6)

Adding (5) and (6) we have
2 1

ur(l) _ 2n_2/ up+1,],,2n73dr+t/
dy

1 at
urgolrz"*zdr + t/ ur<p1r2”*2dr.
0

2 p+1 a

Hence we have

2 1 a
1 2n — 2 ¢
uz (1) < n / uPHLp2n=3 g o t/ wrpr 22 dr, (7)
2 p + 1 ds 0
Note that we have r"~!|p1,.(7)| is an increasing function and fol "~ Lordr =
lo1r (1)
A1 :

Hence for large t , (7) yields

u ( “Plr )l
22 = / Cerdr

A
V2

7'('271

4+/2

ur(1)

< (1
O <ty

up(1)
t

‘ < lone (1)

Thus we have
ur(1)
t
So we have F,.(1) > 0. Hence {F(r) < 0 in a neighborhood of 1.
Now we are required to prove that (F.(r) > 0 for ¢ > 0 whenever 0 <
wP~(r) < 3(;f1) and r € (a,1).

n \ < o (D).




514 P.N. Srikanth and S. Santra

Dropping the prefix ¢ for the time being (for the sake of simplicity). In (ay, 1)
we have

—(r" ), = (uP — tpp)r !

Multiplying the above equation by r"~lu, and integrating from a; to r (r > ay),
we have

s 1 r T
—/ (8" ug) o (s"tug)ds = / (uP™) %" 2ds — t/ usp152" 2ds
at at

p+1Ja,
_1 /T((snflu )2) ds = 1 uerl(,r,),ranQ _ 1 uerl(a )a2n—2
2 Ja, e p+1 p+1 o
2 _ 2 T T
- n—l—l / uPTls2m 34 —t/ usgolsz”*zds
p at at
1 (r"tu,)(r) = L uP T (r)r?n =2 — L uPt (ag)a?" 2
p+1 p+1
2 _ 2 T T
- n+ 1 / uPT1s2" =35 —t/ usp15°" 2ds
p at at
17”27172’11,2(7") —_ 1 uerl(,r,),ranQ + up+1(at)a2n—2
2 " p+1 p+1 ¢

2n—2
p+1
Adding (5) and (8) we have

/ up“s%*?’ds—i—t/ usp182" 2 ds. (8)

1
p+1

T at
—|—t/ usp152" 2ds —|—t/ usp152"2ds.
at 0

1
,r ()

up+1(,,,),],.2n72 + 2n —2 /T uPHlg2n—3 g
p+1 Jg

Hence we have

1r2"_2uz(r) < 2n =2 / uPT1?n =345 —l—t/ usp1 82" 2ds
2 p + 1 ds 0

i.e. for large t we have

1 at
27"2"*21&(7") < t/ usgolsz"*zds
0
1 2n—2, 2 t2 n—1 " n—1
YR < |t Meia)] [ 5 eds
1 0

1 2
= R ) < e ()
1
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A |un(r)
= < r(7
o < o)
dn | u,. (1)
= r .
) < o)
Now we have for r € (a;, 1)
Fr -1 T — ? T
) 0= D) e O g2 ™)
t t t t
For large t we have
F, r _
t t(r) > p(p—1) tut(r) P~ (r)r? > 0.

Hence +F,.(r) > 0. Hence F'(r) <0 , r € (at,1) for large t.

Now we have to show that +F'(r) <0, r € (d, ar).

Note that ¢F;.(dy) > 0 and F,-(1) > 0 which implies ;F'(r) is increasing in
a neighborhood of d; and 1. Hence if ;F has a strict zero in (d;, 1), then it must
have at least two zeros in (d;, 1). We claim that this cannot happen.

If possible, let there exist r; € (dt,at) such that F(r;) = 0. Then we claim

that (1 —r;) < ¢. Since 0 <, uP~1(r) < 3(;f1) we have,

—(p— l)tup(rt)rf —tpy (rt)r? + tu(ry) =0

(p — 1)euP (r4)re® + tor (r)re® = qu(ry)
C
p1(re) < .

Hence we have by the mean value theorem

P1(1) = @1(re) = @1,r(&) (1 = 71)

for some & € (r4,1) i.e we have (1 —ry) < ?

) can be made as small as we wish.

Now we claim that ”“t(”
If ry € (dq, at), we have

—(r"fltur)r = (yuf — zfgpl)r’“1

Integrating from r; to as, we have

at at ay
—/ (r”fltur)rdr :/ P dr — t/ cplrnfldr
Tt Tt Tt

at at
r?iltur(n) = / Pl dr — t/ o1 tdr
Tt Tt

tur(Tt)
t

as t — 0o. Hence we have (F,.(r;) > 0 for large t which is a contradiction. Hence
tF(’I’) <0,Vre (dt, 1)

— 0
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Now we discuss the case when Q c IR%.
Let ;w(x,y) be defined by

w(x,y) = wu(r)cosé.
Then ;w satisfies on (d¢, 1) the equation
—Ayw = (pwP)w — (p—1)uP cosf — tpy cos + £Y cosf in Qg,
w = 0 on 0Qy,
where Qg4, = {r : dy < r < 1} the annular domain.
Note that ;u(r) > 0 in Qg,. In order to prove that the solution has a Morse

index higher than 1 on the whole space, it is enough to prove that the function
+F(r) defined by
tF(r) = —(p = D) (r)r® — to1 (r)r? + qu(r)

is negative in (dy, 1). We will show this to be the case for t large.

Similar as above ;F'(r) can only occur if 0 <; u(r) < 3(§f1). We claim that
+F(r) <0,Vr € (d, 1).

Note that from (4), ;F,.(d;) > 0 and F,.(1) < 0. Hence (F(r) is increasing in
a neighborhood of d; and 1, it now follows that if ;F' has a strict zero in (dy, 1),
then it must have at least two zeros in (dg, 1).

If possible, let there exist r; € (d, 1) such that F(r;) = 0. Then we claim

that (1 —ry) < <. Since 0 <, uP~1(r) < we have

4n
3(p—1)
—(p— l)tup(rt)rf —tpy (rt)r? + tu(ry) =0

(p— 1)tup(rt)7"t2 + t@l(rt)nz = u(ry)

C
= p1(rt) < ;
Hence we have by mean value theorem
©1(1) = @1(re) = 10 (&) (1 — 1)
for some & € (r4,1) i.e we have (1 —ry) < (tj

Wy (1)
t t . t

Now we claim tha can be made as small as we wish.

Ifr; € (dt, 1) we have
_(Ttur)r = (tup - t<p1)r'

Integrating from 7; to a; , we have

at at at
—/ (rewy ) dr = / wuPrdr — t/ prrdr
Tt Tt Tt

at at
reug(ry) = / auPrdr — t/ p1rdr
Tt Tt

tur(Tt)
t

— 0
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as t — 0o. Hence we have (F,.(r;) > 0 for large t, which is a contradiction.
Similar is the case when r; € (at, 1). Hence Theorem 2 follows. O

Proof of Theorem 3. The functional associated to (P;) is

1 1
ILi(u) = /Vuz— /u+p+1—|—t/ U
=y [var= L [artad [

on H}(Q). From Remark 1, it follows that the negative solution wug is unique
and is a strict local minimum for the functional I;. Also note that the functional
is unbounded below and hence it satisfies all the conditions of Mountain Pass
Theorem and if I;(ug) = ¢o and hence there exist a critical level ¢ > ¢y as a
consequence of the Mountain Pass theorem. Also it is clear that I; satisfies all the
hypotheses of Theorem 10.2 of [5] (see page 222 and Theorem 5.1 of [3]), and hence
at a level ¢ there exist a solution u of (P;) with Morse index less than or equal to 1.
If this solution is non-radial, then we are done. On the other hand, if this solution
is radial, since I;(ug) = ¢ > co,u # up and u cannot be negative. Hence it has
a positive part. This implies v has Morse index 1 on the radial space and hence
the solution we are analyzing has to maintain Morse index 1 on the whole space.
However, Theorem 2 implies such a solution has Morse Index at least 2 on the
whole space. Then it implies that v has to be non-radial. Hence the theorem. [
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